FIRAT UNIVERSITY
GRADUATE SCHOOL of NATURAL AND APPLIED SCIENCE

GEOMETRIC NULL CURVE FLOWS and INTEGRABLE
SYSTEMS in LORENTZ SPACE

DOCTOR of PHILOSOPHY DISSERTATION

ZUHAL KUCUKARSLAN YUZBASI
101121206

Department : Mathematics
Programme : Geometry

Supervisor : Prof. Dr. Mehmet BEKTAS
Co-Supervisor : Prof. Dr. Stephen C.ANCO
SEPTEMBER-2014



FIRAT UNIVERSITY
GRADUATE SCHOOL of NATURAL AND APPLIED SCIENCE

GEOMETRIC NULL CURVE FLOWS and INTEGRABLE SYSTEMS in LORENTZ
SPACE

DOCTOR of PHILOSOPHY DISSERTATION
ZUHAL KUCUKARSLAN YUZBASI
(101121206)

Department : Mathematics

Programme : Geometry

Supervisor : Prof. Dr. Mehmet BEKTAS (F.U)

Co-Supervisor : Prof. Dr. Stephen C. ANCO (B.U)

Date of Delivery: 01.10.2014

SEPTEMBER-2014



FIRAT UNIVERSITY
GRADUATE SCHOOL of NATURAL AND APPLIED SCIENCE

GEOMETRIC NULL CURVE FLOWS and INTEGRABLE SYSTEMS IN LORENTZ
SPACE

DOCTOR of PHILOSOPHY DISSERTATION
ZUHAL KUCUKARSLAN YUZBASI
(101121206)

Date of Delivery: 01.10.2014
Date of Defence: 26.09.2014

Supervisor ¢ Prof. Dr. Mehmet BEKTAS (F.U) W

Members of Defence’s Jury :  Prof. Dr. Mahmut ERGUT (F.U) .

Prof. Dr. F. Nejat EKMEKCI (A.U) e/&mﬁw

Assoc. Prof. Dr. Handan OZTEKIN (F.U)
Assoc. Prof. Dr. Ahmet YILDIZ (1.U)

SEPTEMBER-2014




ACKNOWLEDGMENTS

First and foremost, I wish to thank to The Scientific and Technological Research Council of
Turkey (TUBITAK). I also would like to thank to my advisors Prof. Dr. Mehmet Bektas and Prof.
Dr. Stephen C. Anco for their guidance which have lead to the completion of this dissertation. I am
very grateful for all of their many helpful discussions and support during my doctoral studies.

Also, I would like to express my gratitude to Prof. Dr. Mahmut Ergiit and Asoc. Prof. Dr.
Miinevver Yildirim Yilmaz.

On a personal note, I am very thankful to my husband’s contributions during my doctoral thesis
and life. I thank my parents for all their patience, support and prayers. I also am indebted to my close

friends for their help and support.

Ziihal Kiiciikarslan Yiizbagi
Elazig, 2014

II



CONTENTS

ACKNOWLEDGEMENTS ... e II
CON T E S TS . . e e e e e e I
OZE T . . v
SUMMARY ..o e e v
LIST of SYMBOLS ... e e VI
1 INTRODUