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bFXQ� ¥ ~ �|p|rt�|� �D�F�D�D�F� º j
m¡� º  ©�sce���«rs� ~ ������i��u�W}|� ¥ ~ �|p|rt�|�;�¾NRp«x�qW��bei�iu�
f�� ~ p|bÏxyqs�� ©qtwuxybdf6�Á�D�D�F�D�F�D�D�F� º �
m¡� m  ©�sce���«rs� ~ ������i��u�Wf�� ~ p|bdx�qs�ef��<��NQp�xyqv��bei�iu�
f�� ~ p|bÏxyqs�� ©qtwuxybdf6�Ì�D�F�D�F�D�D�F� º �

¹©qtqsq
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j¡� j ªRqs}`i����ubdp­�lx��
f �A}��lr ~ �����
p`�¡wuq ¥ �
p|r��li��Ð¿©N#�e�twy��rW�e��i�¬��lp|r���id�-�D�D�F�D�F�D�D�F�����
j¡� º ªRqs}`i����ubdp­�lx��
f �A}��lr ~ �����
p`�¡wuq ¥ �
p|r��li��Ð¿�����} ¥ �lr?����iu¬���p|rs��ie�9�D�D�F�D�F�D�D�F��� º
�©� j S¸���e�Wf�bdxy��r?�l�
f�¬`rsbe�«rtbei�q8qs�eqtpA�«i�qswLxÇ��r?��r���p ¥ ��i��trsf���w��È�

∆(cm−1)
�D�F�D�D�F�Ýj º

qÜ½
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ST�-�e��rs�t��f���}�� ~ bep|bdrW�
r���i�����g|qsiu}|bep��¾���ers� f�bdi��lbe�Dqs�ebdi�bdp+wu�
p|rt�-w�� ¥ �t}��Ñf�� ~ p|bdx�qs�
f�bdi���bd�ertbei�qtpAg|qsiug|qsiursbdi�qsp`qsp�f�� ~ p`bdxyqt��¯��ebertrsqt�¡rtbeiuqh{|�dbeiuqsp|b ¥ ��¬|f��s�#�
rt}|�|�«r���iu�hbÏxy�«qsrtbei¸x�be�
iuqs�
�
r���i����­�e��rs�t���trs�s¬8�v}`bep|b ¥ wuber/w��
p«�|�dr���iur��A����i��u�sr��l�uxy�ti��trs}|�È�v ©�
p�����f���p|rs��i�}��A}|bdp|b ¥ wuber<�
r���i����
w�bep�x�be�ertbep|qt¬Aiy��¬v�
i/be}|qtrsbep�g|qsi/�e�
��w��|¬`iy� f��
rsbd�¡{`rsbei<w���p¡�`�9f�bÏ¹
ce�©x�xy�`ie�|S/�|p|r��li��sp�f�� ~ p|bÏÄ
xyqs�-¯
�ebdrsrtqs�«rsbdi�q£�e�
��qtr ~ qtp|��}|bdÅ
qs�uqsf�rsbdi ~ ¯
wLxybdi�qs¬6g|��f���rsbe�«{|rtrsbdiQp���p`��xybd�¡p`�
rs���uq�wy��p�� ¥ qsp`}|b
}|b9�«�|rsrs��p|�srtf�� ¥ �Dg��l��r��lp|�srtf��t�uxy�tie�
�Ã��g|qt�«q8xy{|f f�bdxÇ�lrsrsbdiTqt�eqsp ~ bep|bdr?g|qti¸f�� ~ p|bdx�qs�����lrs�s�uf��
f {|f��¡{`p��
rtf�� ¥ �lc���Å
�tp|}���p8��g|���e��rs�t��f���}��#¯
�dber¡g|qsi ~ iu�|¬��
rs��pJ¹
bB��f�bÏxÇ��r«f�beiu��be�d}|bepÑ��rs�©Ä
�y��p�{|��f�bdi���bd�ertq/P�q]w��|¬|i��-f �`rsbe�«{|rtrsbdi�q�{`�ebeiuqsp|}`b��e��rs�t���srt}|�Ð�hSTqti�}|bdp��¾���dr��Af�bdxÇ�lrGf�bdi���bd�
�
rs}|�`Å
�|p|}��lp�f�bdxy��rsrtbeiQ��iy��wu�Gbdx��¡qtrsbd��f�bep|qtp,xy{|iu{Á��p`r����u�srs�t¬­}��lµ��+wu�
p|i���g`��bÏxy�«qsrtbe��f�bÑw���Ä
p¡�`ce� p|b<xy{|iÃg|qsi´f�� ~ p|bÏxyqt�9¯
�ebdrsrsqt�«rsbG����i��u�srs�����tr���ce��Å
�l¹�bTg|���l�li����tr����u�srs��p9f�� ~ p|bdx�qs�Z¯��ebertrsqtÅ
qsp
}|bep|b ¥ w�ber<¹
bdi�qsrtbeiub�p|b�����}���i ¥ �l�¡�tpÁ�
rs��g|qtrsbecdbeÅ
q���bewLxyqti�qsrtf�b ¥ b����lrs�s�u�srs��c�����x��sie�hSTbd�¡rtbep|qtrs}|qtÅ
q
~ qsg|q�f�bdxy��rof�bdi��lbe�ertbeiT��iy��wu�obdxy�«qtrsbe�uf�b ¥ qvxy��fÝ��p|rs��f�� ¥ r��9��p|rs� ¥ ��g|qtrsf�be�Fqs�eqtp?�«µ|bei<f�bdxÇ�lrsqsp
bdxyi��l���£}|bdxy� ¥ rt���
rs��iy����g|qtrsqtp|f�bdrsqt}|qsid�`ST� ¥ {|�d}|bep6¯
p`cebertqs�«rsbFf�bÏxÇ��r£f�bei��lbe�drsbeiuq�bÏxyiy��Co��i��tp|�sp
p|bertbei<�
rs}|�`Å
�|p«��¹
bQg|�¢bdx�iy�,C���i��tp�µ|bdiTg|qti/f�bdxy��roqs�eqtp�p��lw��srog|qti/f�� ~ p`bdxyqt� f��
f�bdp�x ~ bÏxyqti�bÏÄ
cebeÅ�q8��p`r����u�srsf�� ¥ �Z�e��rs�t���srs��c��l�«x��siD��M/��p|qowy�l}|becdbZw�¬|qtp�f�qÐ� ¥ �
�«wy� �
iug|qtxy��r����lxy�«�o}��F¹l��i<f�� ¦ �Ï�
ST�¢p|bd}|bep|rtbZ¯
p|cdbertqs�«rsb�xybd��g|qtiTf�beiu��be�dqsp¢bÏxyi��l��� ¥ r��Dbdx��¡qtrsbd��f�bew�qo¹
bQbdxy�«qtrsbeiuqsp|qtp��lp|r����u�srtf���wu�
~ beiube�«qsid�¸ST����p|rs�����trs}|�t��xÇ��p�w��
p|i��!f�bdi��lbe�ertbei���i���w��Qbdxy�«qtrsbe�uf�bdp|qsp�p|b��
r��lc���Å
�tp|��xÇ��µ|f�qsp
be}|qtrsf�b ¥ bF����rt�s�u�sr��lc�����xy�tie��S/qsrsqtp|}|qtÅ
q ~ qsg`q£f�� ~ p`bdxyqt��f�bdi���bd�ertbei9��i���w��Ãbdx��¡qtrsbd��f�bersbdiRqt�eqtp,g|qsi
�e�
�Ñxybd�
i�qt� ¥ ���«r��l���sf�r��liGf�bÏ¹
ce�©x�xy�`ie�|S/�¢xybe��i�qsrtbeiuq|xÇ��iLxy�s�uf�� ¥ bdi�qtp|bZw�bd�eqtrsbep�f�bdi���bd�ertbeiTqt�eqtp
bep�� ¥ ~ �|p«����rt�sp|�t¬­g|�|p«�|p6}|bdp|b ¥ wuberGw���p¡�`�er��liy�¢p|b ����}|��i ¥ ���«�sp|rs���y��ce��Å
����iy���Lxy�ti��srs��c��l�«x��sid�
ST�|p«�|pCqs�eqtp�g|qs��ª�beqswubep«gvbei ~ ��qtp�}|��Å
i��|}|��p�bdxy�«qtrsbe�uf�b�ªR��f�qsrtx��
p|q ¥ bep`qsp|q<�«�|rsrs��p|�srs��c��l�«x��sid�
ªRbeqtw�bdp¡gvbei ~ f��¡}|bertq8µ|bdi��e��f���p�}|�
Å
iu�+g`qsi ¥ �l�¡rs�����tfÓ�
rtf��lwy��}�� g`��x�{|i�w�qtwuxybdf�rtbei¸qt�eqtp+bdp
� ¥ ~ �|p«� ~ qtg|q ~ ¯
�d{|�«f�bd��xybe}`qsie�v\Àxy�«qtrsbe�uf�bdp|qspAx�{|i�{|p`bFg��l�¡f���}��lp-g|�-f��¡}|bdrW}|bep|b ¥ w�ber´¹
bÛÄ
i�qsrtbeiub¸bep ¥ ���«�tp�wu�
p«�|�ers��iÀ¹
bdi�}|qtÅ
qsp|}`bep�g|qsiu�e�
�Dxybe��i�qs�l�eq|xy��iy�l���tp|}���pÑ��rs}|�|�l���Jw��t���«�|rsrs��p|�tr���p
g|qsi¸f��¡}|bert}|qsid�

�Ãbd�eq|�l�y��Å
�t}����«q¡��be�«qtrs}|b/�
i ~ �lp|qs�db/bd}|qsrt}|qÐ¿ a qsi�qt�´gh¯
rt{|f {|p`}|bT�e��rs�t��f��R��p|�Qµ��lx�r���iu�¡qtrsb
�



¯
�ebÏxyrsbdp|}|qt�«x�bep�wu�
p|iy�©�8qs�«qtp|ceqÃgh¯
rt{|f�}|b�f�� ~ p|bÏxyqt�+bdrsbd�«x�i��
p`r���iRµ����«�«�sp|}�� ~ bep|bdrÀ�«����p�xy�|f
f�bd�l�lp|qs�«w�bdr|g|qtr ~ qtrsbei´¹
bdi�qtrs}|qÈ� ¤ �d{|p|cd{�gv¯
rs{`f�}|bTf�� ~ p|bdx�qs�D}���¹©i���p|�t��r��li�¹
b�g|��}���¹¡iy��p|�t��rs��i��
bdxy�«qtrsb ¥ bep�xybdf�bdr#g|qsr ~ qsrtbeiJ¹
beiuqsrt}|qÐ��XQ¯
i�}`{|p|ce{�gh¯�rs{|f�}|b¢g|qti�}|bdpC�¾�l�er��,f�beiu��bd�-qt�ebeiubepCg|qsi
w�qswLxybdf�qs�dqsp6ªRbdqswubep«ghbdi ~ K-�©}`bersqÃ¹
b�w��
p«�|�dr���iu�sp|��xy��iux��s����iy���o�?g`��f��©}`berÀ{|��p|qt��bdrGf�bdi���bd�
qs�ebdi�bdp�g`qsi9w�qtwux�bef�b�� ¥ ~ �|r���p|��iy���-w��
p«�|�dr���iu�À}|bdp|b ¥ w�bdr<¹�beiuqsrsbdi�rtbÑ�l�li����tr����Lxy�ti��srt�s¬��
rs��w��ÀbÏxy�«qzÄ
rsbe�uf�bÑw���g|qzxyqsp`qsp,p|b�����}���i9��rsf���w�� ~ beiube��xyqtÅ
qÀ��bdwux�qsi�f�b ¥ b��e��rs�t���trs}|�È�8 ¡�
p���r���i�����xÇ�¢gvbe��qtp|ceq
gh¯
rt{|f�}|bZ}|bJbert}|bJbe}|qtrsbdpAw��
p«�|�dr���i�qsrtbZ}|bdp|b ¥ w�bdrÃg`�|r ~ �`r���i/�l�li����tr����Lxy�ti��srs��iy�l� xÇ��iLxy�s�u�srt}|�Ð�

j
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K-qsrs�lx�xy��p9¯
p|cdbGM<�`p���p|rt�
-�r��l�e�
Co�liWf���}`}|bep|qtpD�lxy�
f�r��li�}���pQf�b ¥ }|��p�� ~ bert}|qsÅ
qtp|q�qtrsbdi�q
w�{|iuf {|��rtbeiu}|qsid�«PRb ¥ ���d�s� xy�©xÇ��iurs�|g|qti<�lxy�
f �¡�`iy��f���¹
b�g|�|p��Dg���Å
rt��p|qscdbersqt�«rsbeiuq`qz�¾��}|b�be}|bdcebd�
}|bep|b ¥ w�ber£���lrs�s�uf��lr���i ¥ {|�ertbei�cdb ¥ �trWw��
p|i���g|����rs��f��t�ux��sie�`���
µ|p-XZ��rzxy�
pIHVHJqtf ¥ �Ñn�bdrsw�bÏ��bewuqsp|qtp
M<bep|q´STqti� ©qtwuxybdf�qKJ9�l}|rs�?�«qzxÇ��g|�tp|}��Ñ�lx��
f�}���pA��¯ ¥ rsbJg��lµ|w�bd}|beid�

HV�#{|f µ|�
f����ubdp1ceqtw�qsf�rsbdi�qtpCbdp��«{|�e{|��xÇ��p|bdceqt�¡rtbeiuqQ��Å��si�rt�s�o�À�ube�«qsr�¹h�Öwe�Tg����«�zÄ
f��tp|}���p�xÇ�lf���f�bepC� ¥ p|�s}`�sie�<XQqtÅ
bei�g|qti�qz�¾��}|b ¥ rtb��]w�� ¥ �`p�g|qsiÑxÇ�lp|becdqsÅ
q�}|qtÅ
bei
xÇ��p`beceqtÅ
qsp`b-gvbep|�dbeiuqÐ�<µ|qs}|iu���ubep`qsp1g|qti�xy��p|bdcebeÅ�qQµ|qt}|i����ubdp|qsp�}|qsÅ
bdi�xy��p|bdceqsÅ�qsp|b
ghbdp|�ebdi�}|qtie�`¹v�Öwe�0JML

ýWútý ÿ  ;N í > é  þ ËO �P è©ô¾ê

���`x�µ|beiL���
i�}��lxy��fÆf��¡}|bertq|xÇ��p`�sf�r���iu��bep8�«�lxy�
f��|p�f�beiu��be�d}|bQg`{`xy{|p��¡{©xyrsbdp|qsp�}|�|iVÄ
}|�|Å
����iux�� ¥ {|�«rs{�g|qsi9�dbe�«qsiu}|be��qtrsb �
p«�|p�bdx�iy�l���tp|}��A}|�
rs���y�lp�bdrsbd�«x�i��
p`r���iu}���p6�
rs�`�uxy�`Å
�|p«�
ghbdrsqsiLxyf�qs�LxyqÐ�]NRp|c�����g|�(qz�¾��}|bd}|b�j ¥ ¯
p|}`bep ¥ bdx�bei�wuqs������rsf��s�Lxy�sid�<STqsiuqsp|cdqsw�qR�«r���wuqs��f�be����Ä
p|qsÅ
b ~ ¯�i�bJ�ebd�¡qti�}|bd��bdxyi��l���sp`}���}`¯
p|bep-bertbe��xyiu�
p«�|p­�e��f��lp|r��Ñbep`bei+�uqtw�qtp|qW��� ¥ gvbdx�qs¬­�dbe�«qsiu}|be�
{|�ebdi�qsp`bT}|{|�uf�bd�F�d�
i��`p|}��Z����rsf���wu�s}|�tie�eIÎ�«qtp|ceqtw�q¡qsw�bl�l�dbe�«qsiu}|be�Fbdx�iy�l���tp|}��R}`¯
p|bep�bersbd��xyi���p|r���i
qs�eqtpÑµ|bew���¬|rs��p���p�}|¯
p`f�bT��iube����p|wur���iu�|qsrtbTwu¬hbd�«x�i��|f�}����«qo�eqt� ~ qtrsbdi�qspD��i�bd�l�lp|w�rs��i��©qsrsb¸��iy��wu�sp|}|�
g|qsi qtrsqt���«qsp|qtp!g|�|rt�|p|f���f���w��t}|�sid�ÃS/�
µ|ie����bep`}|q#xÇ��p|�tf��tp|� ¥ ��¬��li���bdp1f�bei��lbe�d}|b-g`qsi ¬v�
�eqzxyqz�
¥ {`�¡rt{!�ebd�«qsi�}`be��qsrsb��
p«�|pÂbÏxyiy�����sp|}��+}|¯
p|bdpÂ��p|ce�����ebe�«qti�}|bd��{|�dbeiuqsp|b�}|{|��f�b ¥ bep�p|b ~ �lxyqz�
¥ {`�¡rt{-bdrsbd�«x�i��
p`r���i ~ bei��dbeÅ
qtp|q?}|qt�«�l��xybD��r��liy�������y�lÅ
�s}��l�¡qh¹��li�wy� ¥ �sf�r��li��vqsrsbdi�qhw�{|iuf {|�ux�{|ie�

�
��STqsiÀ�lxy�
f�}����«q©bersbd��xyi���pÑ�ebe�«qti�}|bd�«x�bep�ghbdrsqsiursq«�|�e���«rs�s��xy�Z}���qsiubewuber ¥ ¯
i�{|p ~ bertbei�}`b�g`�|rs�©Ä
p���g|qtrsqtie��ª�bei ¥ ¯
i�{`p ~ bep`qsp,gvbertqsi�rtq?g|qtiRbdp|bei��uqsw�q´¹l��i�}`�sie�vST� ¥ ¯
iu{|p ~ bdrsbeiRbep|bdi+�uq£}|{|�db ¥ q
¥ ��}|������g|�`�¢�
r��liy������}|rs��p|}|�ti��srt�sid�

QSRUTWVMXZY\[^]	_`TWX�a�bdc�e*f�g�hjik_`emlnT^o�p;VMe*lBq4r*[^]/s�V�q	]�TUi`TWtMV�hUa'umvWwUvMaUx�e*XMqzy�[Uik{�|3a�b�]	e*}M[^X�~jem��RWT�ikemtMV�[WX�~
s�e*_`e*����f�e*XZ�zq�lBq�_�em~'a,�zTWX,~jTWXza'u��W���

�



j©�¸M9¯
iu{|p ~ bdrsbdi�}|b<}|¯
p|bdp�bdrsbe��x�i��
p ¥ {`�¡wube�Fbep|bdi+�uqsrtq�g|qsi ¥ ¯
i�{|p ~ be}|bdp (Ey)
}|{`��{|�Jbep`bei+�uqtrsq

g|qsi ¥ ¯�i�{|p ~ b ¥ b (Ed)
~ be�dbei�wub�� ¥ ¯
i�{`p ~ bertbei���iy��wu�/bdp|bei��uq/�¾��iu�«�/����}��li��s�u�s� ¥ � ¥ ��ie��ST�

�s�u�sÅ
�tp bep|bdi+�uqtw�q��È\��Ï�«�Grs��p|cÇ�Ñwy�lg|qtx�qS�¾µ<�Ãqsrtb#�s���tÅ
�sÅ��spF��iube����p|wu���
ν
�Àqtrsb#}|�
Å�i����
iy��p�x��srs�t}|�sid�

∆E = Ey − Ed = hν
�Èj©���j�

�`���Tbe�«qsiu}|be�J�dbd¹¡i�bdw�qsp`}|b#}���qti�bewuber ¥ ¯�i�{|p ~ bersbdi�}|bT}|�
r��lp���pDbersbd��xyi���p|r���iu�spF���e�twy��r«f��
f�bep©Ä
xy�|f�r��li��v��p|ce����gvbertqsi�rtqo}|beÅ
bdi�rtbei#��rs��g|qtrsqsiG¹�b9g|��}|beÅ
bdi�rtbei#�Gr��lp|cÇ��w���g|qtx�q8qtrsb�xÇ��p|�tf�rs��Ä
p|�sid�

mvr = n
h

2π

�Ðj¡� j/�

ST�|iy�l}���f�bersbd��xyi���p��«{`x�rsbewuqÐ��¹�bdrsbd�«x�i��
pCµ|�t�e�Ð��i ¥ ¯
iu{|p ~ b ¥ ��iu�s�e��¬|�Ð��p�qtw�b5�
�²j©���©�t�z�t� ~ qsg|q
xÇ��f w�� ¥ �tr���iu}|�sid�WN#�e�sw���r<f��
f�bep�x��|f �|p���p|ce���6ghbdrsqsiursqG}|bdÅ
beiursbdi���rs��g|qtrsbecdbeÅ
qtp|q ~ ¯�wuxybdi�bdp!p
�¡�|��p�xy�|f w�� ¥ �tr���iu�s}�����r���i�����g`qsrsqtp|qsid�

ýWútý?ú¾ù ÿ  $N í 2 î|í��`"
î � �

ST�
µ|i£f��¡}|bdrsqsp`q��¡�`rsr��lp���iy�l�
H, He2+, Li2+, Be3+ ~ qsg`q¡g`qsi£bersbd��xyi���p|rs�Fw�qswLxybdf�rtbei´qsp©Ä

cebertbep|bdg|qsrtqsp|qtie�eST�
µ|i£f��¡}|bdrsqsp`b ~ ¯
iub/�dbe�«qsiu}|be�Jbdx�iy�l���tp|}�� ~ be�dbepFg|qsi´bertbe��xyiu�
p��Qj��«�`¹«¹
bÏxGbdx��«q
be}|bdie�ÃST�|p|rs��i�}��lp�g|qti�qtp|ceqtw�qG�ebd�«qsi�}`beÅ
qtpÁbertbe��xyiu�
p��+� ¥ ~ �|r��l}|�sÅ
���ebe�«qtfY�«�`¹«¹�bei�qÈ��}|qtÅ
beiuqGqswub
bersbd��xyi���p¡�`p��dbe�«qsiu}|be�­bdxyi��l���sp`}���}|¯
p`bei��lbep�}|¯
p|f�be}|bdp6�l� ¥ p����«rs��p���p�f�beiu��be������� �«�`¹«¹�bÏÄ
xyqs}`qsie�«\Grtbe��xyiu�
p¢�ebd�«qsi�}`be��bdxyi��l���sp`}����«qoµ���i�bd��bÏxyqsp`qsp¢����rt�sce����r���g|qtrsf�bewuq|qs�dqsp�g`�¢qs�«qv�¡�©¹¡¹�beiuqsp
g|qsiug|qsiuqsp|bRbe��qzx��
rsf���w�� ~ beiube�«f�be��xybd}|qsid�

Ze2

r2
=

mv2

r

�Ðj¡���'�

ST�|iy�l}��-b�bersbd��xyi���p ¥ {|�«{?�G^8b�qswub��lx��
f p«�|f���iy��wu�¸^C�
r���p��ebd�«qsi�}`beÅ
qtp ¥ {|�«{|}|{|id�
j©���D}|bep`�¡rtbef�qsp|qvi ¥ b ~ ¯
iubQ�d¯
�e{|¬+j¡� jJ}|bep|�«rtbef�qsp|qtp|}|b�¹�}|bdÅ
beiuq8g|�`rs�|p«�|iuwy� ST��µ|i ¥ ��i��h����¬|�
���y��Å��s}����«q ~ qsg|qhg|�|rs�`p|f �|���
rt�|ie�

r =
n2h2

4π2mZe2

�Ðj¡� º �

º
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XZ��i�qti�bdw�ber£g|qti ¥ ¯
i�{|p ~ be}|bÑµ|��i�bd��bdxZbe}|bdp�g|qsiRbersbd��xyi���p¡�`p,wy��µ`qs¬,�
rt}|�|Å
�-bep|bdi+�uqÃ¬h�lÄ
xÇ��p|wuq ¥ ber?¹
bD�«qsp|bÏxyqt��bep`bei+�uqtrsbdi�qsp`qsp�x��
¬|r��lf��t}|�sid�

En =
1

2

Ze2

r

�Ðj¡� m/�

ST�
µ|i�f��©}|bdrsq<xybe�Âbdrsbd�«x�i��
p`rs��w�qtwuxybdf�rtbeiuqspÂw�¬vbe��x�i��|f�r���iu�sp|�¸���e�t�¡rs� ¥ ��g|qtrsf�be��xybd}|qsid�
\]rtbe��xyiu�
p­g`qsi�bdp|bei��uqÃ}`{|�ebdqsp|}|bdp�}|qsÅ�bei�qtp|b ~ be�dbeiuw�b�� ¥ ���t���t� ¥ � ¥ �sp|rs��i ¥ ��}����t���tp-bdp|bei��uqsw�q£w���Ä
Å
�|i��`ie�£ ©�
Å��|i��|rs��p ¥ ��}|� ¥ � ¥ �tp|r���p|��p6g|��bdp|bei��uq]qs�«qÀ����g|�|��}`{|�eb ¥ q��

n1

¹
b
n2

�Z�liy��wu�sp|}��l�¡q
bep|bdi+�uq?�¾��iu�¡�tp�� be�uqtxuxyqsid��ST�+bep|bdi+�uq?�¾��iu�«�W���y�lÅ
�s}��l�¡qh���
i�f {`rsrsbdiTµ|bdwy��¬`r���p|�tie�

hν = En2
− En1

= −2, 179.10−18

(

1

n2
2

− 1

n2
1

) �Ðj¡���'�

ST¯ ¥ rtbecdb­ST��µ|i�f��¡}|bertqÐ�Ãµ|qs}|iu���ubep��lx��
f �Cw�¬vbe��xyiu�|f �|p«�|}��Á���e�t�¡rs� ¥ ��g|qtrsf�be��xybd}|qsid�
¨©be�«qsrWj©���D}|bDST�
µ`i ¥ ¯
iu{|p ~ bdrsbeiuq?¹
bDw�¬vbe��xyiu�|f �eqt� ~ qtrsbdi�q ~ ¯
i�{`p|f�bd��xybe}`qsie�

ST�
µ|iJ�«�|iy�lf��È�?µ|qs}`i����ubdp���xy�
f �`p��+� ¥ ~ �|r���p`}|�sÅ
�tp|}��¢q ¥ q�w��
p«�|�dr���i9¹
bdi�f�qs�Lxyqsid�?NQp¡Ä
c���� }`qsÅ
bdi/��xy�
f�r���i��Q� ¥ ~ �|rs��p|}|�tÅ
�sp`}��Zf��¡}|bdr|g�������i��tw��s�#��rsf �|�Lxy�|id�«XQbep`b ¥ w�bdrh¹
bdi�qtrsbeiuq�ST�
µ`i
f��¡}|bertqsp|b<� ¥ ~ �|p�µ��lrsb ~ bÏxyqti�f�be�Dqs�eqtp }���qti�bdw�ber ¥ ¯
iu{|p ~ bdrsbeiuq ¥ bdi�qtp|b#bertqs¬`x�qs� ¥ ¯
iu{|p ~ bdrsbdiÀ¯
p|bÛÄ
i�qsrtf�qt�ux�qsie����H9�|iy�lf�cd�sr��li��sp«g|{©xy{|p ~ � ¥ i�bÏxyrsbdi�qtp|bFi���Å
f�bep?�vST��µ|iQf��©}`bersqtp|qsp ¥ bdx�bei�wuqs� ��rs}|�|Å��
��p|r��l���srtf��t�ux��sie�ÃST�1bd�«w�qs�«rtqs�«rsbdi�qsp`b+i���Å
f�bep�ST�
µ|i��lxy��f f��¡}|bertq#bersbd��xyi���p|r���iu�spC}���r ~ ������Ä
i�be��x�bei�qZ��rsf���r��li�� ~ bdi�be�«rtqsrsqtÅ
qsp`q#�e�
iu�|p|rs���«�trs}|�tÅ
��qs�eqtp1¯
p|bdf�rtq�¹�b ~ beiu�ebd�¡rtb�g���Å
rs��p�xy�trs��g|qsi
f��¡}|bert}|qsid�

ýWú � > é  þ5!£õ 4 !´î�õhéj!Ãþ ËO �P è©ô¾ê

ST� ~ {|p`�¡{��lxy��f f��©}|bdrsqtp|b ~ ¯
iub#bertbe��xyiu�
p|r��li]ST�
µ|id���|p�}|bd}|qsÅ
q ~ qsg|q`ghbdrsqsiursq ¥ ¯�x�{|p ~ bÛÄ
rsbeiu}|b9gvbersqti�rtqv��r���wu�srs�t�«r���iur��Z}|�
rs��p���g`qsrsf�b��«x�be}|qti�rtbeie�`ST{ ¥ {|�¢cdqswuqsf�rsbei/qs�dqsp¢�lbew�qtp|rsqt�«rsb ~ bd�ebdi�rsq
�
r���p��«r���wuqs��f�be����p|qt���¡�`iy��f�r���iu�Ð�W�«{|�d{|�Ácdqsw�qtf�rtbeiuqsp6}���¹¡iy��p|�t��rs��i��tp|�]���e�t�«r���f�����xÇ�AxÇ��f���Ä
f�bdp ¥ bdx�beiuw�qs������rtf��t�ux��sie�]\Grtbe��xyiu�
p«�|p�}���¹¡iy��p|�t���tp|�Z���d�s�«r�� ¥ ��g|qsrtf�bd�Âqs�dqsp ¥ bep|q9�«�|i���f�r���i

�m���^��e*���*�
e*����a�b�_`TWlBq�{�g�t
emrS_���[\[^X,~�b�_`TUlBq�r�g�_`����r?_`�M��eWa^�j��y�[Wi`{�|�a�Y�T� We*��x$[�h�|	XM]4[^��|3a�c�e*f¡x�TU�`{Bu��^¢W¢,a
im��umvM�

m



¨©bd�«qsr´j©���
¿oª�qs}|iu���ubep+�lx��
f ��w�¬vbe��xyiu�|f�r���iu�

~ bertqsi��uqtx�qsi�qtrsf�qt�Lxyqtid��ST�|p|rs��i�}��lp6-��eqt�¡wuber?��r���i�������rs}|�|�l��� ¯
p`bef�rsqv�
r���pAg`qsi������RxÇ��p|bdw�qtp|q ¥ bep|qÜÄ
}|bep ~ ¯
�d}|bep ~ be�dqsiuf�bd������p¡� ¥ �­��p|rs� ¥ ��g|qtrsf�bef�qs��qs�eqtpA�¾� ¥ }��lrs�8��r���ce����xy�sid�

ýWú � ú¾ù É è©ê ì è¡õ ë è«í§÷!ÿ è¡ô¾ê¾í ì ê�ç«ôÈê�ó ; ô�óoè ì ê

\]rtbe��xyiu�
p«�|p����
p«�|f��|p«�|pÂ¹
bAµ|�t�e�sp`�spÂ� ¥ p|�¸�lp|}��,gvbersqti�rtbep|f�bewuq/ª�beqtw�bep«gvbei ~ qtrs�lbew�q
~ beiubeÅ
qtp|cebÑ� ¥ �«�siu�s}|�tie�vªRbdqsw�bdp«ghbdi ~ �e�
�-�«{|�e{|�­¬���i��e��ce�t�«r���iu�sp+���
p«�|f ��xy� ¥ qtp�be}|qtrsqsiu��bdp,µ|�zÄ
�e�sp`}��`��µ|�t�e��xÇ� ¥ qsp�be}|qtrsqti���bdp|}|b����
p«�|f��|p|}��Dw��
p|wu�|��� ¥ ���«�sp�g|qsi]gvbersqti�wuqs�ertqs�J�
rt}|�|Å
�|p«��qt�¾��}|b
bdxyf�qs�Lxyqtie�|S/�-gvbertqsi�wuqs�drsqsÅ�b�-��dqs�«w�bdr£g`qsi����d�s�«r���f����u¯ ¥ rtb ¥ ��¬|�srs��g|qtrsqsid�
M9¯
iu{|p ~ bJ{|�dbei�qtp|}|b ~ bÛÄ
�ebep­g|qsi�bertbe��xyiu�
p«�|p,�l�
p«�|f �|p«��g|�|rs��g|qtrsf�be��qs�eqtp-}|��r ~ ��gv� ¥ �,bdrsbd�«x�i��
p-����¬`�sp|}��lp­g|{ ¥ {|�
g|qsi �t���t�Á}|bdf�bÏxyq#�«�|rsrs��p|�trsf���f��lrs�z}|�tid�?NQ�«wuq¸xÇ����xyqti�}|bA�t���t�Á}|bdf�bÏxyq#bertbe��xyiu�
p|rs�,g|�|rs�`��f�� ¥ �
g|qsrtqsie�©ST�|}|���l�
p«�|f�}��

λ/2
�l�l}���i#g|qti#ghbdrsqsiuw�qt�ersqt�Ñ�
rs�`�uxy�`i��|id�

[Î���sÅ��sp,}��lr ~ ��gv� ¥ �|p«�|p��«{|�d{|�,¹
b ¥ �A��i�bd�l�lp|w��tp|�sp�g|{ ¥ {`�,�
rsf���wu�Ãµ��lrsqsp`}|b��l�
p«�|f �
��bewuqsp �
rs��iy����gvbersqti�rtbep|bdg|qsrtqsie�#NRp|c��l�'g|� }|�|iu�|f�}�� ¥ {`�¡wube�Ò��iube����p|wLxÇ���«q �t���sÅ��spÒbdp|bei��uqsw�q

�



�
hν)
g|{ ¥ {|�Á��r���ce��Å
�sp`}���p?�W�e��i�¬|�t��f��-wu�siy�lw��sp`}��-����x��
pÁbdp|bei��uqsw�qtp|q<bersbd��xyi���p��-¹
bdi�qtie�ÀS/�!}��

µ|�s�d}��Ñghbdrsqsiuw�qt�ersqt�Ñ�
rs�`�uxy�`i��|id�
STbertqsi�wuqs�drsqsÅ�qspÁw�� ¥ �twy��r�}|bdÅ
beiuqR�Grs��p|cÇ�Âwy�lg|qtx�q�qtrsbA�
i���p�xy�trs�s}`�sie��ST��qtrs�lb ¥ b ~ ¯
iub��]µ���Ä

i�be�lbdx�bdx�f�bd�«x�b��
r���pÂg`qsi xÇ�lp|becdqsÅ
qtpCf��
f�bep�xy�`f �|p|}��l�¡qTghbdrsqsiuw�qt�ersqt�
∆p

¹�b ¥ �
∆(mv)

qsrtb
���
p«�|f �`p|}����«q´ghbdrsqti�w�qt�ertqsÅ
qtp?�

δx
����iu¬|�sf�� h

2π

}|bdp-�«{|�d{|�A�
rs��f��l���

∆p.∆x ≥ h

2π

�Ðj¡� » �

\]rtbe��xyiu�
p«�|p�����p¡�`f �,¹
b µ`�s�e�Ã� ¥ p|�À��p`}��¢ghbdrsqti�rsbdp|bef�b ¥ becdbeÅ
qtp|b ~ ¯
i�b�ST�
µ|iRf��¡}|bÏÄ
rsqsp`}|bTwu¯
�#be}|qtrsbdp ¥ ¯
iu{|p ~ bdrsbeiG����¹¡iy��f��s}|�Qµ��lxy��rs�t}|�sid�§\]rtbe��xyiu�
pÑxÇ��p`beceqt�F��r���i����J}|{|��{`p¡{`rs{|iuw�b
�ebe�«qti�}|bd�Ñ�ebd¹¡iubew�qtp|}|bZg|���e��gv¯
r ~ bersbdi�}|b�g|�`rs�|p|f��9�
r��lw��srt�sÅ
� ¥ {|�«w�bd�v�©g����d�vgv¯
r ~ bertbei�}`b#qsw�b�}|{¡Ä
��{|�¢��rsf���rs�t}|�sid�

ýWú � útý Ú è�ÿ í  ÷vôÈê�è Ú î|ô¾÷oî�ÿ  &2!

ST�¢f��©}|bdrÐ��bdrsbe��x�i��
f���p ¥ bÏxyqs�Ñ}|��r ~ �lr���iu�sp xÇ�lp|becdqs��¯
�ebdrsrtqsÅ
q ~ ¯
wux�bei�}`qs�«rsbdi�q�¹l��i�w�� ¥ �tf��
xybef�bertqsp|b�}�� ¥ ��p`�sie�ÀXQb+STi�� ~ rsqsbl�Ãµ|��i�bd��bdx�bd}|bepCg|qsi�¬���i��e��ce�tÅ
�spÁ}���}���r ~ �­¯
�ebdrsrtqsÅ
q ~ ¯
wLxybÛÄ
i�beg`qsrsbdcebdÅ
qsp|qh¹
bDg|�-}|��r ~ �lp|�spA}���}���r ~ �Ñgh� ¥ �|p«�|p­���y��Å��s}����«qW}|bdp|�«rsbdf�rtb9g|�|rs�`p���g|qtrsbecdbeÅ
qtp|q
ghbdrsqsiLxyf�qs�Lxyqsid�

λ =
h

mv

�Ðj¡��
'�

ST�-}`bep|�«rsbdf�}`bFf cdqsw�f�qsp��«{`x�rsbewuqÐ�|¹Aqtw�bDµ|�s�d�s}|�tie�`XQbep|�«rtbef�b ~ ¯�i�bJg|{ ¥ {|��ceqtw�qtf�rtbÏÄ
i�qsp,XQb�STi�� ~ rsqsbD}���r ~ ��gv� ¥ �6�d�
�­�«{|�d{|�,�
rs��c�����x��sie�vST�6p|bd}|bep`rsb�XQb�STiu� ~ rtqsb�}|��r ~ ��gh� ¥ �
bersbd��xyi���p ~ qsg|q?�«{|�d{|�Aceqtw�qtf�rtbeiTqt�eqtpA¯
p|bef�rsqt}|qsid�

HJrs��w�qt��f�bd�l�lp|qs�o�8g`qsiZ�«{`x�rsbep`qsp�µ���iube�lbdxyb�����iu���À}|qti�bdp|ceqtp|qsp?�hceqtw�f�qsp,�«{`x�rsbewuq�¹
b�qz¹«Ä
f�bdw�q qtrsbÁ}`�
Å
i�� �
i���p�xy�trs�D�
rs}|�`Å
�|p«� ~ ¯
wLxybeiuqsi (F = ma)

�J\]qtp|wux�beqtp?��qtpÒ¯
p|bdi�}|qtÅ
q
E =

mc2
g��lÅ
�sp�xy�tw��tp|}���qtw�bJ�«{`xyrtbep|qtp+w���g|qzx��
rsf���}|�tÅ
�v¹�bFbdp|bei��uq ¥ bD}`¯
p«{|��bdg|qsrt}|qsÅ
q8g|qsrtqsp|f�be��xybd}|qsid�

³ �dbertrsrsqt�«rsb+�¡{`�e{|��cdqsw�qtf�rtbeiuqsp��«{`x�rsbdrsbeiuqsp|}`be�«qZg|��ghbdrsqti�w�qt�ertqs�Âp|bd}|bep|q ¥ rsb�g|qtrsqsf ��}|��f�rs��i��È�
bep|bdi+�uq´¹
b�f��
f�bep�xy�`f ~ qsg|qW¯��ebertrsqt�¡rtbeiuqsp�g|�|rt�|p|f���w��tp|}��Ñg����d�Ãf��lxybdf���xyqs�«wuber?���
p|�«wuq ¥ ��p|r���Ä
i��spJ�«�|rtr���p|�trsf���w�� ~ bdi�be��x�qsÅ
qtp|q
}|{|�u{|p|f {`��rsbdi�qt}|qsid�§ST���l�
p«�|}��Rg|���u¹¡�|iu�|r���pDqsrt�Q��� ¥ p����J�«r���wuqs�

»



}���r ~ � f�bd�l�lp|qsÅ
qv���
p|�«w�q ¥ �
p`r���iu�?�
rsf��|�ux��|ie�
XZ��r ~ ��f�be����p`qsÅ
qtp|}|be�«q�����p|�«w�q ¥ �
p|rs��i��tp|�spJ�«�|rsrs��p|�trsf���w��tp|�sp�p|be}`bep|qÈ��bdrsbd�¡iu�
f���p ¥ bdx�qs�

}���r ~ ����r���i����Q�t���sÅ��sp9}���¹¡iy��p`�s��rs��i��tp|�spQqsp|cdbersbdp|f�bew�qtp|}|b]}���r ~ �#f�bd����p|qsÅ�qsp|qtpZ�«�|rsrs��p|�srtf��lw��s}`�sie�
N ¥ iu�sce�Ábertbe��xyiu�
p ~ qsg`q��d�
���«{|�d{|��xy��p|bdceqs�«rtbeie�<�s�u�sÅ
�tp|�«qsp|b�gvbep|�dbeiA¯
�dbertrsqs�«rtbei ~ ¯
wLxybeiuf�bd�
Ä
xybe}`qsi�rtbei£�¾�«�siu�sp|�tf ~ qsg|q¤�Ï�/\Grsbe��x�i��
p«�|p�}���¹¡iy��p`�s���tp|�sp�ghbdrsqsiursbdp|f�bdw�qtp|}|b+�¡�`rsr��lp|�srs��p Ψ

��¬|w�q¤�
���
p|�«w�q ¥ �
p«�A¬���iu����cd�s��µ����«�«�sp|}|���«qhxy{`f¥-��dqs�«w�bdr?g|qtr ~ qtrsbeiuq|qs�dqsp|}`bRxÇ�l��� ¥ ��pAg|qtiT}���r ~ �D����p|�«w�qzÄ
¥ �
p«�|}|�`ie�?S/�­���
p|�«w�q ¥ �
p«�|p6f �©xyr��l�¢����i�bdw�q�bdrsbd�«x��
i���p¡�`p,µ|beiuµ���p ~ q�g|qtiRgv¯
r ~ be}|bDg|�|rt�|p|f��
�
r���wu�srt�sÅ
�o¹
bdi�qsid�8XQ��r ~ �Ñ���
p|�«wuq ¥ ��p¡�`p¡�`p ~ bep|rtqsÅ
q?qtrsbJg|�|rt�|p|f����
rs��w��trs�tÅ
�8�liy��wu�sp|}��l�¡q£qsrtqs�u�¡q8���
��be�«qtrs}|bJ���d�s�«r��lp���g|qtrsqsid�¡XZ��r ~ � f�bd�l�lp|Å
qsp`b ~ ¯
i�b9�t���t����qt}|}|bÏxyqÐ�

I =
c

4π
Ψ2

�Ðj¡���'�

g���Å
�tp«x��swu�sp�� ~ ¯
i�b Ψ2
qtrsbZ�
i���p�xy�trs�s}`�sie�¡ST�`iy��}��Ñ[<�s�u�s���uqs}|}`bdxyqÈ�`cJqswub9�s�u�s��µ`�s�e�t}|�sid�©[Î�u�s�

��qs}`}|bdx�qÃ� ¥ p|�£����f���p|}|�¦�Dwy��p`q ¥ bd}|b�g`qsi�qtf ¥ {|�eb ¥ }|bep ~ bd�ebdp­����xy��p-w�� ¥ �tw��s}`�sie�oS/�­�
rs��w��trs�s�«rt�
}|{|p ¥ � ¥ �À����g|�|rtrsbdp|}|qs��x�bep+w��
p|i���g|�,}`�
Å�� ¥ ��� ¥ ~ �|p,g|qtiRµ��li�be�lbdxQ}|bep|�«rtbef�qsp|qtp-�
rtf��lw�� ~ bÛÄ
i�be��x�qsÅ
q��
iLxÇ��}|��}|�sid��ST��}���¹©i���p|�t�������
i�f���rtqs�eb#bd}|bep`rsbei/��i���w��tp|}��Jqsrs�����«r�� ~ bertbep� ©cÇµ|iu¯©}|qtp ~ bdi
�
rs}|�`Å
�|p|}��lp�¹
b,���­g|qti�f��lx�bef��lxyqtrsw�bdr#��rzx ¥ ��¬|�Qqtrsb��e¯��e{|f�b­�|rs�����tr���g`qsrsbdcebdÅ
qsp|}`bepÂ}|�
rs� ¥ �
g|qs�d}|b9g|�+µ���i�bd��bÏxQ}|bdp|�«rsbdf�qtp|q?bertbJ��r��liy�����e¯
�d{|f�rsbef�bertbei ¥ ��¬���ce��Å
�t���
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 ©cÇµ|i�¯�p|}|qsi ~ beiQ}|bep|�«rtbef�qÐ�vg|qsiRbersbd��xyi���p¡�`p�}|��r ~ ��µ���i�bd��bÏxyqsp`qÐ�8¬|��i��e��ce�tÅ
�sp-���
p«�|f �8�
�¡{©xyrsbdw�qo¹
bZx��
¬|r��lfÆbep|bdi+�uqswuqhqtrsb�qt�¾��}`bRbd}|qsrtbeg|qtrsbecdbe�Ñg|qti/µ|��i�bd��bdx¸}|bep|�«rtbef�qs}|qtie�¡XQbep`�¡rtbefÝxÇ��Ä
f���f�bep9g`qsi?f��lxybdf���xyqs�«wuberl����p|�«w�q ¥ �
pJ�
r��lp

Ψ
{|�ebdi�qsp`b<�«�|iu�|rsf��|�ux��|ie�

Ψ
�|�e� ¥ }|��g|qti?bertbe��xyiu�
p

}���r ~ ��w��tp|�hxy��p|�sf�r��lie�©XQqsÅ
bdi�g|qsi#qz�¾��}|b ¥ rtb�� Ψ g|qti��lxy��f �
i�g`qtxÇ�lrsqsp`qvxy��p|�sf�r��lie�©XQbep|�«rtbef�qsp+bep
g���w�qzx ~ ¯
wLxybeiuqsf�q?������Å
�t}����«q ~ qtg|qs}|qtie�

HΨ = EΨ
�Èj©����k'�

ST�|iy�l}���ª ªQ��f�qsrzxy�
p|qs��pAqs�ursbdf�cdqsw�qÈ��\�bertbe��xyiu�
p«�|p�bep|bdi+�uqtw�qÐ�
Ψ
qtw�bD}���r ~ �����
p`�¡wuq ¥ �lÄ

p¡�`}|�|ie�






É î�þ!ê¾ôñé  õÃê�î�õ ; ü�ô�è©þÁï�ê ì ê Í|XQ��r ~ �J���
p|�«w�q ¥ �
p`r���iu�sp��D� ¥ ~ �|r��lp���p�x�{|i�bÏ¹©rtbeiu}|qsi��¾}���µ|�
}|�
Å
iu�Ag|qsi/qt�¾��}|bQqsrsb�g|qti¸�
¬vbeiy��xy�
iu}|{|i��Û�	§�S/qsi/����p|�«w�q ¥ �
p���ªQ�lf�qtrtxy��p|q���p�qt��rsbdf�cdqswuqh� ¥ ~ �`r���p©Ä
}|�sÅ
������f���p?��w���g|qzx��¾bep`bei+�uq¤�Î½

Ψ
}|bepFqsg���iubdx´g|qtiW¯
�e}`�|i��|f'�
r���ce����xy�tie��S/�F�
¬vbei��lxy��iW�¡�|��p�xy�|fÑÄ

wy��ro}���¹¡iy��p`�s�y�Dwy��µ`qs¬�µ`bei<¬���i��e��ce�tÅ��J� ¥ ~ �|r��lp���g|qtrsbecdbeÅ
qtp|}|bdp�}|��r�� ¥ ��g|qsi<�lx��
fÆ�
i�g`qtxÇ�lrsqsp`be}|b
� ¥ ~ �|r��lp���g|qtrsqsid�?ª�beiDg|qsiJ�
iug|qtxy��rsqtp,�¾��i��«rs�Gg`qsi Ψ

}���r ~ �¢���
p|�«w�q ¥ �
p«�Á¹�b��¾��iu�¡rt�Gg|qsiD\Ò}|bdÅ
beiuq
¹��li�}|�tie�hST��qt�¾��}`b �«����p�xyrs����f�� ¥ �£xÇ��p`�sf�r�� ¥ ��p-}|qsÅ�beiQg`qsi ¥ �
rs}|�`ie�?H9���lp«x�r����uf��l}��`�

Ψ
}���r ~ �

���
p|�«w�q ¥ �
p«�+qsrsbQ�l�liy����xybdi�qt�ebJbe}|qtrsbdpAµ|bei��
iug|qtxy��r?��bdp|}|qtp|bJ¯
� ~ {+g|qti#bep|bdi+�uq ¥ bJwy��µ|qt¬`xyqtie�
\]p`bei+�uqQ}|{|�eb ¥ rsbeiuqsp|qQµ|bew���¬|r��lf���}|�Á�«�|rsrs��p|�srs��p�ªQ��f�qsrzxy�
p|qs��pCqs��rtbef�ceqtw�qR���y��Å��s}����«q

~ qsg|qt}|qsid�

H =
−h2

8π2m

(

δ2

δx2
+

δ2

δy2
+

δ2

δz2

)

− Ze2

4πε0

√

x2 + y2 + z2

�Ðj©���/�M�

XQbep|�«rtbefYj©���/��}|b�g`qsi�qtp|ceqG�«�tw��sf bertbe��xyiu�
p«�|p!�«qsp|bÏxyqt�,bep|bdi+�uqtw�qsp`qÐ�?qt�¡qtp|ceq��¡�tw��tf�qswub
bersbd��xyi���pÑqsrsb/�ebd�¡qti�}|bd� ��i���w��tp|}����«q©bersbd��xyi���wuxÇ��xyqs�D�ebd�«qsf�}|bepÑ��� ¥ p����«r���p|��pÑ¬h�lxÇ��p|wuq ¥ ber|bdp|beiVÄ
�uq ¥ q8xÇ�lp|�sf�r���i]¹
bJ¶ qsrtb ~ ¯
wLxybeiuqsrtqsie�

ST�|iy�l}��.¨

µª©O¬|rs��cÇ�¢w���g|qtx�qÐ�
fG©ÒxÇ��p`beceqtÅ
qsp��«{`x�rsbewuq
\«© w�qtwuxybdf�qtpAxy�
¬|rs��f bep|bdi+�uqswuq
b<©Obdrsbd�«x�i��
p ¥ {|�«{
√

x2 + y2 + z2 = r
©O�ebe�«qti�}|bdÅ
bJ�
r���pA�`�����«rs�t�

^¬©O�ebd�«qsi�}`be� ¥ {|�«{
4πε0

©Ogh�
�urs�|Å��|p�bersbd��xyi�qt�«w�ber ~ be�eqti ~ bdp|rsqtÅ
qÐ�

ST�-qt��rtbef�qsp¢g|qti¸}���r ~ �����
p|�«wuq ¥ ��p¡�`p���� ¥ ~ �`r���p|f���wu�s}�� �l�y��Å
�t}����«q ~ qtg|qs}`qsi�¨

[ −h2

8π2m

(

δ2

δx2
+

δ2

δy2
+

δ2

δz2

)

+ V (x, y, z)

]

Ψ(x, y, z) = EΨ(x, y, z)
�Ðj©���§j/�

­ y�q���q4®`]	emlBr*q�a�TUX��1q	�m]	emhWe*XDoKTWXM{ji`q	hUTWXM]4[^�¯[°XMe\hU[Wt�[Wrm[^±W|�XM|
ik²�h�]�e*hWemXB_�[W]	q�l¬[�_�hU[W~�[³_�[W]	q�l¬[�_`]4[^��~jq��*q4ikq4~jq��m�

�



ªRbei]g|qti
Ψ
��gvbersqti�rtq`g|qti<��i�g|qzxÇ��rt}����«q`gvbertqsi�rtq`g|qtiGbertbe��xyiu�
p«�|p�}��lr ~ �9¯
�dbersrtqsÅ
qtp|q«xÇ��p|�tf�Ä

r���id�?·R�e� ¥ �tp�gvbertqsiursq£g|qsi9p|���«xy��w��tp|}���g|qsi9bdrsbd�«x�i��
p«�|p�g|�|rt�|p|f��¢�
rsw���rs�tÅ
�
Ψ2
qsrsbÑ��iy��p�xy�trs�t}|�sid�

Ψ
qs�eqtp6-��eqt�«w�berW��r���i���� ~ bdi��dbe�¢�d¯
�e{|f ~ bei�bd��xyqsiubep+g|qsiT�l�l�D�l�
���`rÃ�l�y��Å
�t}���¹
bdi�qtrsf�qs�ux�qsid�

�
�
Ψ
}���r ~ ������p|�«w�q ¥ �
p«�Áxybd��}`beÅ
bdi�rsq]�
rtf��lrs�s}`�sie�h·R�e� ¥ �tp!µ|bdi�µ���p ~ q/g`qsiJp|�
��xÇ�lw��sp`}��­g|qti
bertbe��xyiu�
p�qs�eqtp+jl�
rs��w��trs�s��f�bd¹�ce�`x��
rs��f��l���

j©�
Ψ
}���r ~ �R���
p|�«wuq ¥ ��p¡�Ñ¹�b�x�{|i�bÏ¹¡rsbeiuq|w�{`i�be�«rtq|�
rsf���rt�s}|�tie�=·���� ¥ �spÑxy{|f p|�
��xÇ�lr���iu�sp|}��R�
r���Ä
w��trs�s��xÇ��p|�tf�rt�W�
rsf���rt�s}|�tiT¹
bÑg|qtiRp`�
��xÇ��}��lp�}|qsÅ
bdi�qtp|b ~ be�eqt�ux�b ��bdw��«qsp6g|qtiQ}|bdÅ
qs�uf�bF�
rzÄ
f��lf���rt�s}|�tie�

�`��iRwu�
p|wu�|��� ~ qs}|bdi���bdp Ψ
}���r ~ � ���
p|�«w�q ¥ �
p«��wu�t���si�� ¥ ���«r��l��f���rs�t}|�sid�<�Tbe�«qti�}|bd�«x�bep��|�e���
Ä

r����Lxy�t����� ��r���wu�srs�t��������rtf��lrs�s}`�sie��N¸x��
f wu�
p|rs���
rtf��lrs�s}`�sie�

º � ∫

tumuzay
ΨaΨ

∗
adT = 1

�ÈPR��i�f���rsqt����w ¥ �
p��y��iLxy��´W�F·R��� ¥ �spÂµ`bei�µ|��p ~ q¸g`qsi�gv¯
r ~ bewuqsp|}|b
bertbe��xyiu�
p«�|p+x��
¬|rs��f°g`�|rs�|p`f��Ñ�
rs��w��trs�sÅ����F}|qtie�

m©� ∫

tumuzay
ΨAΨBdT = 0

�Ð�ZiLxy� ~ ��p���rsrtqs�-�y��iLxy���DSTqsi��lxy��f�}��l�¡qGx�{|f ��i�g|qzxÇ��rtrsbei9g`qsi�g`qsiLÄ
rsbdi�q ¥ rtbQ�
iLxy� ~ ��p���r8��rsf���rs�t}|�sid�«S¸���e�8}|�|i��`f�rs��i�}��©� px, py

¹�b
pz
�
i�g|qzxÇ��rtrsbdi�qsp`}|bR��rs}|�|Å��

~ qsg`qÐ�¡g|�-qtp�xyb ~ iy��r?��i�g|qzxÇ��rtrsbeiuqsp�}|qs���
rsf���w��8��p|rs��f��tp|�oxÇ���u�sie�

µ�¶¤·z¶¤·z¶�¸ ¹9º�»`º.¼'½�¾�¿ZÀ�½
Á�Â�ÃW¿3¾

HJ�|��p�xyqs�db¢}|�|iu�|f�r���iu�/�lp|r���f�����qt�eqspÁbepÂwy�l}|b¢¹
bAbdpÂ¯
Å
i�bÏxyqtceq<¬|i��
g`rsbef+�£g|qsiF�¡�©xy�
qs�ebdi�qtw�qsp`b¢µ���¬|wube}|qtrsbdpCg`qsiÑ¬���iu����cd�sÅ
�tp!g|�Cgh¯�r ~ bd}|be�«q¸µ��li�be�lbdx�}|bep`�¡rtbef�qs}|qtie�ÃH9�`xy�Cqs�dqsp|}|b

x = 0
¹
b

x = a
�liy��wu�sp|}��©�|¬h�lxÇ��p|wuq ¥ berWbep`bei+�uqÈ�

V (x)
��w��z���si¸����g`�|r´be}|qtrsf�be��xybd}|qsid�|H9�`xy�`p¡�`p

}|�s�u�sp|}��Ñqtw�bJ¬h�lxÇ��p|wuq ¥ berWbep`bei+�uq´wu�
p|w��`�e}|�|id�8S/�-f��©}`ber?xÇ�lp|becdqsÅ
qtp+�«�`x��|}���µ���¬|qtw��
rs}|�`Å
�|p«�
¹
b#xÇ��p`beceqtÅ
qsp��¡�©xy��}|�s�u�sp��Q�d�s����g|qtrsf�bewuq©qt�eqsp�w��
p|wu�|��bep|bdi+�uq�µ��li�c��lf���wu� ~ bdi�bd�«x�qsÅ
qtp|q ~ ¯
wux�bei�qtie�
ST�|p��Ñ����i��u�W�«�`xy�-qs�eqtp|}|bQxy��p|bdceqsÅ�bDbÏxy�«qWbe}`beg|qtrsbecdbep+µ|qs�dg|qsiT�¡�©¹¡¹�bdxuxyb�g`�|rs�|p`f���f�����xÇ�l}|�sid�

E =
n2h2

8ma2

�Ðj©���j�'�

ÄmY\[^]��U[�oKTWX�{�i`q�hWTWX�]�[W�`|/i`[WX�[^]z~Me*±Wem�`]�e*��eWa'Å √
−1, ΨΨ

∗ Æ i�[^V�q	tÇTW]4[^�Mq�]4~jq	{�]�e*��q	X,~je*Xzajq�X�_`em�W�¯[^]�q	X��We*�¯È?em{D~je?É±Ue*�2 Ue*��e*�Mq�]�l�e�ikq�q�È*q	X
ΨΨ

∗
{��M]	]4[^X�|	]�|	���,y�q���È*TW{Z~j�M���Ml¬~M[Ma
~M[^]��U[�oKTUXM{jikq�hWTUXM]�[W�`|�XM|�X�{Ue*X�~Mq	]�e*��q��Ue*�¯È?e*{�_�q	�2 Ue

q�X�_`em�W�¯[^] ∫
tumuzay

Ψ
2dT

®`e*{�]�q	X�qz[^]�|	���

�=k



¨©be�«qtr£j©� j¡¿�H9�`xy�|}|���«q?xÇ��p|bdceqt�¢qs�dqspA¬v��xÇ��p`w�q ¥ berWbdp|bei��uqW�¡� ¥ �`w��

ST�|iy�l}���p,wu�t���ti�}���p+�¾��i��«rt�£g`qsi�xÇ��f w�� ¥ �t}|�sid�	Ê9S/�,g���Å
�tp�xy�Ð�oH9�`x��|}����«q£xÇ��p|bdceqt�+f��lÄ
}|bertqsp|b ~ ¯
i�bl�¸�Â�|�d�|p|rs�`Å
�|p|}��l�¡qRxybe��gh� ¥ �`x�rs��g|qti��«�`xy�`}����«q9µ|beiuµ���p ~ qQg|qti�xÇ��p`beceqt��qt�eqtp
µ|bew���¬|r��lp���p,bdp|bei��uqÀ}|{|�db ¥ rsbdi�qsp`q£¹�bei�qtie�8\]p`bei+�uqÃ}|{|�db ¥ rsbdi�qÀp�©Ë�
�²j©�	�`�z�t�z�h�«���lp«x��|f w�� ¥ �tr���iu�sp��
~ ¯
i�b9�«���lp«x�rs�t}|�sid���Oµ|��rs}|bZxy��f �d¯
�e{|f ���y��Å��s}����«q ~ qsg|qt}|qsid�

Ψ =

√

2

a
sin

nπx

a

�Ðj©��� º �

XZ��r ~ �����
p|�«w�q ¥ �
p`r���iu�sp|�tp,����i�bdrsbeiuq��
rs��w��trs�t� ¥ �
Å��|p|rs�`�¡rs��i��t}|�si�¹
b�g|�`p|r���iQ�¡rs��w�qt�-f�bÏÄ
�l�lp|qs�FqsrsbT�¡�|��p�xy�|fÆf�be����p|qtÅ
q|}���¹¡iy�lp|�s�ur���iu�|��i���w��tp|}����«q|�¾��iu�¡rs��i�� ~ ¯
wLxybeiuqsid��H9r���wuqs��f�be����p`qs�
�¡�©xy�Âqs�dqsp|}`b�g|{`x�{|pÂp|�
��xy��r���iu}��-bdrsbd�«x�i��
p«�|pÂg`�|rs�|p`f��­��r���wu�srs�tÅ
�sp`�sp�� ¥ p|�T��rs}|�|Å��|p«�Âw�¯ ¥ Ä
rsbeid�©NRp|c��l���«����p�x��|fÓf�be����p|qtÅ
qsp`b ~ ¯�i�bQbdrsbd�«x�i��
p«�|p�g|�`rs�|p|f��F��r���wu�srs�tÅ
�Ð�l���
p«�|f�� g���Å�rs�s}`�si
¹
bÑbertbe��xyiu�
p«�|p�}���r ~ ������i�����xybdi�q�p`be}|bdp|q ¥ rsbl�h�¾��iu�«rs�£���
p«�|f�r���iu}����¾��iu�«rs�£g|�|rs�`p|f����
r���wu�srt�s�
Ä
r���iu�sp|}��+�
r��lg|qsrtqsie�?ST��¬|i��
g`rsbef ��p|rs�����trs}|�t��xÇ��p�w��
p`iy�`�Ãg|qsiÑ��xy�
f�}����«q<}���¹©i���p|�t���s}`b¢ghbdp|�ebdi
f���p�x��s�«r�� �l�e�s�«rs� ¥ ��g|qtrsqsiuqs�l�

µ�¶¤·z¶¤·z¶3µ Ì«½
Í�Î'½¡ÌÏÂWÁ.¾�Í3ÂWÐÑ¿�Á<¿�Á¦ÒÇ¿k¼
Ó�Ô?Õ�ÂWÁ7ÖÇ»`ÐIÔ�Á<º�Á$½Ø×2Ù�Î
º�Í�½
Á<ÐÚ½�ÛWÜ

XZ��r ~ �­}|bep`�¡rtbef�qsp|q/µ|qs}`i����ubdp��lxy�
f��|p��,� ¥ ~ �|rs��i��lbep�bertbe��xyiu�
p«�|pCg|qsiF�¡{`i�b�qs�dqsp|}|b
µ���¬|qtw/�
rt}|�|Å
�`p¡��}|{|�u{|p|f�bersq ¥ qs���¡ST��bertbe��xyiu�
p¢¬|iu��xy�
p«�|p��ebe�«qtf°�lr���p|�tp|}��9�
rt�|¬�¬v��xÇ�lp|w�q ¥ ber
bep|bdi+�uqswuq

V = −e2

r

}|qtie�� ¡cÇµ|i�¯¡}|qsp ~ beiA}��lr ~ �!}|bdp|�«rsbdf�qtp|}|bÝ�Âgh� ¥ �`xyrt���l�liuxybd� ¥ bepÒwuqswux�bef

Þ?ß�±Ue*�
n = 0

q4ikeUa�_�àMláXMTW{�_¯[^]4[^�¯~M[
Ψ
~M[^]��U[BoKTUXM{jikq�hWTUX���~M[¬i`|�oK|���TU]	���m�
ß�]�e*{�_`��TWX��MXâ���M]	��XMl¬[1TU]�[Uik|�]	|�±W|

TU]�[WX ∫

ΨΨ
∗dx = 0

TW]4[Wr*[W{�_`|��;{�q3aM�M�ã~M[�e*]�e*{�_`��TWX��MXÇlBe* �r?�j_�TW]�l¬[W~j|�±W|�XM|'�U²Uik_`e*��q��m�

�/�



���y��Å��s}����«q ~ qsg|qhqt�¾��}|b9bd}|qsrtqsid�

δ2Ψ

δx2
+

δ2Ψ

δy2
+

δ2Ψ

δz2
+

8π2m

h2

(

E +
e2

r

)

Ψ = 0
�Èj©���=m/�

XZ��r ~ ��}`bep|�«rsbdf�qtp|qsp��d¯
�e{`f {|p«{|pÁp`b�}|bdp|rsqG����iu�s�u�s�­��rs}|�|Å����dqs�dber ~ b�j¡� j¢}|b ~ ¯
iu{|rzÄ
f�bd�«x�be}|qtie�©ªRbdi�g|qti<���
p`�¡wuq ¥ �
pAg|qsi/}|beÅ�qs���lbep|bQg���Å
rt�s}|�tie�¡ ©�tp|�siu���
�u�|rsrs��i��È�
}���r ~ �D}`bep|�«rsbdf�qv�e¯�Ä
�e{|f {`p|b ~ qti�bepFwy��g`qtxyrtbeiuqspJxÇ��fOwy� ¥ �`�
rtf��lw��sp`� ~ beiube��xyqti�f�be��xybd}|qsid�lS/�Ñwy��g|qzxyrtbei l, n, m

�«����p¡Ä
xy�|f wy� ¥ �srs��i��´�
rt�|¬

n > l > m
��bd�¡rtqsp|}`be}|qtie�h\]rtbe��xyiu�
p«�|p,�lbep|}|q�bdxyi��l���sp`}���}|¯�p|f�bdw�qtp|qs}|bdp

�l� ¥ p����«rs��p���p�w�¬`qsp+�¡�|��p�xy�|f w�� ¥ �tw�����w��¸qsrtbZg|qsiursqt�«x�bZ}|¯
iLx��«����p�xy�|f w�� ¥ �tw��Wg|qti¸bertbe��xyiu�
p«�|p
¯
�ebdrsrsqt�«rsbeiuqsp|q�xy��f �
rs��iy����gvbersqti�rtb ¥ bdp�g|qsi#�l}|i�bdw ~ qsg|qt}|qsid�

µ�¶¤·z¶¤·z¶¤· ¹9º.½
Á<»`º�Ð�ä;½
Ù,Ü�Í�½
Ó^Ü³å
ÂãÌ9½
Í�Î'½¡æ�Ô�Á.¾jÛW¿�Ù'Ô�Á<Í�½
Ó^Ü

�
� ÿ î�ü 4 !£î|õhéM!£þ 5 îz&�� ì �âçuõ°è ÍWIÎrs�A¯
p`ceb S/�
µ|i#xÇ��i��l���sp`}���p+�
iuxy� ¥ ���lx��srs��p|f��s�¸�
rt�|¬?�
w��z���si�}|��pQ�¾��iu�¡rt�
}|bdÅ
beiursbei´�lr���g|qtrsbdpQ¹
b]µ|qt}|i����ubdp ~ qsg|q�xybe�Qbersbd��xyi���p|rs�Jw�qtwux�bef�rsbeiu}|bÀbdrsbe��xLÄ
i��
p«�|p+bep`bei+�uqtw�qtp|q8¹
bJg|�+bertbe��xyiu�
p«�|p+�ebe�«qti�}|bdÅ
bF��r���pA�|�e���«rs�tÅ
�sp|�hghbdrsqti�rsbdie�

j©��> "'� ì î�ô Ëé þÁè¡õhéj!Ãþ ì î'&2� ì �«çuôSè Í´\Grsbd�«x�i��
p«�|p,���e�twy��r´f��
f�bdp�xy�|f �`p¡�+¹
b ��i�g|qzxÇ��Ä
rsqtp�xy{`i�{|p«{Âgvbersqti�rtbeie�

l = 1, 2, 3...n − 1
��iy�lw��sp`}��­g|{`x�{|p!xÇ�lf�w�� ¥ �tr���iu�/�lr���g|qtrsqtie��STqsi

bertbe��xyiu�
p«�|p��l�e�sw���rÁf��
f�bep�xy�`f ��¹l��i�w�� g`� f��
f�bep�xy�|f�}���p ��� ¥ p����«r��lp���p g|qsi
}|b �«qtp|bdx�qs� bdp|bei��uqsw�q��
rtf���rt�s}|�ti�¹�b g|� �l�e�sw���r6�«qsp|bÏxyqs� bdp|bei��uq�bdrsbd�«x�i��
p«�|p xy�
¬©Ä
r���f �«qsp|bÏxyqs�Æbdp|bei��uqswuq+qtrsb�wu�sp|�ti�rs���
rsf���rs�t}|�sid�F� µ���rt}|b

l
}`beÅ
bdi�qsp`qsp

n
}|bdÅ
beiuq ¥ rsb

w��tp|�siurs�Q��rsf���w��Qx�bew���}|{`�Ñ}`beÅ
qtrs}|qtie�
l
�Öp|qsp(��rs��g|qsrtbecdbeÅ
qR}|beÅ
bdi�rtbeiê�*�
�²j!¹
bG�/�Awu�si���w��tr ¥ �

s(sharp), p(principal), d(diffused)
¹�b

f(fundamental)
}|qsid�

�`��Ë î�õ;&vè�é§ê¾ó 4 !´î�õhéj!Ãþ 5 î'&2� ì �âç�þëè ÍWN#�d�swy�lr£f��
f�bep�xy�`f �-��r���p�g|qti�bdrsbd�«x�i��
p-g|qsi
�ebdf ghbdi�}|bdp ~ be�dbepAbdrsbe��x�i�qs���l�¡�tf�� ~ qtg|qo}|{|�u{|p«{|rsbdg|qsrtqsie�¡�Òµ��lrs}|bl�©g|�¢���«�sf��sp��
rs�|�Lxy�©Ä
iy��ce��Å
�?g`qsi�f��lp ¥ bdx�qs�A��rs��pA¹l��i�}|�tie�oK-��p ¥ bdx�qs����rs��p|rs� qsr ~ qsrsqof���p ¥ bÏxyqs��f��
f�bep�x#¹�be�
Ä
xy¯
iuber]wy� ¥ �s}|�+¹
b�}|�s�Jf���p ¥ bÏxyqs����rs��p|rs�A� ¥ p|� ¥ ¯�p|}|be}`qsie�ÃST��p|be}|bdp|rsb

m
� ¥ b Ù'ì�Á�ÂWÍí¿�Ð

¾�º�½
Á<»kº�ÐîÛ�½
Ù,Ü3ÛWÜk¼'½ }|bep|qtie�£K­�lp ¥ bdx�qs�ef���p|�tp6�l� ¥ p���Å��]���e�twy��rÀf��
f�bep�xy�`f �
rt}|�|Å
�|p|�
~ ¯
iub�� m p|qtp+}`beÅ
bdi�qsp`q

l
}`beÅ
bdi�qWgvbersqti�rtbef�bersqt}|qsid� a beiu�ebe��x�bep|}|b

m
�Öp|qsp���rs��g|qtrsbecdbeÅ
qv}|bÛÄ

Å
beiursbdi −l
¹
b

+l
��iy�lw��sp`}��Ñ}|beÅ
qt��f�be��xybd}|qsid�

�§j



º �Z5�� ê¾õ 4 !´î�õhéM!£þ 5 î'&2� ì ��ç ì è Í¸XZ�lr ~ �,f�be����p|qtÅ
qÐ�£g|qti ¥ ¯
iu{|p ~ bdceq¸xy��p|�sf�r�� ¥ ��g|qsrtbep
{|���«����p�xy�`f wy� ¥ �sw��

(n, l, m)
qsrsb ¥ bÏxyqsp`f�bd�«x�be}|qtie��no�����lx�}|beÅ�bei�rtqs�C����g|�|Å
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√
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√
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√
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p ¥ �
Å��|p|rt�|Å
�|p«�­gvbertqsiursbeid�`N#�d�swy�lr?���
p|�«w�qÜÄ
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rs��iy�l��qt�¾�l}|bZbe}`qsrsqtie�

Ψ(r, θ, φ) = R(r)Θ(θ)Φ(φ) = R(r)Y (θ, φ)
�Ðj©���j�'�
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√

3

[

2Z
a0

]3/2

(6 − σ)σe−σ/3

��} j
R3p = 1

81
√

15

[
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p«�|p-���lx��«�sw��\�
�²k�k�}`qsie�
�Ãbeiu}|bertbef�b]wy��g|qzxyq�g|�`rs�|p|}`�|��xÇ��pFw��
p|i���wube�dqsrsbdpFbdrsbd�«x�i��
p|��bÏxy�«q«be}|bdp bdx��¡qtpF�dbe�«qsiu}|be�

¥ {`�¡{-}|bep`�¡rtbef j¡��� » qtrsbZg|�`rs�|p«�|id�

�j�



¨©be�«qsr£j¡���`¿`we�Ö¬+¹�bF}-�lxy��fÓ�
iug|qtxy��rsrtbei�q

� »
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N¸xy�
f�qs� f�� ~ bdp«x�qs� f��
f�bdp�x bertbe��xyiu�
p«�|p�µ���iube�lbdxyqtp|}|bdp ��� ¥ p����«r��lp|f��l�«xy��}|�tie�
\]rtbe��xyiu�
p�g|qsi ¥ �l¬|�]qs�ebdi�qtw�qsp`}|b�jA�¾��iu�«rs�G}���¹¡iy��p`�s�y��wy�lµ|qs¬`x�qsid�´ST�|p|rs��i�}��lp�g`qsi�qtp|ceqtw�qÀ��i�g|qzxÇ��r
µ���i�bd��bÏxyqv}|qsÅ
bdi�qt}|b#w�¬|qtp�µ��li�be�lbdx�qs}|qtie�«ST��µ���iube��bÏxyrtbei�}`bep¢��� ¥ p����«rs�of�� ~ p|bÏxyqs�Ff���f�bdp«x�rsbdi�qsp
xy�
¬|rs��f��vg`qsi¸bdrsbe��x�i��
p«�|pAw���µ|qs¬A��r���ce��Å
�vf���Å�p|bdx�qs��f���f�bdp«x�qh¹�bei�bdcebdÅ
qsp|}`bep+g|�A��� ¥ p��l�¡rs��i��
� ¥ iu�´� ¥ iu�W}|bdxy� ¥ rt�W�
r���i�����qsp|cdbersbdf�bd��}��lµ��Ñ� ¥ ~ �|p­��r���ce����xy�sid�
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�Ãbdf�bdr�}|{|�eb ¥ }|b/g`qsrsqtp|becdbeÅ
q ~ qsg`q
bertbe��xyiu�
p���xy�
f(qs�ebdi�qtw�qsp`}|bGghbdrsqti�rsq�����g|�|�«rs��i�}��#}|��r���Ä
p|�sid��ªRbdi/����g|�`Å
�|p¢�lr���ce��Å
�|bdrsbe��x�i��
p�wy� ¥ �swu�vgvbertqsiursq`�«�|i���rsrs��i�rs�Qw��tp|�siur���p`}|�siu�srsf��s�Lxy�zie� ³ i�p`beÅ
qtp
�
�h����g`�|�,j¡�Wj©�v����g|�|�ú
`���©�h����g|�`�Ø�j
­�z�z� ~ qtg|q´f����«wuqsf �|f w�� ¥ �t}��¢bertbe��xyiu�
p���rs��g|qsrtqsid��STqsi
�lxy�
f w�beiughbdwux#µ|��rs}|b�}|bdÅ
qsrt}|b�g|qsi ¥ ��¬|�vqs�ebdi�qtw�qsp`}|b�qsw�b�w�bdi�gvbewLx#µ���rt}|be�«qobertbe��xyiu�
p�w�� ¥ �tw��v� ¥ p`�
�l�lrsf�� ¥ ��g|qtrsqsid��M/��p`q8g|qti/�«�swu�sfÝbertbe��xyiu�
p«�A��� ¥ gvbe}|bdg|qsrtqsid�©XR�
r�� ¥ �swu� ¥ r�� ~ ¯
�Q¯�p¡{`p|b9��rt}|�sÅ
�tf��t�
�lxy�
f�}����«q¡bertbe��xyiu�
p|r��li��«qs�«q ~ i��|¬v}��Zqtp|cebdrsbef�be�J}��lµ��Q� ¥ ~ �|p��
rs��c��l�«x��sid�§STqsiuqsp|cdq ~ iu�|¬ bdrsbe��xLÄ
i��
p|rs��i#����iRbdrsbe��x�i��
p«�,�
rs��iy�l�¢��}|rs��p|}|�ti��trs�si]¹
bFg|�|p|rs��i�w�bdi�gvbewuxZµ���rs}`bDp|��w��trW}���¹©i���p|� ¥ �
i�qswub
¥ ��¬|�]qt�ebeiuqswuqsp|}|b�}|b�w�bdi�gvbewLx µ���rt}|be�«q]}���¹¡iy��p`�s�y���e��� ¥ ���«�sp�g|qsiJ}���¹¡iy�lp|�s� ~ ¯
wLxybeiuf�b�bdÅ
qsrtqzÄ
f�qtp|}|be}`qsi�rtbeid�=IÎ�¡qtp|ceq ~ i��`¬Ñbersbd��xyi���p|r���i´¹l��r��lp|w�bdrsbe��x�i��
p«�Ñ�
rs��iy���D��}`r���p|}`�si��trs�ti8¹
b¸g`�|p|r��li�}|�t�
¥ ¯
iu{|p ~ bd}|b9�
rs}`�|�«r���iu�sp|}��lp�}|�t�y��iu� ¥ r��Dbdx��¡qtrsbd��f�b ¥ qh�d�
� ¥ �
Å
�|pAµ`qsw�wube}|bdcebd�¡rtbeiuqsp|}|bdp?�|g|�`p|r���Ä
i��sp�}���¹©i���p|�t���?��xy�
f�qs������iy�l�«x�beiu}|bep��e�����¾���dr��Fw���¬|f�� ~ ¯
wLxybeiubeg|qtrsqti�rsbdie�«ST�`p|}���p�}|�
rs� ¥ �hg|qsi
¥ ��¬|��qt�ebdi�qswuqsp|}`bGf�� ~ p|bdx�qs�ef��Tqtp|cebdrsbep`qsi��lbep9¹l��r��lwWbersbd��xyi���p|r���iu�sp|}|��pZµ���p ~ qsrtbei�q ¥ bdi�ber«����rtf��t�e�
µ���p ~ qtrsbdi�qvf�bdi���bd�D�lxy�
f��¢xybeiu��bÏxyf�qs�¸g|�`p|r���iu�sp¢x�bew�g`qtx#bd}|qsrtf�bdw�q ~ bei�bd�«qsie�¡M<bei�bdr?����r��lp|r���iu�sp
�
i�g|qzxÇ��r«µ��li�be�lbdx�rsbeiuq©xy��f ��bewLxyqti�qsrtf�bd}|bepFp|bTx�{|iÀg|qtiÃf�� ~ p|bÏxyqt�ef�� ¥ �Rp|bd}|bepÑ��r���ce��Å
��xÇ��f ��p©Ä
r���f�� ¥ r��9g|qtrsqtp|bef�be�l�`ST�Ap`be}|bdp|rsb9g|qt�Qbdp+�d�
������iu���tr����u�sr��lp ~ bd�
f�bdxyiuqs� ¥ �l¬|�srs��i�}��D����i��u�sf��s���
�e�s����g`qsrsbdcebd��g|qti#�����D��rtx�bei�p|�lxyq�-�� ¥ iu�sp�xy�trs�h�
r���i�����qtp|cebdrsb ¥ becdbeÅ
qt���
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�#{|f f�bdxÇ�lrsrsbdi�q¡qsp|cdbertbef�bef�qs�¸f {`f��«{|p��
rtf�� ¥ �lc���Å
�tp|}���p�g|qs�#w���}|becdbÇ�l}�bdrsbe��x�i��
p©Ä
r���iu�<qt�eqtp�g|qti ¥ ��¬|�/qs�ebdi�qtw�qsp`}|be�«q]xybeiuqsf wubef gv�
rsrtbeiuqsp|qÀ¹�b¢g|�|p|rs��i��tpÁf�� ~ p|bÏxyqt�ef�� ¥ �+��i�g|qzxÇ��r
�l��xy�«�srs��i��tw��sp`��¹
bdi�f�be��qswux�q ¥ �
i��|�l��S/qsiD�¡iuqswLxÇ��r/��r��lp!��rzxy�sp`}��+wubeiughbdwux��lx��
f�}|���«q<bd� bep`bei+�uqtrsq
�e�
�«rs�`�Â�¡iuqswLxÇ��r ¥ �l¬|��qs�ebdi�qtw�qsp`}|b+� ¥ p|������rsf�� ¥ ��ce����xy�tie�GST���e�
�«rt�|��xÇ��p1w���¬|f���f�� ~ p`bdxyqt�ÏÄ
f�� ¥ ���
i�g`qtxÇ�lr¸���lxy�«�swu�sp|�����e��rtxy��c��l�«x��sid�] ©beiughbdwux¢�lxy�
f�}��Ý��}�bdrsbd�«x�i��
p`r���iu�#qs�eqtp��l�
p«�|��}`�©Ä
Å
�|f �|�d}���µ|beiÑg`qsiÑ}�bertbe��xyiu�
p«�|p|}���pCf�� ~ p|bÏxyqs�df�� ¥ � ~ bertbecdbe�!�
iug|qtxy��rT���lx��«�sw��#j�qt��bdpû��}
bersbd��xyi���p|r���iu�Gqs�dqsp����e�twy��r]f��
f�bep�xy�|f �¡�|��p�xy�|f wy� ¥ �swu�

l = 2
�Ö}|qsi�� ¥ ��¬|�]qs�dbeiuqsw�qtp|}|b�µ|qt�eg|qti

����f���p­j ~ qtg|qWg|qsi����lx��¡�´g|�`rsf����¢f {|f��«{|p­}`beÅ
qtrs}|qtie�<�T{`p|�«{�g|�­���lx��¡�´bd�Qbep`bei+�uqtrsqW�d�
�«rs�|�
wy� ¥ �sw�� ¥ r��Â��rs������rs���
rs}`�|Å
�|p|}|��p�¹
b6g|���e�
�«rs�`�¡}|� ¥ ��¬|�9qs�dbeiuqsw�qtp|}|bdp(� ¥ p|�9����rtf�� ¥ �lc���Å
�tp©Ä
}���pú�È���e��r���ce��Å
�tp|}���p�� ~ bdx�qsi�qtw�q|wubeiughbdwux#��xy�
f�}���p�}���µ|�F�����
rs��c�����x��sie�
�Z�«xy��µ|bd}|iy��rog|qti]��r��lp
qs�eqtp��l�
p«�|rs�`i�wy�l�v�/����i��u�sf��s�����d�s����c��l�Â}���r ~ �����
p|�«wuq ¥ ��p|r���iu�#N��/\ ¹
b,� qtrsb+��}|rs��p|}|�ti��srs��p
xybeiuqsf w�bdf gv�
rsrtbei�q]qtrsbÑ¹
bdi�qsrtqsid�ÃS/�!xybeiuqsf w�bdf gv�
rsrtbei�qGx�be��bersbd��xyi���p!qs�dqspÁ}|��r ~ �����
p|�«w�q ¥ �
p¡Ä
r���iu�sp|�tp!¯
�ebdr����
f g`qsp���w ¥ �
p`r���iu�sp|}��lpC��rs�|�uf�����xy��}|�sid�°�T�
��� ¥ i��tp�xy� ¥ � ~ qsi�f�be}`bep��«����p�xy�|f
f�bd�l�lp|qs�«w�bdro�
r���i�����N�¹
bQ\Áxybdi�qsf�rsbdi�qtp|}|bep��
iug|qtxy��r|���lx��¡�vkDqs��bdp?�

T
xybdi�qsf�qsp`}|bep�bdx��«qsp���r���Ä

iy���Af�� ~ p|bÏxyqt�Af��
f�bep�x�b L = 1 ~ qsg`qWg|qsi����lxy�«� ~ bertqsi�8�j

j:Ð�hXQ�
rs� ¥ �tw�� ¥ rs�Ñbersbd��xyi���p,wy� ¥ �sf��s�e�
~ ¯
i�b�µ��lp ~ qÀxybdi�qtf�qtp��l�li����tf��t���¢�d�s����c��lÅ
�sp|����bewLxyqti�qs¬8�Wg|�|p�� ~ ¯
i�b��
iug|qtxy��rÀ���lx��¡�tw��tp|�sp ~ bdrsqs¬
~ bertf�b ¥ becdqsÅ
qtp|qG��i����ux��siuf���f��s� ~ beiube�«qsid� A ¹�b

E
x�bei�qtf�qtp|}|bdp�k����lxy�«� ~ bdrsbecdbeÅ
qtp|}|bdp�gv¯ ¥ rtb

g|qsiQx�beiuqsf�b wy��µ`qs¬6g|qsiQw�qswLxybdf�qtp�f�� ~ p|bdx�qs�+f��
f�bep�x�q�wy�l}|becdb�wu¬|qsp|}`bep��l� ¥ p����«rt�À�
r��lc���Å
�tp©Ä
}���p?�´g|��f�� ~ p|bdx�qs�,f��
f�bep�xDw��sce���«rs�t�«xy��p6g���Å
�tf�wu�s� ¹�b�wy�lg|qtxD����r��lc�����xy�tie�WNRf��+U�xybdi�qtf�q
qs�ebdi�bdp!g|qsiF}���r ~ �+���
p`�¡wuq ¥ �
p«�|p«�|p�f�� ~ p|bdx�qs��f��
f�bdp�xyb ~ bdxyqti�qtw�q]µ|bef w�¬|qtp!µ|bdf�}|b¢���e�twy��r
f��
f�bep�x��|f��
rs��c���Å��sp|}��lp6¹�bA���d�swy�lrGf��
f�bep�x��|f�}|�+wu�sc��l�¡rt�s�«r��A}|bdÅ
qs�uqsf ~ ¯
wux�bei�bdcebdÅ
qsp|}`bep
�¾w�qtf�bÏxyiuqÃgv�
�e�`rsf���w��¤��gv¯ ¥ rtbeg|qtiQxybdi�qtf�qtp­f�� ~ p|bÏxyqs��f��
f�bep�xyq ~ bep`bersrtqs�«rsbDw��tc����«rt�sÅ
�tp-���
p|�«wVÄ
¥ �
p«� �
rs��c��l�«x��sid�=XQ�
rs� ¥ �tw�� ¥ rs��f�� ~ p`bdxyqt�Zf��
f�bdp�xyq�w��tc����«rt�sÅ
�tpZ���
p|�«w�q ¥ �
p«� �
rs��iy�l�Qg|qtrsq ¥ �
i�w����
�
i�g|qzxÇ��r£���lxy�«�tw��sp`�sp,�
rt�|¬��
rtf�� ¥ �lc���Å
�tp|�£��bewLxyqti�f�bef�qs� ¥ �|����iu�s}��l�¡q�g|qsr ~ qsrtbei��s�u�sÅ
�tp|}���f {`f�Ä
�¡{`p+��r���ce����xy�sid�`U6xybdi�qsf�qsp`}|bep ~ bersbdpA���lxy�«�sp`�spAw��tc����«rt�s�«r��D}|beÅ
qt��f�bewuq?�
r�� ¥ �hxy��f���f�bdp ~ iu�|¬
xybe��i�qtx�qs�«w�bdr]f�bÏxy�¡}���i�rs�A�e�s����iLxy�tr���g|qtrsbdcebeÅ�qsp|}|bdp�g|qs��g|�!�l�
p«� ¥ �­�¾�l�er���}|bdÅ
qsp|f�b ¥ becdbeÅ
qt�£8 º :Ð�
nv�l�l��xZxybdf�bdrÀw�bÏ¹©q ¥ bd}|b�g`qsrsqtp|becdbeÅ
q ~ qsg`q�w��tc����«rt�s�+}|beÅ
qt�ux�qs���db�be�Jbe�ubei+�uqtrsqÃ�e�
�«rs�`�¡rs��i��tp�}|beÅ�qs�LÄ
f�bdw�q´���
µ`p©ÄÎ�£bertrsbei/bdx��¡q ¥ bJgvbep|�dbei���bd�¡qtrs}|b9����iu���tr����u�sr��lp�}|�|iu�|f�}|�|ie�`\GÅ
bei

L
���lx��«�sw��h¹��li¸qswub

�j�



g|�|p«�|pÑf�� ~ p|bÏxyqs�df�� ¥ � ~ bÏxyqsiuqswuq«xy��f���f�bdp�wu¬|qspÑqtrsb/���e�twy��r«f��
f�bdp�xy�|f �`p�¹
bd�«x�¯
i�bdr`xy��¬|r���f��
~ qsg|qh����i��u�sf��s��� �d�s�«f�����xÇ��}|�tie�

�9iug|qtxy��r����lxy�«� ¥ �v��p`r���}|�t��xÇ��p�w��
p`iy�Fg`qsiy�l�e}��Dw�¬|qtp�µ���iube�lbdxyqv¹
bZwu¬|qsp����e�twy��rof��
f�bep©Ä
xy�|f �`p|}���pAg��lµ|w�bÏxyf�be��� ¥ ~ �|p��
r��lc�����xy�tie�© ©¬|qtpAµ���iube��bÏxyqtp|q8�«r��lw�qs��f�be����p|qt�«w�berhg|qsiT���e�t�«r���Ä
f���wu�hwu¯
�Z�l�
p«�|w��+}|beÅ�qsrs}`qsie�«S/�Abdxy�«qhbersbd��xyi���p���µ���wTqs�Q¯��ebertrsqt�Ñ�
r���i���������i��u�sf��s���J�e�t�«f�����xy�
�
rs�|¬6�lp|c����­i�¯
rs�lxyqz¹©qtwux�qs�+XQqsi���cÑ}|bdp|�«rsbef�qsp`q��e¯��e{|f {�bewup���wu�sp|}�� ~ ¯
iu{|rsf�be��x�be}|qtie�?XR�
r�� ¥ �zÄ
w�� ¥ rs��g|��µ���iube��bÏxyqRbersbd��xyi���p¡�`p ¥ {|�«{1¹
b-�¡{©xyrsbdw�q ~ qtg|q���bep`}|qswuqsp|b+µ���w�g|qsi�¯
�dbersrtqs���
r���i����
}|{|��{`p|f�bd�!}���µ|�6}`�
Å
i��Â��r���ce����xy�sid��S/�Cµ|��i�bd��bdxuxyb�¹
bd�«x�¯
i�bdr#g|qsi�p|qscdbersqt�6�
r���ce��Å
�tp|}���pÁ¹�b
g|��µ���i�bd��bÏx�xybdp�}`�
r�� ¥ �s}��,g`qsi �l�e�sw���r¸f��
f�bep�xy�|f���}��-wy��µ|qt¬Â�
r��lc���Å
�tp|}���p8�Ãg|�`p¡�`}��,xy�s¬`�¡�
�
i�g|qzxÇ��r/���d�swy�lr¸f���f�bdp«x��|f � ~ qsg|q/}|{|��{`p¡{`¬�g|�|p|�6g`qsiÑ���d�sw���r¸f�� ~ p|bÏxyqs�6f��
f�bep�x ¥ {|�«rsbÛÄ
f�bd� ~ beiube�«f�bd��xybe}`qsie�¡ª�bei�µ|��p ~ qtg|qsi]w�qtwux�befÆqsp`cebertbep|qti��lbep?�«g|�¢wuqswLxybef�qsp�������xÇ��p`bQbertbe��xyiu�
p«�
f�� ~ p|bdx�qs�ef�� ¥ r���f �`µ��lxÇ�l¬h}|�tiQ¹
b�g|��bertbe��xyiu�
p|r��li��sp6�l�e�sw���rÀf��
f�bep�xy�|f�r��li��£p|be}|qtiJ��bewLxyqti�qzÄ
rsqsiuw�b9xy��¬|r���fÓf�� ~ p|bdx�qs�ef�� ¥ � ~ bÏxyqsiuq´g|qsrtqsp|q ¥ �
i¸}`bef�be��xyqtie�|M<�|����i��t}���}��Ñg��lµ|w�bÏx�xyqtÅ
qsf�qs� ~ qsg|q
g|� ~ bdxyqti�qvxÇ��f���f�bep����d�swy�lr?f���f�bdp«x��|f�r���iu�sp�¹�be��xy¯�i�ber´xy��¬|r���f�r��li��o��bd�¡rtqsp|}`bD��r���ce����xy�sid�

nv�li��«rs� ¥ ��¬|�tr���iu}��Ñ���d�swy�lr8f��
f�bdp�xy�|f ~ bdx�qsi�qtw�qtp|q8�lp|r���f�����qs�dqsp¢�«i�qtwuxy��rW��rs��pAw��
p«�|�ÛÄ
r���iu�sp|�tp�xy��f��lf�bdp�g|qtrsqtp|f�bdw�q ~ bdi�be�«f�be��xybd}|qsid�|ST��p|be}|bdp|rsbQg|qsiu�l�l� ~ bd�
f�bÏxyiuqs� ¥ �l¬|�?w���p¡�`ce�
�
r���wu�?}���r ~ �����
p|�«wuq ¥ ��p|r���iu�?¹
bD�
i�g`qtxÇ�lr ~ bÏxyqsiuqsrtbei�qtp|qv}|bdxy� ¥ rt�W�
r���i�����qtp|cebdrsbdf�bd�«x�b9�¾� ¥ }��Ñ¹l��iLÄ
}|�sid�TST��p|bd}|bep`rsb,¯
p`cebertqs�«rsb-�
��xybdµ|be}|i���r ¥ ��¬|�s}|�!}���µ��!wu�
p|iy�l}��ÁxybÏxyiy�lµ|be}|i���r ¥ ��¬|�s}|�!g|�
bdxy�«qtrsbeiuqW� ¥ i��sp�x��srs�v�
rs��i�����iy���Lxy�tiy��ce��Å
�s�l�

IÎ�¡qtp|ceqRgh¯�rs{|f�}|b­}`b�g���µ|wubdx�x�qsÅ
qtf�qt� ~ qsg|q�ghbdwA}��
i�g`qtxÇ�lrsqsp`}|bep�{|�,xÇ��p`bew�qtp|qsp�rt�
g©Ä
r���iu�Gbe�«w�bdp|rsbdiÑ��iy�lw��sp`}�� ¥ bei �lrsf�����xÇ��}|�tie�WS/�|p|r��li�}���p

dx−y

�
i�g|qzxÇ��rtq�½�¹
b ¥ �
dy−z

�
i�g`qtxÇ�lrsq
¥ ¹
b����

dx−z

�
i�g`qtxÇ�lrsqs}`bD½�¹�b���be�«wubep|rtbei�q]�liy��wu�sp|}��Ag|�`rs�|p|f�����xÇ�l}|�siur���id�8XQqtÅ
bei
dx2−y2

�8½
¹
b ¥ �

dz2

qswub,��be�«w�bdp|rsbdi�qZ{`�ebeiuqsp|}`b,g|�|rt�|p|f�����xÇ��}|�tie�/ST��w�bdghbd¬|rsb�}���i�g|qzxÇ��rtrsbeiuq#qs�«qZ� ¥ i��
~ i��|g|��� ¥ i��srs��g|qtrsqsid�TS/qsi�qtp|ceq ~ i��|¬Òbd�«w�bep`rsbei-{|�ebdi�qtp|}|be�«q dx2−y2

¹�b
dz2

�
iug|qtxy��rsrtbeiuqs}|qtie�/ST�
qs�«qswuq

dγ

¥ ��}��
eg

�
i�g|qzxÇ��rtrsbdi�qÀ�
rs��iy�l�,��}|rs��p|}|�ti��trs�sid�hIÎ�«qtp|ceq ~ i��`¬ dx−z

�
dy−z

¹�b
dx−y

�
i�g`qtxÇ�lrzÄ
rsbeiuq

dε

¥ ��}��
t2g

�
iug|qtxy��rsrtbeiuq©�
rs��iy�l� qswuqsf�rsbep`}|qsiuqsrsf�qz�uxyqzie�§S/�|p|r��li��sp����d�sw���r��
r��lw��srt�s�J}���Å��srs�tf�rs��i��
be�«w�bdp|rsbdiR�liy��wu�sp|}��Ñbd��qtx���r���i���� ¥ �
Å
�|p|rs����f��s�Lxy�tie�;8��
���M:

PRb ~ �lxyqz� ¥ {|�«rs{�rsq ~ ��p|}`r���id�hf�beiu��be���lx��
f��¢}`�
Å
i�� ¥ �l�¡rs���ux��sÅ
������f���p6f�bdi��lbe���lxy�lÄ
f �|p!bdrsbe��x�i��
p|rs��i�� ¥ ���«r�������p!rsq ~ ��p|}`r���i ¥ ¯
p«{|p|}|b¢qzxyqtceq]g|qsiD�«�`¹«¹
bÏxyqsp�bÏxy�«qswuqT��rzxy�tp|}����l�lr���Ä

j�k



c����«r��li�}|�tie�?S/� ¥ ¯
p|}|bd�«q<��i�g|qzxÇ��rtrsbeiuqsp-bep|bdi+�uqswuqÀg|��w�bdghbd¬|rsb���iLxÇ��id�WST¯ ¥ rsbecdb�}�bdrsbd�«x�i��
p`r���iu�Ð�
rsq ~ ��p|}|rs��i��tp ¥ ���«r����uf�� ¥ ¯
p|¯
p`}|bep�bep6�|�e����xÇ���«qG�
iug|qtxy��rsrtbei�q´¯
p`cebertqs�«rsbFqs� ~ ��r�bÏxyf�b ¥ b ¥ ¯
p|bÛÄ
rsbecdbe�«rsbdi�}|qtie��U´q ~ ��p|}`r���iur��-}`qsi�bd�Á�
rs��iy�l�Á����i��u�srs���y��pÁ�
i�g|qzxÇ��rtrsbdi�qsp�bep|bdi+�uqtrsbeiuqT}��lµ�� ¥ {|�«wube�o�
be�«w�bdp|rsbdiF�liy��wu�sp|}��l�¡q�bersbd��xyi���p|r���iu�sp,bdp|bei��uqsrtbei�qÃqswubÑbe�«w�bdpÁ{|�dbei�qtp|}|bd�¡qtrsbdi�b ~ ¯
iubÑg|qsi���� }��lµ��
}|{|��{`�A�
r���ce����xy�tie�

STqsi#��xy�
f qt�eqtpAµ���f�qsrtx��
p ¥ bdpAqt�¾��}|bdw�q ~ bep|bdr£��r���i�����¨

H = H(kinetik) + H(Coulombic) + H(spin − orbit) + H(spin − spin)
�`�©���M�

¨©be�«rsqtp|}|b ¥ ���d�srs�tie�vH9i�qtwuxÇ�lrÃ�lr���p-f��¡}|bertqsp|}`b��og|��qt�¾�l}|b ¥ b be�+�
r��liy���Ag|qtiQ¬v��xÇ�lp|w�q ¥ ber
bep|bdi+�uqWqt�¾�l}|bewuqÐ�`¶ü�À�«i�qswLxÇ��r´�lr���p¦�Û��be�«rsbdp|qsid�oST� ¥ {|�d}|bepú�`���Fµ��lf�qtrtxy��p ¥ bep|q?���y��Å��s}����«q ~ qsg|q
�
rs�|id�

H = H0 + Vc

�`�©� j/�

�
r���i���� ¥ ���e��g|qsrtqsiuqs����K-bdi���bd�Z�lx��
f�}����«q`g|���
iug|qtxy��rsrtbei�qtp��«i�qtwuxy��r���rs��pÑ}|�|iu�|f �|p|}|���«q
bep|bdi+�uqsrtbeiuq 〈Ψ |H|Ψ〉 �
rs��c��l�«x��sid��no�����lxÀ��w��tr`bdx�rsq 〈Ψ |Vc|Ψ〉 �Örsbdi�}|bT�
r���ce����xy�tie�lST�|iy�l}�� Ψ

�lbe�ubÏÄ
p|bei��uqsrsqvgvbe�#i�bdberW�
iug|qsiLxÇ��rt}|qsid�¡HJiuqswLxÇ��r8��r���p��
rsf���}���p�¯
p|ceb9gvbe�#xy��p|b9}��
i�g`qtxÇ�lrsqsp`qsp�}|b9ghbd�
Ä
rsbep`bepAg|�A}|bdÅ
beiursbdi�q ¥ ��p|q?bdp|bei��uqsrtbei�qvg|qti�g|qti�qsp`bRbd��qtxT�
rs�`¬A}|b?�ubdp|beiubersqt��wu¯
�Z�l�
p«�|w��|}`�|ie�

Vc

� ¥ b
~ ¯
i�b Ψ

�Örsbdi�qsp�gvbe�«rsbdp|bep�}|beÅ
bdi�rtbei�qoµ|bdwy��¬`r���p|}`�sÅ
�tp|}��Zqs�«qo�
iug|qtxy��r�� ¥ p|�hbdp|bei��uqo}|beÅ
bdi�qtp|q�¹
beiuqsiVÄ
��bep8�l}|qtÅ
beiW{`�/�
iug|qtxy��r
g��l�����Rg|qti´� ¥ p`�©bdp|bei��uq¡}`beÅ
bdi�qsp`q
¹
beiubecdbe��xyqtie�lST��bdp|bei��uq¡}`beÅ
bdi�rsbdi�q�}��lµ��
w��
p|i��Ñ}|beÅ
qtp|qsrtbecdbe����r���p

eg

¹
b
t2g

~ qtg|q?�«i�qtwuxÇ�lrW��r��lp ¥ ��iu�srsf�� bep`bei+�uqW}`{|�eb ¥ rtbeiuqs}|qtie��8 º �vm¡���,:
K-beiu��be�+�lx��
f �|pÂ�«{|iubewuber#w�¹�b+¬Â}`beÅ
bdi�rsqt�6�
i�g|qzxÇ��rtrsbdi�q]qswub¢w�qtf�bÏxyi�qt�6��be�«qtrs}|b¢bÏxy�«qzÄ

rsbep`qsi�rtbeiJ¹
bAg|��p|bd}|bep`rsb¢}|bA}`qs�«���lxybA�lrs�sp`f����dr���id�WHR�¡�
iu}|qsp��lw ¥ ��pÂg|qsrtbe��qt�«rsbeiuqsp|qtp��d�
Å
�|p`}��
}|¯
iuxJ¹�b ¥ �­��rtx��Àrsq ~ ��p|}�g|�`rs�|p«�|id�´XQ¯
iuxD¹
b ¥ �-��rtx��Grsq ~ ��p|}|�tp,�
rs�`�uxy�`iy��ce��Å
�Gbertbe��xyiuqs�«w�bdr]��r��lp
�¡{`i�bewuber£w�qtf�bÏxyi�qt���
rs��f�� ¥ ��c��lÅ
�s}��lp¢f�bdi��lbe��q ¥ �
p«�|p«�|p-}-��i�g|qzxÇ��rtrsbeiuq8bd��qtx��
rs��iy�l��bdx��«qsrsbdp|bÏÄ
f�b ¥ becdbe��xyqtie�

STqsiÃ�
��xÇ��µ|bd}|iy�lr`����f�¬|rtbe�«wux�b��
f�beiu��bd���lxy�
f�� }|{|� ~ {|p�w�bd�¡qt� ¥ {|�drs{|p«{|p�f�bdi��lbe�eqtp|}|bl�
��rtx��vrtq ~ �lp|}�qtw�bR��¯
�ubersbdi�qtp|}|b ¥ bei#��rt�sid�«XQ{|� ~ {|p�w�be�«qt� ¥ {|�ert{A����iux�be� ¥ bep����¡�
iu}|qsp���xTwuqswux�bef�qsp|b

j��



¨¡be�«qsr2�`���
¿o�Z��xÇ�lµ|be}|i���rWg|qti ¥ ��¬|�t}��Ñf�bdi��lbe�F�lxy�
f��|pArsq ~ ��p|}|rs��i�rs�Fw���i��trsf���w��

¥ beiursbd�uxyqti�qtrsqsiuw�bl�©�l�©�
iu}|qsp|�lx�w�qtwuxybdf�qtp|qsp�f�bdi���bd�eqtp|}|bJf�bÏxÇ��r?�lxy�
f��?�
(±a, 0, 0)

�
(0,±a, 0)

¹�b

(0, 0,±a)
p|���«xy��r��li��8{`�ebeiuqsp|}`bD}`bDrtq ~ �lp«x�r���i<g|�|rt�|p«�|ie�

�#{|f }Á�
iug|qtxy��rsrtbeiuqÐ�o�«{|i�bdw�ber<w�qtf�bÏxyiuqsrsqÃbertbe��xyiuqs�«w�bdr/�lr���p|}|��p6be��qzxD�
r���i����,bÏxy�«qsrtbep|qtie�
bep|bdi+�uqsrtbeiuq/� ¥ p|�<f�qt��xÇ��iF��iuxy��ie�´}|bS�ubep|bdi�bdrsqsÅ�qsp|q]gv�
�ef������£no�����lxFrsq ~ ��p|}|rs��ie�8f�bdi���bd�A�lx��
f��
�
��xÇ��µ|bd}|iy�lr ~ be��f�bÏxyi�qt}|b ¥ ���«r����u�siu��bep�f�bei��lbe�d}|be�«qJ�lx��
f �|p�w���µ|qs¬���rs}|�|Å���}���i�g|qzxÇ��rtrsbeiuq
�¾��i��«rs����be�«qtrsrsbdi�}|bGbÏxy�«qsrtbep|bdcebd�¡rtbeiu}|qsid�§K-beiu��bd�¸�lx��
f �|p?�

dz2

¹
b
dx2−y2

�
i�g`qtxÇ�lrsrsbdi�qtp|qsp�bertbe��xyiu�
p
¥ �
Å
�`p|rs�|�«rs��i���½8� ¥ �Ö�6}|�
Å
iu�|rtx��|r��li��sp`}���g|�`rs�|p«�|iu��bep8�

dx−y

�
dx−z

¹
b
dy−z

��i�g|qzxÇ��rtrsbeiuqsrtbei�qtp
bersbd��xyi���p ¥ �
Å
�|p`rs�|�«r��li��?bd�¡wubep|rtbeiR��iy�lw��sp`}�� ¥ bdiQ��rtf��l�«xy��}|�tie�

¨©bd�«qsr��`�²j©¿o�Z��xÇ�lµ|be}|i���r ¥ ��¬`�s}��Ñ}��
i�g`qtxÇ�lrsrsbdi�qtp|qsp�rsq ~ ��p|}|rs��i�rs�D����iu���srs����f�� ¥ ¯
p|rsbdi�qÈ�

�9��xy��µ|be}`iy��r��«i�qtwuxy��r���rs��p|}��`�
dz2

¹�b
dx2−y2

�
iug|qtxy��rsrtbeiuqsp|}|bd�«qlp|b ~ �lx�qt� ¥ {`� ¥ �
Å��|p|rs�`Å
�

j
j



qsrsb]rtq ~ ��p`}|r���i?��iy��wu�sp|}|���«q©qzxyqscdq��«�`¹«¹
bdx]wubegvbeg|q ¥ rsb
¨�g|� ��i�g|qzxÇ��rtrsbeiuqsp9bdp|bei��uqsrsbdi�q«be�uqtxÃ��bd�¡qtrs}|b/g|qsi
µ�� ¥ rtq ¥ {|�«w�bdrsbecdbe��xyqtie�o\G�«w�bdp|rsbdiR�liy��wu�sp|}�� g`�|rs�|p|��p

dx−y

�
dx−z

¹�b
dy−z

�
iug|qtxy��rsrtbeiuqsp|qtp�bdp|beiVÄ
�uqsrsbdi�q`��iux��s���©}|qsÅ�bei ~ iu�|¬|r��Z����iu���tr����Lxy�siu�srt}|�sÅ
�tp|}����lx��
f�qt�J}|�|i��`f�}��l�¡q�bdp|bei��uq ¥ b�p`bei�bd}|b ¥ wubQµ|qt�
}|beÅ
qt��f�bef�qs� ~ qtg|q ¥ ���«�sp��l�lr���ce����xy�sid�§ST¯ ¥ rsbTg`qsiÃ��r���pF��rzxy�sp`}���wubeiughbdwux]�lx��
f�}��Q� ¥ p|�¡bep|bdi+�uq ¥ b
wy��µ|qt¬A�
r��lpAghbd��}��
iug|qtxy��rsqh��iLxy�s��g|qti¸�
��xÇ��µ`be}|i���r?rsq ~ ��p|}|��qs�«q ~ i��|g���� ¥ i��tr���ce����xy�sid�«MZ{|�«w�bd�
bep|bdi+�uqsrtqÀqs�«qtrsq�bd��bdp|bei��uqsrsq

dz2

¹�b
dx2−y2

�
dγ
¥ ��}��

eg

�
i�g|qzxÇ��rtrsbdi�q��#bep`bei+�uqtrsbdi�qG}|qtÅ
beiursbeiuqsp|�«qtp|}|bep
}���µ�� �¾���dr��Ñ��iLxÇ��i����¢������Å
�t}����«qª�¾�ube�«qsr2�©���'� ~ qsg`q8�
rs��c�����x��sie��8 » �<
,:

¨©be�«qtr��`�	�`¿o�Z��xÇ��µ|bd}|iy�lrWrsq ~ ��p|}���rs��p|}�� }+�
i�g`qtxÇ�lrsrsbdi�qtp|qsp ¥ ��iu�srtf���wu�

K-�
rsbd�«{|r|�
iug|qtxy��rsrtbei�qÈ�§p|�
��xÇ� ~ iu�|g|��}��9}|qs�«���lxyb��lrs�sp|��iy���J�dbe��qzxyrtq|w�bdf gh��rsrsbdi�rtb ~ ¯
wLxybÛÄ
i�qsrtqsid¿�bl��qs�«qsrtq`bd��bep`bei+�uqtrsq|��i�g|qzxÇ��rtqÐ�=x]{|�ert{�bd��bdp|bei��uqsrsq`�
i�g|qzxÇ��rtq ~ ¯
wux�bei�qtie�«�Z��xÇ�lµ|be}|i���r ¥ �l¬|�srs��i�}��
�
rs}|�`Å
� ~ qtg|qÐ��w�qsf�bdx�i�q�f�bei��lbe�dqQg|�|rt�|p���p�f���rsbe�«{|rtrsbdi�}|b�qÐ� ¥ b ~ ¯
iub-wuqsf�bdxyiuqs�!f��
rtbe�«{|r��
iLÄ
g|qtxy��rsrtbei�qÃqs�dqsp

g
�£��w�qtf�bÏxyiuqs�+�
i�g|qzxÇ��rtrsbdiZqs�dqsp

u
��rzxJxÇ���«�swu�Ð�?���«xy��µ|bd}|iy��r ~ bd�
f�bdxyiuqGqs�dqsp ∆0

�
xybdx�iy��µ`be}|i���rWw�qtf�bÏxyi�qhqs�dqsp

∆t

w�bdf gh��rsrsbdi�q?�«�|rtr���p`�srs�tie��8	�l� » �<�,:
�9��xy��µ|be}`iy��r���rs��p|}�� ¥ ��i��tr���pÌ}O�
i�g`qtxÇ�lrsrsbdi�qtp|qsp�xy�
¬|rs��f bdp|bei��uqswuqÑ}|beÅ
qt��f�bef�qs�Lxyqsid�

M/��p|q£g|�6qs�«q ~ i��|¬��
iug|qtxy��rsqtp|qsp�bdp|bei��uqsrsbdi�qtp|qsp�xy�
¬`r���f�� ¥ qtp|b��lbep|}`qsw�q��
r���p­w��t���ti��W¹
bdi�qtie� eg

¹�b

t2g

��i�g|qzxÇ��rtrsbeiuq���iy��wu�sp|}|���«qZbep|bdi+�uqZ�¾��iu�«rs�srt�sÅ
�tp��6�¡iuqswLxÇ��r9�lr���p ¥ ��i��trsf���w���¹
b ¥ ��rtq ~ ��p`}���r��lp
¥ ��iu�srsf���wu�?}|bep`qsi�¹
b

∆0

qtrsb ~ ¯
wLxybdi�qsrtf�bd��xybe}`qsie�∆0

����� ¥ p|�£����f���p|}|�ý�=k
X�þA}���}|bdp|qsrtf�bd��xybÏÄ
}|qsid�ÀªRbdi g|qti

eg

��i�g|qzxÇ��rtqsp|qtp�bdp|bei��uqswuq¬�
XÇþ��l�l}���iÑ��iLxÇ��iu��bdp?�Gµ|bei�g|qsi ��i�g|qzxÇ��rtqsp|qtp�bdp|bei��uqsw�q
º XÇþ�����}���i������lrs�sid�

∆
� ~ bdp|bertrsqt�¡rtbAg|qsi�����f�¬|rtbe�«w�qtp1·�¶RÄ ~ ¯
i�{|p«{|i�gh¯�r ~ b�w�¬vbe��x�i��|f ��qtrsb

ghbdrsqsiursbdp|qsid�38����<
,:
j
�



HJiuqswLxÇ��rv��rs��p ¥ ��i��trsf���w��È�
f�bei��lbe�Zf�bdxy��roq ¥ �
p«�|p����
rt}|�|Å
������}���i<rsq ~ ��p|} ~ i��`¬|r���iu�sp��
}��Ág���Å�rs�s}`�sie�ÀS¸���e�Rf�bÏxÇ��r��l�
f�¬`rsbe�«wursbeiuqsp|qtp�rtq ~ ��p`}|r���i�� ~ ¯
iub­�«i�qtwuxÇ�lrQ��rs��p ¥ ��i��trsf���r��li��sp`�
���y��Å��s}����«qoxÇ��g`rs�¡}����«q ~ qtg|q¯8��,:�8	�j:È�`N ¥ p|�?rtq ~ ��p`}��¾��i��«rt�hf�bdxy��r8q ¥ �
p|rs��i��vqs�dqsp��¾�li��«rs� ¥ ��iu�srsf���rs��i
~ ¯
wux�beiubeg|qtrsqsid�

UWq ~ �lp|}
K-bdxy��rWI ¥ �
p«�

Cl− H2O NH3 en CN−PRq¯�¾[�[*� » ��� 
©� m �=k`�	
 �/�
�	� Ä
®T�2��[�[*� Ä �§j¡��� �§m©��� �j�`� º Ä
®Ti��¾[u[�[*� �j�©��� � » � º j��
�	� j��
�	� j
�`�	�
®T�<�¾[�[u[*� Ä �j
©��� j
� j
�`�	� � º

����g`rs�Ú�`�²j©¿�S¸���d�Wf�bÏxÇ��r8���
f�¬|rsbd�«rsbeiuq8qt�eqsp��«i�qtwuxy��rW��rs��p ¥ ��iu�srtf���wu�Ð�
∆(cm−1)

HJiuqswLxÇ��ro��rs��p ¥ ��iu�srtf���rs��i��tp|�sp8��wu¬hbd��xyi���w�����¬|qs��¯
rt�e{|f�rsbdi�qsp`}|bep�g|qtiGf�bÏxÇ��r�q ¥ �
p«��qt�eqtp
w��
rt}���p�wy��Å
��}`�
Å
i��+������Å
�t}����«q?w�¬vbe��x�i��
wu���
¬|qt�Aw�bdi�qs}`b ~ bep|bdrW�
r���i����¢�liuxyf�����xÇ�l}|�sid�

I−<Br−<Cl−<OH−<C2O2−

4
<H2O<py∼=NH3<en<dipy<phen<NO−

2
<CN−

 ©beiuqsp|qtp1g����ur���p ~ �sce�tp|}����«q�q ¥ �
p|r��lie�<��� ¥ �t�Dg|qsi�bertbe��xyiu�
wuxy�lxyqt����rs��p��Áw���µ|qt¬`xyqti�rsbdi�¹�b
g|�|p|rs��iA��� ¥ �t��g|qsi ¥ ��i��trsf�� ¥ �Âw�begvbe¬(�
rs�`i�r��lie�

NO−
2

¹
b
CN− rtq ~ ��p`}|r���i ~ {|�drs{���r��lp�¹�b

~ {|�ert{ ¥ �li��srtf����
rs�`�uxy�`i��|iur���id�Tno��iu�¡rt��f�bÏxÇ��rRq ¥ ��p|r���iu��qs�eqtp1rsq ~ ��p|}`r���iu�sp�w�¬vbe��xyiu�
�«qsf ¥ ��wy�lr
w�beiuqsrtbei�qtp|}|b���� ¥ �t�R��r��lp|}���p ~ {|�ert{���r��lp��­}|�
Å�i��!}|bdÅ
qs�uqsf�rsbdi�� ¥ p|�¸p|���«xy��r��liy�-����iu���trs�s� ~ berzÄ
f�bd���´���lg|rs�ú�`� j�}|b¢� ¥ p|�<rsq ~ ��p|}|rs��i��tp,�¾��i��«rt�<f�bdxy��r]q ¥ �
p|r��li��Gqs�dqsp6�¾��i��«rt�<}`beÅ
bdi�rsbdiD¹�beiu}|qsÅ
q
~ ¯
i�{`rsf�be��xybd}|qsid�

^?� ¥ �z�À¹
b ~ {`�ers{,��r���p`r���iu�sp+� ¥ iu�À� ¥ i��Ãbdxy�«qtw�qsp`qÃ}|{`��{|p|bdrsqtf-�h^?� ¥ �t�]g|qtiQrsq ~ ��p|}-��rs��p|�sp

eg

¹
b
t2g

�
iug|qtxy��rsrtbeiuqsp|qtp¢�
i�g`qtxÇ�lr£bdp|bei��uqsrtbei�qtp|bJ¯
p|bdf�rtqWg|qsi�bdx��¡qtw�q ¥ �
��x��|iQ¹
bF},bertbe��xyiu�
p|rs��i��
�
i�g|qzxÇ��rtrsbdi�qvªR�|p`}+�«�|i���rs�tp���� ¥ ��c��l�¢��bd�¡qtrs}|b9}`�
rs}|�`iy��ce���«r���iu}|�sid�`no�����lx ~ {|�ert{Ag|qsi#�lr���p¢qt�eqtp
ªR�|p|}��«�|i���rs�hqs��rtbd¹¡qsp`q ¥ qtx�qsi�qtie�¡ST¯ ¥ rsbdceb ~ {|�drs{Ag|qti¸rsq ~ ��p|}¢��r���p`}����«q8g|qtiT�
��xy��µ|be}`iy��r ¥ ��¬|�t}��

eg

�
i�g`qtxÇ�lrsrsbdi�qtp|b ~ qzxyf�be�Qqtwux�b ¥ bdp bertbe��xyiu�
p|rs��i´g|� ~ {`�ers{ ¥ ��iu�srtf��¸wu�
p«�|ce� }|��µ��R}`{|��{|�Jbdp|bei��uq
w�bd¹¡q ¥ bewuqsp|bDwy�lµ|qs¬��
rs��pA�
i�g`qtxÇ�lrsrsbdi�qtp|qo}|�
rs}`�|i�f�� beÅ
qtrsqtf�qoqs�dbeiuqsw�qtp|b ~ qti�becdbe�«rsbdi�}|qtie��8	�¡� » :

�9��xy��µ|be}`iy��r
d1
¥ ��¬|�trs�Àf�beiu��be���lx��
f�rt�����
f�¬|rtbe�«w�rtbei�}`be�«qGxybe��bdrsbd�«x�i��
p��
iug|qtxy��rsrtbÏÄ

i�qsp`}|bep�g|qsiuqsp|b ~ qs}|bdie�
I ¥ �
p�g|��}|�|iu�|f�}|� º XÇþÑ����}���i]����iy�li�rs�trs�t�9�l�l����p|�tie�«ST��p|bd}|bep|rtb�Ä º XÇþ
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iug|qtxy��rsrtbei�qtp|}|bdp�g|qti�qtp|b��d�tx�w�¬|qtp|rsq]qs�«qtp|ceq<g|qsiFbertbe��xyiu�
p!�
rs��iy���,xy�
~ qs}|bdg|qsrtqsi ¥ ��}|� eg

�
i�g|qzxÇ��rtqsp|b�ªR�|p`}��«�|i���rs�tp��,� ¥ ~ �|pCg|qsiÑ�ube�«qsrt}|b ¥ bdi�rsbd��bdg|qsrtqsie�ÃN¸xy�
f��|p
bep�}|{|��{`��bep|bdi+�uq]w�¬|qtp|rsq�}|�|i��`f ��wube�df�bdw�q]ghbd�«rsbep`qsie�?XQ¯
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{|��bersbd��xyi���p|}���p6g|qti�qsp`qsp ¥ ��p|�sp|� ~ qs}|bdi���bdp�}`b�g`qsi9�eqz�ñxyrtbep|qtfÙbdp|bei��uqswuqGµ���i�ce��p|�ti�¨?g|�6bdp|bei��uq
ó qtrsb ~ ¯
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��iy��wu�sp|}|���«q#�l�li����tr����Lxy�ti�f��­ghbdrsqti�rsb ¥ bdcebe��x�qsie�

∆0 < P
qswub�}|¯
i�}`{|p|ce{�bertbe��xyiu�
p

eg

��i�g|qzxÇ��Ä
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i�g|qzxÇ��rtrsbdi�qsp`qsp�bdp|bei��uqsrtbei�q�}`{|��bdcebe��x�qsie�¡�£be}|i���µ|be}`iy��r ¥ ��¬`�s}����«qobep`bei+�uqo}|{`�eb ¥ qv�
i�g`qtxÇ�lrsrsbdi�q©�
�
Ä
xÇ��µ|bd}|iy�lr ¥ ��¬`� ¥ � ~ ¯
i�b ¥ bei#}|bdÅ
qs�Lxyqsiuf�qt�T�
rs��c��l�«x��siÇ�Ð¨©bd�«qsr��`���/�M�Û�`�£be}|i���µ|bd}|iy��r ¥ ��¬|�t}����«q8qt�¡q
bep|bdi+�uqG}|{|�db ¥ q<w�bd¹¡q ¥ bewuqT�liy��wu�sp|}��l�¡qGbdp|bei��uqG�¾��i��«rs�trs�tÅ
�sp�� ¥ qsp|b��=k�XÇþ,}|bdp|qsrtf�bd�«x�be}|qtie�Wno�����lx
~ be�
f�bdx�i�qt� ¥ ��¬|�swu�sp|}|��p�}`�
r�� ¥ � ∆t

�
r��liy���+qswuqsf�rsbep`}|qsiuqsrsf�be��x�be}|qtie���£be}|i���µ|be}`iy��rG�l�
f�¬`rsbe�«wVÄ
rsbeiu}|b9�«i�qtwuxÇ�lrW��r��lp ¥ ��i��trsf���w��v�
��xÇ�lµ|be}|i���r ¥ �l¬|�srs��iy� ~ ¯�i�bJ}���µ��Ñ�«{|�d{|��xy{|id�∆t = 4

9
∆0

}|�tie�
�Ãbd}|iy��µ`be}|i���r ¥ ��¬|�s}|�­�«qTf�bei��lbe���lx��
f bertbe��xyiu�
p|r��li��Ð�W���«xy��µ|bd}|iy��r ¥ ��¬`�s}��­��rs}|�|Å��

~ qsg|q8¯
p|cebJ}|{`��{|�Awubd¹¡q ¥ be}|bd�¡q£bep`bei+�uqW}`{|�eb ¥ rtbeiuqsp|b ¥ bdi�rtbe��f�b ¥ qWxybdi�cdqsµ+be}|bdcebe��x�qsie��NRp|c��l�Ag|�
w�bd��bdiR¨©be�«qsr2�©���/����}|bdp-}`b ~ ¯
i�{|rt}|{|Å
{ ~ qtg|q?qtrs��qs�«qWbertbe��xyiu�
p-µ`bei�����f���p e

� ¥ b ~ qs}|bdcebd�«x�qsid�|IÎ�«q
bersbd��xyi���p ¥ bdi�rtbe�ux�qs��xybdpAw��
p`iy��g��l������bertbe��xyiu�
p|rs��iG¹��li�w ~ bep|bR�¡iuqswLxÇ��rh��r��lp|r��9����i��u�srs���y��ce����xy�tie�

^?� ¥ �z�o��r��lp�¹l��i�w��Q{|�e{`p|ce{�bertbe��xyiu�
p
t2
� ¥ b ~ qt}|becdbe�o� ~ {|�ert{Ñ��r��lp|r�������i��u�sr��l���siuwy� e

��}|bd�«q
qs�«q��
i�g`qtxÇ�lrs}|bdp�g`qsi�qtw�qtp|b ~ qs}`becebd��xyqsid� e �
iug|qtxy��rsqtp|}|bd�¡q`µ|bei<g|qsiGbdrsbd�«x�i��
p�bep|bdi+�uq ¥ q|ÄS�
XÇþ ����}��li
�l��xy�«� ~ bÏxyqti�qsiu��bdp t2

��}`be�«q?bertbe��xyiu�
p|rs��i º X�þ�����}���iT�l��xy�«� ~ bÏxyqti�qsid�«����f }|�
rt�A�
rs}`�|Å
�¢�e��f��lp

�
k



¨©be�«qtr2�`���
�
¿|�£be}|i���µ|be}`iy��r´NQrs��p|}�� }­�Zi�g|qzxÇ��rtrsbdi�qsp`qsp�\]p`bei+�uq´XR{|�eb ¥ rtbeiuq

µ|beiZqt�«qsw�qtp|qsp+bep`bei+�uqÃ�
iuxy��r��lf���wu�Ww��z���si�¹
beiuf�bd��xybe}`qsie�hNQf���w�qtwux�bef�qsp­bdp|bei��uqswuq�µ|bdiQ}|�|iu�|f�}��
���9}����
rsw�� g|qsi#f�qs��xÇ�li¸bdx��¡qtrsbdp|f�qt�ux�qsi�8 » ��
`���=k�:Ð�

� ú � ÿÑê¾í�ê¾õÃï�ê 5 �¾í§î û è�"�ê¾ü 7 ô¾è¡þÁè¡õhé§ô�è«í�êÈõ£êÈõ Ë î|÷võ´è�é§ê¾ó1æ�ç�è¡ô¾ôÈê�óWô�è«ílê

K­� ~ p|bÏxyqt��f��
f�bep�x ¯�rs�e{`f�rtbei�qtp|}|bdpÁbertbe��xyiu�
p|rs��i��tp�}|{`�ebep`rsbep`qs��qTµ����«�«�sp|}��-g|qsiu�e�
�
g|qsr ~ q/¯�Å
i�bdp|beg|qtrsqti�qs�l�£PR�|f �`p|bep|qtp�p|b ~ ��xyqt��g|qti f�� ~ p|bÏxyqs����rt�sp ~ �lp|rs�tÅ
��¹l��i�w���}|q���f�� ~ p`bdxyqt�
¯
�ebdrsrsqt� ~ ¯
wLxybeiuqsid�TXQqs��f�� ~ p|bÏxyqs��g|qti�f���}|}|bl�Tg|qti�}|�t�¢f�� ~ p|bÏxyqs���lr���p|�tp�qt�eqsp`b­����p¡�`rs�|iuwy�
��r���p`r�� xybdi�w ¥ ¯
p|b ¥ ¯
p|bertqsid�hXR{|�ebdp|rsq£�
rsf�� ¥ ��p-g|qsi�f�� ~ p|bÏxyqs�¢��r���p-qs�dqsp|}|bd�«q£f���}|}`b ��rs��p|�sp
��� ¥ �t�|��r���p9xÇ�liy�l���tp��#}|�
Å
iu�Fµ��li�be�lbdx�bdxyf�be�9qtwux�b ¥ bdcebd�«x�qsid��P��|f �|p|bdp|qspD¬v�
�eqzxyqt�©g|qtiWf�� ~ p|bdx�qs�
��rs�tp ~ ��p|rt�sÅ
�v¹l��i�w��¢¬���iy�lf�� ~ p|bdx�qs�A�
rs��iy�����l}|r���p`}|�siu�srs�tie�`����i���f�� ~ p|bdx�qs��f���}|}|bl�h}|�t�y��iu�s}��lp
� ¥ ~ �|r��lp���p,f�� ~ p|bÏxyqt�-�lr���p|rs��� ¥ p|� ¥ ¯
p|}`bÑ�
rsf����AqswLxyb ¥ becdbe��xyqtiZ¹
bÑµ|��f����ubdp,�
rtf�� ¥ �lp,g|qsi
��r���p�qs�dqsp|}|bR}|b ~ {|�ert{¢�
r��lp�xÇ�liy�l���oxybdi�ceqtµ¢be}`becebd��xyqsid��STqtiT�lx��
f�}����«qhbdrsbd�«x�i��
p`qs��}|{|�dbep|rtbep|qt�
~ ¯
�]¯
p«{|p|b/��rs�tp|�siuwy�Tg`{`xy{|pFbertbe��xyiu�
p|r��li��
bd��rsbd��f�qs�uw�b<}|q���f�� ~ p`bdxyqt�o�ebe�ursbd��f�bef�qs�Wbertbe��xyiu�
p|rs��i��
¹��li�wy��¬���i���f�� ~ p|bdx�qs��xyqtie�]STqti�p¡�`f �|p|bdp|qsp1f�� ~ p`bdxyqt����rs�tp ~ ��p`rs�sÅ��/�d�
��g|{ ¥ {|��¹
b,¬v�
�eqzxyqz�
qsw�b�¹
b�}|�s����i��t}���p6� ¥ ~ �|rs��p���p�f�� ~ p|bdx�qs�­��r���p�����rs}`�si��trs}|�tÅ
�sp`}���f�� ~ p���xyqs�-f���f�bdp«x�qGw��z���siy�
~ qtx�f�q ¥ �
iuwy��g|�+f���}|}|bZ��bdi�i���f�� ~ p|bdx�qs��xyqtiT}|bdp|qsrtqsi�8�m�� » :È�

HR�¡�
i�}|qtp���w ¥ �
p�g|qtrsbd��qs�«rtbei�qtp|}|bFf�� ~ p|bdx�qs��f���f�bdp«xe�8wu¬|qsp,¹�b���i�g|qzxÇ��r£f���f�bdp«x�rsbdi�qsp
�l��xy�«�srs��i�� ¥ rs�A�
rs�|�u�|ie��STqsiuqsp|cdq]w��si�� ~ bd�eqs��f�bÏxÇ��rtrsbeiuqsp|}`b��«iuqswuxy��r¸�lr���p?�´�
iug|qtxy��r<�l��xy�«�swu�sp|}��lp
~ {|�ert{ ~ bertbecebdÅ
qsp`}|bep�f�� ~ p|bdx�qs��f��
f�bep�x]wy�l}|becdbRwu¬|qsp�xÇ��i��l���sp`}���p�ghbdrsqti�rsbdp|qsid�
 ¡¬|qsp�f�� ~ p|bÏÄ
xyqs��f���f�bdp«xe�

�.�



µ = µ02(S(S + 1))1/2
�`�©���'�

qsrsbJµ|bdwy��¬`r���p|�tie�
S
�ox��
¬|rs��f w�¬|qtp,�«����p�xy�`f wy� ¥ �swu�s}|�tie�

µ0

S/�
µ|iQf�� ~ p`bdxy��p¡�`}|�|iR¹�b

9, 28 × 10−21 erg × gauss−1
}`beÅ
bdi�qsp`}|be}|qtie�Gª�bei�g|qtiÑbersbd��xyi���p¡�`p�wu¬|qsp��«����p�xy�`f wy� ¥ �swu�

s = 1

2

�
rs}|�`Å
�|p|}��lp,���
f�¬|rtbe�«wux�b
n
xÇ��p`b �eqz�ñxyrsbd��f�bef�qs��bertbe��xyiu�
p,¹l��i�w���xy�
¬|rs��f �«����p�xy�|f

wy� ¥ �sw��
n × 1/2

�
rs��c���Å��sp|}��lp¢f�� ~ p|bdx�qs��f���f�bdp«x�¨

µ = µ02(n(n + 2))1/2
�`�©� º �

be�ux�rsqtÅ
q ¥ rsb-µ|bew���¬|rs��p|�srt�sid�¸STqtiA�lxy��f k`���
� j¡���`� º ¹
bÁmÂxy��p|b6�eqz�ñxyrtbep|f�bef�qs��bersbd��xyi���p¡��¹l��i�w��
f�� ~ p|bdx�qs��f��
f�bep�xyq`w��si���w�� ¥ r��Jk`�<�
� » �`�«j¡��
/�©�z�`��
 » � º �	�J¹�bZm©�	�DST�
µ|i]f�� ~ p|bÏxy�
p«���
r���ce����xy�tie�
XQbep|b ¥ w�berG��r���i�����¯
rs�d{|rsbdp-¹
b x�be�
iuqs���
rs��iy����µ|bdwy��¬`r���p��lp�f�� ~ p|bdx�qs�Af��
f�bdp�xyq£�l�li����tr����Lxy�tiLÄ
}|�sÅ
�tf��t�e}��9bd��rsbd��f�bef�qs�<bertbe��xyiu�
p¢wy� ¥ �swu�Ð� ¥ {|�«w�be��w�¬|qtp|rsqof�q ¥ �
�«wy� }|{`��{|��w�¬|qtp|rsqvf�qv��rs}|�|Å��
¹
b ~ be��f�bÏxyi�qt� ¥ ��¬|�swu�Wµ����«�«�sp|}|�Ñ-|�¡iuqsf�qs�Z��r���g|qtrsqtie�

Fe2+
q ¥ �
p«�|p«�|p ~ {|�drs{Âg|qti rsq ~ ��p|}!��r���p!xy��iy�����sp|}��lp [Fe(CN)6]

4− �ñ��beiui��
wuq ¥ �lp¡{`i��Ï�
��be�«rtqsp|}|b�w���i��trs}|�tÅ
�/�l�
f�¬|rsbd�¡wuqsp|qTbersb+��rs��rs�tf-�

Fe2+
q ¥ �
p«�|p«�|p�bdrsbd�«x�i��
p`qs�Á�l�
p.- ~ {|iy��w ¥ �
p«�

¨©be�«qsr��`���=jA�Ö}|b ~ ¯
wLxybdi�qsrtf�bd��xybe}`qsie�

¨©be�«qtr2�`���=j©¿
[Fe(CN)6]

4− ��{`p­XQ{`�ebep`rsbep`qs��q

Fe2+
q ¥ ��p¡�`p¡�`pA}|¯
iux<xÇ�lp|bQbd��rsbd��f�bef�qs�]bertbe��xyiu�
p«�¢�
rt}|�|Å
�|p`}���p�gvbe�«rtbep|bdp¢f�� ~ p|bÏÄ

xyqs��f��
f�bdp�xyq º ���.�
�=kT¯
rt�e{|rtbep9qswub<m©�²j
m��/�=k/}|beÅ
bdi�qtp|}|be}`qsie�eno�����lx
Fe2+

�
[Fe(CN)6]

4− ���
f�¬|rtbe�«w�qtp|q
�
rs�|�Lxy�|iu}|�|Å
�`p|}��6¯
rs�d{|rsbdp�f�� ~ p|bÏxyqt�!f���f�bdp«x�wu�t���ti�}|�tie�GST��}|beÅ�bei�}`bep1rtq ~ ��p`}|r���iu�sp ~ {|�ert{
g|qsi#�lr���p��
rt�|�ux��|i�}|�`Å
�|p«�+¹�b9��bei�iu�
w�q ¥ ��p«{|iu{|p­}`q���f�� ~ p|bÏxyqt����rs}|�|Å��|p«�+wu¯ ¥ rtb ¥ beg|qtrsqsiuqs�l�

Fe3+
�Ö{|p gvbe�1xÇ�lp|bÒbe�ursbd��f�bef�qs�1bdrsbe��x�i��
p«� ¹l��i�}|�tie��STbe�«rtbep|bdpÙf�� ~ p`bdxyqt�°f��lÄ

f�bdp«x�qRm©���
j
µ0

�Ö}|�tie�
(FeF6)

3+
����f�¬|rtbe�«w�qtp|qsp�¯
rs�d{|rsbdp�f�� ~ p`bdxyqt�!f��
f�bdp�xyqRm©�	�/
 µ0

��}|�tie�

��j



Fe3+
bdrsbd�«x�i��
p`r���iu�Tª��|p|}�H9�|iy�lrs�sp|�+� ¥ ~ �`pC��r���i���� ¥ bdi�rsbd�ux�qsÅ
qtp|}|bepÁ��� ¥ �t��g|qsiFrsq ~ ��p|}���r��lp

¹��li�}|�ti ¹
b­}`{|��{|��wu¬|qsp|rtqs}|qti�rtbeie�
[Fe(CN)6]

3+
���
f�¬|rsbd�«w�qsp`}|b-¯�rs�e{`rsbepCf�� ~ p|bÏxyqs��f���f�bdp«x

}|beÅ
bdi�qTj©� º �
µ0

��}|�tie�Ã�Z��xÇ��µ|bd}|iy�lr/g|qti ¥ ��¬|�t}��+¹�b¢g|�Áf�� ~ p`bdxyqt��f���f�bdp«x�b�w���µ|qt¬|w�b Fe3+
�

3d
����g|�|Å
�`p|}�� ¥ ��rtp|�s��g|qsiFbertbe��xyiu�
p��,wy�lµ|qs¬!��rsf���rs�t}|�sid�WST�|p«�|p�qs�dqsp|}`b ~ {|�drs{Âg|qti�rtq ~ ��p`}

��r���p`�sp¢�
rtf��lw�� ~ bei�bd�«f�bd�«x�be}|qti#¹
b d2sp3
µ|qtg|i�qzxyrtbe��f�bewuq8�
rs��c��l�«x��sid�

M<�|����i��t}����«q?¯
iup|be�«rsbdi�}|bD��p`r����u�sr��lc���Å
� ~ qtg|q ~ bd�
f�bÏxyiuqs� ¥ ��¬|� ¥ � ~ ¯
i�bJ�
iug|qtxy��r8���lx��«�sw��
w��t���ti/¹�b ¥ ��w��z���siu}���p��¾�li��«rs�h�
r���g`qsrsqtie��ST���e�?}`�|i��|f�r��li�}���µ`bei#qs�«qh�l��xy�«�?� ¥ ~ �|pA���
iuf��l�eqsrtqsf qtrsb
wy��}|bdceb�w�¬|qtp�}`�|i��|f��|p«�Á}|¯
p«{|�Lxy{|iu{|rsbdg|qsrtqsp|qtie�8ST��}`�|i��|f�}���µ|beiDf�bei��lbe��wy��p`�¡q]bÏxy�«qsp�g|qsi
w�¬|qtp|bJwy��µ|qt¬|f�qs� ~ qtg|q?�lrs�sp`�s¬¢}|qtÅ
bei#f�beiu��bd�ersbdi�rtb9p���w��tr?bdx��«qsrsbd�ux�qsÅ
q8��iy���Lxy�ti��srt�sid�

�/�



ÿ � ��� ßLà�� ��� ßVà �6÷¡ã#ßVäVâ�A.F â��¡ß

ST��gv¯
rt{|f�}`b¸f�� ~ p|bdx�qs�df�� ¥ � ~ bdrsbdp����lx��«� ¥ �o��p|rs��}|�s��xy��pÑw��
p`iy�`��g|qti�}|bdp��¾�l�er��9f�� ~ Ä
p|bdx�qs�+f�bdi���bd�eqtp���rsf���w��Ã}|�|i��`f �|p|}��A����iu���srs�����tr���ce������rzxybeiup��lx�q�C�bdi�q£qsp|cdbersb ¥ bdcebeÅ�qs���?ST�|p«�|p
qs�eqtp-µ`bei�f�bdi���bd�eq£wy��p`�¡q£wy�l}|becdb�xy�
¬`r���f g`qsi

S
��wuqW¹��li�f��s� ~ qsg`qW�l�lg|�|r´be}|qt¬­}|qtÅ
bei�f�bei��lbe�ÛÄ

rsbeiursbZp|��w��tr?g|qsiTbdxy�«qtrsbe�uf�b ¥ ��¬���ce��Å
�tp|�?��p`r���f�� ¥ � ���lrs�s����c��lÅ
�s�l� a bep|bdrW�
r��liy����g|�+bdxy�«qtrsbe�uf�b
w�¬|qtp©ÄÎwu¬|qsp�bdx��«qsrsbd��f�bewuqW��}|�´��rzxy�tp|}����u¯ ¥ rtbDg`qsi#w�¬`qsp+ªQ��f�qsrzxy�
p«�¢qtrsbQ¹�beiuqsrsf�be��x�be}|qtie��8²j

M:

H = −
∑

ij

Jij
−→
Si ·

−→
Sj

� º ���M�

ST�|iy�l}��
Jij
}|bdÅ
qs�¸x��
�«�|�#wy��g`qtxyqh�
r��liy����g|qtrsqsp`qs¬�f�bdi���bd�ertbei���i���w��8���e� ¥ � g���Å�rs�v�
r���i����

¬h�
�dqtx�qt� ¥ ��}|�­p|b ~ �lxyqz�T}|bdÅ
beiursbdi���rt�sid� −→Si

}|b�g|qsiJf�bei��lbe��qs�dqsp6xy�
¬|rs��f�wu¬|qsp����e�twy��r]f��
f�bep©Ä
xy�|f ���
rs�|¬ |Si| =

√

S(s + l)
g`{ ¥ {|�«rs{|Å
{`p|bZwy�lµ|qs¬`x�qsid�

Jij

¥ bQg�����xy�tÅ
�sf��s�d}��9�l�lg���c�����rs}|�tÅ
�
qs�y�li�bdx�rsbdi�q8f�beiu��bd�ersbdi���iy��wu�´���e�8ceqsp`w�qsp`}|bep+����g���ce���u�-�ube�«qsrt}|bD��p|rs� ¥ ��g|qtrsqsiuqs�l�

ST�|p«�!qs�dqsp6g����«�ti�r��li9qs�ebdi�bdpÁg|qtiDwuqswLxybef ~ ¯���¯
p«{|p`b���rs��rs�tf-�hS¸���«�tiFf�beiu��be�drsbdiFqt�ebÏÄ
i�bep-w�qtwuxybdf�rtbeiuqWw�be�df�bdf�qt�eqtp­��p|��p|bd}|bep|qÈ�og����«�siur���i#qt�eqsp+µ|bdf ��bei�iu�
f�� ~ p|bÏxyqs��µ|bef�}|bF��p�xyqzÄ
��bei�iu�
f�� ~ p|bÏxyqs��bdxy�«qtrsbe�uf�bdrsbdi�qsp ~ ¯��ersbdp|f�qs�]�
rsf���wu�s}|�tie�
S/qsrsqtp|}|qtÅ
q ~ qtg|qog����«�siur���iG}`qsi�bd��f�bÏxÇ��r
f�bÏxÇ��r/¯
iux�{|��f�bewuq ¥ ��p`�sp|}����liy� ¥ ����¯�¬|i�{��
rs��iy���6}|bdÅ
qs�uqs���lxy��f ¥ ��}��6�lxy��f ~ iu�|¬|rs��i��T��rzÄ
f�����xy��}|�sid� ³ p|cebdrsqs�«rtbD����iube}|{`�ersbdf�wuber£g|qsi ¥ �l¬|�Ã��r���p-���y�l�¡�t}����«q��¾��bd�«qsr º ���j��}|qtf�bdi�qt�¢g����«�si
w�qswLxybdf�qtp|q8}|{`��{|p|bdrsqtf-�

M<�|����i��t}����«qÃwuqswLxybef�}|bdp ~ ¯
�ertbep|bdp,}|bdp|b ¥ w�bdrGw��
p«�|�dr���i ~ ¯
wux�beiuf�qt�uxyqtiR�«qÀ®T�©ÄL�9ª�ÄV®T�
���e�tw����/
`� º }|beiubecdbe}|bdp�g|{ ¥ {`� �
rs}`�|Å
� }|�`i��|f�}��Q}|qtf�bdi�rtbeiÃ��iy��wu�`f�� ~ p|bÏxyqt�9bdxy�«qtrsbe�uf�bTwy��g|qzxyq
¬h�
�dqtx�qt�<�
rs�`¬�wuqswux�bef ��beiui��
f�� ~ p`bdxyqt�«}|qsid�?no�����lxD}|qsÅ�bei9xÇ��i��l�ñxÇ�lp�g��lµ|w�bd}|qsrtbep�g|�!���d� ¥ �`�l�§Ä
i��s}|���«q��«i�qzxyqs��}|bdÅ
beiu}|bep��«{|�e{`�,�
rsf���wu�Ã}|�`i��|f �`p|}��A}|qsf�beiursbdiZ��i���w��Ãf�� ~ p|bdx�qs�+bdxy�«qtrsbe�uf�b
wy��g|qzxyq¡p|b ~ �lxyqz�o�
rs�|¬�w�qswLxybdf�qtp ��p�xyqÜÄ���bdi�i���f�� ~ p|bdx�qs�Z�
rt}|�|Å
� ~ ¯
�ertbep|f�qs�Lxyqtie�§ST�����d�`cdqsp|wuqsp|}|bdp
w�qswLxybdf�qtp p|be}`bep���p�xyqÜÄ���beiui��
f�� ~ p`bdxyqt� ¥ �l}��l��beiui��
f�� ~ p`bdxyqt�J�
rs}|�`Å
�����y�lÅ
�s}��l�¡q¡f���p�xy�s�«rs�R����Ä
r�� ¥ c��Z��p`r����u�sr��lg|qsrtqsp|qtie� ³ p|cebdrsqs�«rtb ¥ ��¬|�s}|�Qg|�����d�.�
kR}|beiubeceb#��rsf���w���}|�`i��|f �`p¡� ~ ¯
�eb#�lr���rt�sf+�
ST�!}|�|iu�|f�}��-�ube�«qsrt}|b�}|b���p|rs�����tr���ce��Å
� ~ qsg|q]�
�«w�q0�ubepÂ��xy�
f ��g����«�siur���g���Å ¥ ��¬��li���bdpÂµ|bef

� º



¨©bd�¡qtr º ���
¿�HJ��i�bd}|{|�drsbef�w�bdr£®T�©ÄL�9ª#ÄL®T�¢M/��¬|�tw��

¬�½­µ|bdf�}|bF¬ ¥ �
iug|qtxy��rsqtp|q?�«�|rtr���p|�tie�v�Z�«w�q0�ubep,qt�¡q´�
iug|qtxy��r´�«�|rsrs��p|}|�tÅ
�Wqs�dqsp­qt�«q£�dqt�ñxRg���Å
rs� ¥ �tce�
¹
b��l�li�����g|��Å
r�� ¥ �scd�`f��
rsbd�«{|rsbdiG�
i�g|qzxÇ��r©�
rs�`�uxy�`iy��ce����xy�sid��ST��}|¯
iLx/��i�g|qzxÇ��rtbTµ|bdi/�
�«wuq �ubep`}|bep º
¹
bÑµ|bdi�g|qtiQg����«�tiQq ¥ �
p«�|p|}��lp

dx2−y2

��i�g|qzxÇ��rtqsp|}|bd�«q£g`qsi�bdiQbdrsbe��x�i��
p«� ¥ bdi�rtbe�ux�qsiuf�bd�-�d�
i��|p`}��
�l�lrs}|�tÅ
�sf��s�d�s}��+���y�lÅ
�s}��l�¡q#bdp|bei��uq�w�bd¹¡q ¥ b­}`q ¥ � ~ iy��f�� ~ qtg|q ¥ bdp|q�g|qsiÑf��
rsbd�«{|rsbdiÑbersbd��xyi���p|qs�
���
p.- ~ �|iy�lw ¥ ��p­����i��u�sf��s�e���e�t�l�li9�Ð¨©bd�¡qtr º �	�'�Ï�

¨©be�«qsr º �²j©¿£S¸���«�tiJ¹�bA�Z�«w�q0�ubep!��xy�
f�r���iu�sp|�tp,�
iug|qtxy��rsrtbei�q£¹
b�g���Å
rs��p|�s�ur���iu�Ð�³�Ð®T�©ÄV�QÄV®T�ÁN#�d�sw��
�
kÑ}|beiubecebd}|bep­�¡{`�e{|�o���

ªR�|p|}­H9�|iy��rt�8¹
bF���l�|rsq´XQ�t�y��iur���f�� IÎrs�lbewuqÃg|qti�rtqs��xybZ� ¥ ~ �|p|r��lp|}|�sÅ��sp|}�� ����iu���´g���Å�r���Ä
¥ �tce�¡�
i�g`qtxÇ�lrsrsbdi�}|bd�«q`jQbdrsbd�«x�i��
pÑg`qsi�g`qsi�qtp|b]¬���i���rsbdr©wu¬|qsp|rtq©��r���i���� ¥ bdi�rsbd��f�bewuq ~ beiube�lbecebdÅ
qsp`}|bep

��m



¨©be�«qsr º �	�`¿©®T�©ÄV�ÒS¸��Å
�hK-�
rtbe�«{|rtbei/\]rtbe��xyiu�
p|qt�ÑHR�
p�- ~ �|i���w ¥ �
p«�?�¤�¾n�bei�iu�
f�� ~ p|bÏxyqs�Ñ}`�|i��|f+���

w�qswLxybdf ��bei�iu�
f�� ~ p|bÏxyqs��}���¹©i���p|�tie�¡ST�|}��D����g���ce�Fp|bR����f���p���bei�iu�
f�� ~ p|bÏxyqs�df��lp|�spÑ�
rt�|�y�lg|qzÄ
rsbecdbeÅ
qtp|qspA����g|��g`qsi#¯
rt�e{`x�{+w�� ¥ �tr���g`qsrsqtp|qsid�

\]Å�bei����e�´}|��Å
i��|w���rsrs����� ¥ �
iuwy�Ñ������Å
�t}��Ñ��be�«qtrs}|bd}|b6�È¨©be�«qtr º � º �¸�lp|r����u�srs��c���Å�� ~ qtg|qÐ�©�
�
Ä
w�q �ubdp��lxy�
f���w���}|bdceb�g|qsiZxy��p|b��
i�g`qtxÇ�lrsqsp`q£f��
rtbe�«{|rsbdi ¥ �l¬|�]qs�eqtp��«�|rsrs��p���ce����xy�sid�?ªR��rÀgv¯ ¥ rtb
�
rs�|p`c����
rs�|�uc����­bep|bdi+�uq]w�bÏ¹©q ¥ b�}|q ¥ � ~ iy�lf��G�l�y��Å
�t}����«qG��bd�«qsrs}`b��
rs��c��l�-¹
b�xy�
¬`r���f º bdrsbe��xLÄ
i��
p-g|�,bep`bei+�uq£w�bÏ¹¡q ¥ bÑ}`q ¥ � ~ iy��f��sp`� ¥ bdi�rsbd��bdcebeÅ�qsp|}|bdp6���y�lÅ
�s}��l�¡q´bdrsbe��x�i��
p,�l�
p.- ~ �|iy��w ¥ �
p«�
�l�li����tf��t���Ñ�e�t����c�����x��sie�¡M9qsp`b�� ¥ p|�£�¡�`iy��rtr���i ~ bdi�bdÅ
qWxy�
¬|rs��f wu¬|qsp-f�� ~ p|bdx�qs�¢f��
f�bep�xyqW�dqt�ñxuÄ
rsbe�uf�bd}|bepI�Ð¨¡be�«qsr º �²m/�?¯�xy{`i�{Dw��t���tiW�
r��lc���Å
�tp|}���p9wuqswLxybef �lp«x�qzÄÐ��bei�iu�
f�� ~ p|bÏxyqs��}���¹¡iy��p|��c�����x��sie�
ST�-f���p�xy�t���lp«x�qzÄÐ��bei�iu�
f�� ~ p|bÏxyqs�df��lp|�sp�����g���g|qsiTxy��p|�tf��h�
r���i������l�lg|�|rWbe}`qsrsbdg|qsrtqsp|qtie�

M<�|����i��t}����«q©��r�� ¥ r���iu�©�lp|r���}`�s��xÇ��p�w��
p|i��Zg|qsiÃw�qtwuxybdf�qtp p|b¸�e��f���p���beiui��9f�� ~ p|bÏxyqt�Dp`b
����f���p �lp«x�qt��bdi�i���f�� ~ p|bdx�qs�Z�
rs��c��lÅ
�«��bewLxyqti�qsrtbeg|qtrsqtp|qsid��STqt�<x�be�eqtf�qt�e}|b]��beiui��
f�� ~ p`bdxyqt�9w�qtwuxybdf�Ä
rsbeiursbD�|Å
i����ux��sÅ
�tf��t�e}���p

Jij

¥ qÀ¬v�
�eqzxyqz�À}|bdÅ
beiu}|b���rs�t¬­�e��rs�t�uxy�tÅ
�sf��s�Qf�bdi���bd�Ñwy� ¥ �swu�sp�� ~ ¯
i�b p`b
xy{|i#g|qti#f�� ~ p|bdx�qs��f���f�bdp«x#¹�bFf�� ~ p`bdxyqt��}`� ¥ ~ �|p|rt�|��¹
bdi�qti�g`�|p«�­��p`r���f�� ¥ � ���lrs�s����c��lÅ
�s�l�

�Ãbd�eqsf�qs�d}|bGqsp`cebertbe}|qtÅ
qsf�qs�£f�bei��lbe�drsbei ~ bdp|bertrsqs�«rtb³��f�� ~ p|bdx�qs�Qf�beiu��bd�/qt�ebeiubepDw�qtwuxybdf�Ä
rsbeiJ�
rtf��lw��sp|�¢iy��Å
f�bep�qswLxybdp|qsrtqsi�wubÑf�bdi��lbe��w�� ¥ �tw��<��iLxy�siu�srs��g|qsrtqsp|qzie���+f�bdi��lbe�ertb��e��rs�t�ux��sÅ
�tf��t�
qs�eqtp¢����i��u�sf��s�e� j ~ be��f�bÏxyi�qt��}|�|i��`f �e�t�l�lie�|S/�|p|r��li�}���p�g|qsiuqsp|cdqsw�qh}|�
Å
iu�|wy�lr8}|{|�dbep|rtbep|qt�#}|qzÄ
Å
beiuqs}|bJ���d�sw���rª�¾{`� ~ bdp|qsf�w�q¤�/}|{|�dbep|rtbep|qt����r���ce����xy�sid�

�/�



¨©be�«qsr º � º ¿£S¸���«�tiJ¹�bA�Z�«w�q0�ubep!��xy�
f�r���iu�sp|�tp,�
iug|qtxy��rsrtbei�q£¹
b�g���Å
rs��p|�s�ur���iu�Ð�³�Ð®T�©ÄV�QÄV®T�ÁN#�d�sw��
�
kÑ}|beiubecebd}|bep­g|{ ¥ {|�o�4�

�£ú¾ù Ú� òoí�! ì î�ô 3 " Ë è«í§óoè¡ç«ô¾ê 5 ê ì é=è¡þ

XQbep|b ¥ w�ber]�
rs��iy�l�-bdrsqsf�qs�d}|be�«q´¹
bdi�qsrtbei9}��lµ��¢�e�
�,PRqs�lbertrsq£f�bdi���bd�ertqÀ�
rs}`�|Å
�|p|}|��p6g|�
w�qswLxybdf�q

Ni2+
f�bdi���bd�ertbeiZqt�eqsp­qsp|cdbersb ¥ bdcebeÅ�qs���

Ni2+
j�xÇ��p|b��eqt�ñx�rsbd��f�bef�qs��bertbe��xyiu�
p�qs�dbei�bdcebÛÄ

Å
qsp|}`bepë�¾N x�beiuqsf�rsq��¸xy��¬|r���f ���d�swy�lr�f��
f�bdp�xy�|f �
S = 1

�
rs��c��l�«x��sid�8ST¯ ¥ rsbÑg`qsiZ}|�`i��|f�}��
¥ ��¬|�tf��t�9������Å
�s}|���«q?��bd�¡qtrs}|b9��r���ce����xy�sid�

ST�|p«�|pÑqs�dqsp jQ��rtx�beiup��lxyqz�|}|�`i��|fÌ¹l��i�}`�sie���
��}|�|iu�|f µ`bei�qt�«q
j
g|qti�g|qti�qsp`b<bd��qzxÀ�
rs��g|qsrtqsid�

j©�8}|�`i��|f�}��
j1

¹
b
j2

g|qti�g|qti�qtp|}|bep-�¾��i��«rs�Ã�
r��lg|qsrtqsie�oS/qs� ¯
p`cebertqs�«rsb�qs}|be��r�}|�`i��|f � ¥ ��p|q
j1 =

j2 = j3

}|�|iu�|f �|p«�+qsp|cdbertb ¥ bdrsqtf-�
M<�|����i��t}����«qWªQ�lf�qtrtxy��p¡��g|�-wuqswLxybef�b9� ¥ ~ �|rs��}|�tÅ
�sf��s�d}��Ff�� ~ p|bÏxyqt��ªR��f�qtrtx��
p|q ¥ bep?�

H = −j(
−→
S1 ·

−→
S2 +

−→
S1 ·

−→
S3 +

−→
S2 ·

−→
S3)

� º � j/�

��be�«qtrs}|b9�
rs��c��l�«x��sid�

N ¥ iu�sp�xy�trs�+�«����p�xy�|f f�bd�l�lp|qsÅ
q-µ|bew���g|�tp�� ~ qsiuf�bd}|bep g`� ªR��f�qtrtx��
p|q ¥ bep|q�bdp|bei��uq
w�¬vbe��xyiu�|f � HJ��f gvb��Öp|qtp ¹�be��xy¯
i�f��¡}|bdrsq ¥ rtb�g|�|rs�`p���g|qtrsqsp`qsie��¨©¯ ¥ rsbd�¡q+qs�«q ¥ bdp|q-¹�be��xy¯�i�{
−→
S∗ =

−→
S1 +

−→
S2

� −→
S ′ =

−→
SA +

−→
S3

��bd�«rsqsp`}|b9xÇ��p|�tf�rs��i�w���� ¥ �|����i�}��l�¡q£ªR��f�qtrtx��
p|q ¥ bep�¨

S ′(S ′ + 1) − S ∗ (S ∗ +1) − S(S − 1)
� º �	�'�

� »



¨©be�«qsr º � m¡¿�®T�©ÄL� S¸��Å��JK-�
rtbe�«{|rsbdi�\Grsbe��x�i��
p|qt��H��
p.- ~ �|iy��w ¥ �
p«�?�«��NQp�xyqÜÄVn�beiui��
f�� ~ p|bÏxyqt�}|�|i��`f-���

¨¡be�«qsr º �	�`¿<��P�qs��bdr

��be�«rtqsp|}|b9��rs�|¬�g|�|i���}��
S
x�be�¢g|qti#f�bdi��lbe�eqtp-f�� ~ p`bdxyqt��f��
f�bep�xyqt}|qsid�

M<�|����i��t}����«qvªQ��f�qsrzxy�
p|q ¥ bdp|}|bep��l�
r�� ¥ c�� ~ ¯
i�{|rtbecdbeÅ
q ~ qtg|qobep|bdi+�uqvw�¬vbe��xyiu�|f �� h�Örsbdi�qtp
��r���ce��Å
�]�«����p�xy�`f�wy� ¥ �srs��i��tp�� ~ ¯
i�b�}|beÅ
qt��bdcebe��x�qsie��STqs��xybd�eqsf�qs�d}|b�p`qs��bdrTqt�ebeiubepÂf�beiu��be�drsbdi
��iy��wu�TbÏxy�«qsrtbe��f�b ¥ q¸qtp|cebdrsb ¥ becdbeÅ
qtf�qt�e}|bdpC h�Örsbeiuqsf�qs�¦�A�
r��lc�����xy�tie�£IÎ�e��x�i��
¬`qs��bdxy�«qtrsbe�uf�bdrsbdi�qsp
~ be�dbei�rtq��
rs}`�|Å
�|p«�J�¾��i��]be}`qs¬J¹
b<w�¬|qtpI�<}|�|i��`f � ¥ �|����iu�s}��l�¡q«ªR��f�qsrtx��
p|q ¥ bep`bÀ���
p«�|rt}|�|Å
�`p|}��
���y��Å��s}����«q?bdp|bei��uqWw�bÏ¹©q ¥ bdrsbeiuqWbert}|bJbe}|qtrsqsid�

E0 = −3j

E1 = 0

E2 = 2j

�/




E3 = 3j

ST�(bdp|bei��uqsrtbei¢¶<��p�¶ZrtbecÇ��}|� ¥ ~ �`p|rs�|��}|bep|�«rtbef�qsp|}|b ¥ bei�qtp|b����
p«�|rt}|�|Å
�|p`}�� 8�j » :
���y��Å��s}����«q?}`� ¥ ~ �|p|rt�|�¢}|bdÅ
beiuqWbers}`b9be}|qtrsqsid�

χ =
g2Nβ2

3kT
(
2kT

j
− 2e−

j

kT · kT
j

+ e−
j

kT

1 + 2e−
j

kT

)
� º � º �

ST�Abe�uqtxyrtqs� ¥ ��i�}|�tf�� ¥ r��Jf�� ~ p|bdx�qs�Ñf��
f�bdp�x#������Å
�s}|���«qhg��lÅ
�sp�xy�t}���p�µ|bew���¬|r��lp���g|qtrsqsid�

µ = 2.828
√

χT
� º � m/�

�/�
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ST������rt�s��f���}��Fg|qsiu}|bep��¾���ers� f�bÏxÇ��rhf�bdi��lbe�Dqs�ebdi�bdp ¥ ��¬|�tr���iu�sp¢f�� ~ p|bÏxyqt��}���¹¡iy�lp|�s�VÄ
r���iu��qsp|cdbersbdp|f�b ¥ bT����rt�s���trs}|�È��ST� ��f��l�er���qs}`b���r«��bd�«qsrs}`bT}|{|�dbep|rtbep|f�qs�£{|�¸p`qs��bdr©f�beiu��bd�¸qs�dbei�bdp
w�qswLxybdf�rtbei�qtpÑf�� ~ p|bdx�qs�F¯
�ebdrsqs�«rtbei�q|��iy���Lxy�ti��srt}|�Ð�lST� ¥ ��¬|�o�ube�«qsr º �	� ~ ¯
i�{|rt}|{|Å
{ ~ qtg|q|xÇ�lf���f�bep
be�¸�lbep���iT{|� ~ bdp ~ bd�
f�bÏxyiuqsw�qtp|b�wy��µ|qt¬ ¥ �l¬|�srs��i�}|�tie�«ª�beiTp`bZ����}���i<qs}|be��rv}|�|i��`f°wube�eqtrs}|q ¥ w�be}`b
ªRbeqtw�bdp¡gvbei ~ K-�©}`bersq¡� ¥ ~ �|p�¬��liy��f�bdx�i�bertbei���rtx��sp|}��R¬hbd�l�lr�� ~ bdi��dbe��wuqswLxybef�rsbdi�bd}|b¸� ¥ ~ �|rs��p���Ä
g|qsrtqsp|qtie�©STbe�«rsbdp|qsrtbecdbeÅ
q ~ qtg|q ~ bdi��ebd��w�qswLxybdf�rtbei#qs�dqsp+�«�|rsrs��p|�srs��p¢f��©}`berWqs}`b���rW}|�`i��|f�r���i#qt�eqtp
�¡�`rsr��lp|�srs��pZf��©}|bdrs}|bdpF�d�
�9}���µ|�R����f�¬|rtqs�lb<��r���g|qtrsf�be��xybd}|qsid�eS/��f��©}|bdr�� ¥ ~ �|rs��p|�siu��bdpF}��lµ��
�e�
��rsqtxy��i�bÏxy{|iu}|bQ}`bep|b ¥ wuberW�
rs��iy�l��¯�rs�e{`f�rtbei�qo¹
bdi�qtrsbep��liy���Lxy�siuf��lr���i]{|�dbei�qtp|}|b ¥ �
Å
�|p|rs�����trs}|�È�
ST�|iy�l}����«qGxybef�ber<��f���cd�sf��s��f��¡}|bertqsp6}|bep`b ¥ w�bdr/¹
bdi�qtrsbeiuqGp|b�����}|��iJ}|�
Å
iu�Ág|qti ¥ ���«r����u�sf�r��
��bewuqtx�qsi�bdg|qsrt}|qsÅ�qÃqt}|qÐ�WXRbep|b ¥ wuber]¹
bdi�qsrtbeiuqsp|b�beiuqs�LxyqsÅ�qsf�qs�Di�bd��bdiy��p`w�8��
k,:]w�qtwux�bef�}|b�i���¬v�
i9be}|qtrsbdp
}|beÅ
bdi�rtbei�q�bdrs}|b�bÏxyf�be�Ñqs�dqsp�f��©}|bdrsqtf�qt�eq«qs}|be��r��Jf�bdi���bd�ertq�p|qs�lberow�qtwuxybdf�qtp|b#� ¥ ~ �|rs��}|�t�v���Ã��f
g|qsiÀ�«���lp«x��|fÆf�be����p|qt�¡wuber|µ`bewy�l¬|r���f�� ¥ bdi�qtp|b�HD�lf ghb/xÇ��i��l���sp|}|��p ~ bertqs�LxyqsiuqsrtbepF¶]bd��xy¯
i<K-��Ä
}|bertq©�«�|rtr���p|�trs}|�È�e�Ã��fOg|qsi£�«����p�xy�|f f�bd����p|qs�«wuber¡µ|bew���¬Ñqs�dqsp ~ bei�bd�«rsq¡f��lx�bef��lxyqt�«w�ber«qt��rsbdf�rtbei
wy��}|bdcebZ{`�Zf�bdi��lbe�ertqhwu¬|qsp

1/2
qs�eqtp�g|qtrsb

8x8
f��lx�i�qswuqsp�}|q ¥ � ~ �
p`bersrtbe�Lxyqsiuqsrtf�bdw�q`qtrsb�f {|f��«{|p©Ä

}|{|ie�©STqt�eqsf ����rt�s�ux��sÅ
�tf��t�¸w�¬`qsp
1
}|�|iu�|f �¢qt�eqsp�qswubQg|��f��lx�i�qtw�qsp�gv� ¥ �©xy�

27x27
}`qsie�¡ST��xy{|i

qs��rtbefÝ����r��lg���rs�tÅ
�sp`}���pÑ�«�|iux��|rsf�����qs�dqsp ¥ �|����iu�s}��l�¡qvg���µ`w�be}`qsrsbdp¢¹
bd�«x�¯
i#f��©}|bdrsqo�«�|rsrs��p|�trs}|�È�
HD�lf ghbA¹�be��xy¯
i�f��¡}|bdrsq¸}��lµ|q�f��lx�bef��lxyqt�«w�ber¸���e�t}���pC�e�
��iy�lµ��lx��e¯
�d{|rsbdg|qsrtbepCg|qsi�wuqswux�bef
}|beÅ
qtrs}|qtie�

XQbep|b ¥ w�berÃ¹
beiuqsrtbei�q´bdrs}|bDbdx�f�bd�Aqs�eqtp-g`qsi�¯
p|cebd�«qÃgv¯
rs{`f�}|bJg|�`rs�|p��lp­f�� ~ p|bÏxyqs�Af��lÄ
f�bdp«x�¹
bAf�� ~ p|bÏxyqs��}`� ¥ ~ �|p|rt�|�Áqz�¾��}|bertbeiuqsp|qG}|bdp|b ¥ wuber#¹
bdi�qsrtbeiu}|b¢iy�l¬h�
iFbe}|qtrsbdp!¯
�ebdrTg|qti j

}|beÅ
bdi�q�qt�eqspý�
j = 5, 22

}|bdÅ
beiuqo¯
�ebdr��
r���i����Ñ^��
PF�¡®Tµ|bdp?�¡ªF�
	 �¡^8µ|��p ~ ��HÑ�«SQ��M<�8�¡®Q��MÑ�¡ ©�
��p|}�SQ�² h�
HJ��p ~ ��qtp78	��k,:|}|bdp|b ¥ wuber�w���p¡�`�er��li��sp`�`bert}|b¸bÏxyf�be�Dqs�eqtp w�bd�eqtrsf�qs�ux�qsid�4�?qsp`cebertbep|}`qÐ�lST�
qt�¾��}|bdrsbdi�qsp`qsp�¯
�ebdr8wube�eqtrsf�qs�

j
}|beÅ�bei�qhqs�dqsp�wu�sce���«rs�s�Ñ}`beÅ
qt��qsf�qv���y�lÅ
�s}��l�¡qo�ube�«qsrtrsrsbdi�}|bÏ��¨¡be�«qsr8m

¹
bF¨©be�«qtr£m/� ~ ¯
wLxybeiuqsrtf�qt�uxyqtie�
ST¯
rs{`f º }|bÁ�lp|r����u�srs��c���Å�� ~ qtg|qZ¬v�
�eqzxyqt� j

}`beÅ
bdi�q9��beiui��
f�� ~ p|bÏxyqt��w�qtwux�bef�rsbeiAqt�eqtp

º k



¨©bd�«qsr£m©���
¿o ©�tc����«rt� ~ ������iu���W}|� ¥ ~ �|p|rs�`�5�Èn�beiui��
f�� ~ p`bdxyqt�¢ ¡qswux�befI�

~ be�dbei�rtqs}|qtie�8ST�Á¯
�dber j
}|bdÅ
beiuq]qs�eqtp6g|�|rs}`�|Å
�|f �`��wu�
p«�|�ers��iJ}|bep|b ¥ w�ber/�
r��liy���,^��´PF�Ã®Tµ|bep8�

ªF��	��o^8µ���p ~ �|HÑ�|SR�©M<�?��®Q�¡MÑ�o ©�+��p`}�SQ�  v��HJ��p ~ 8��
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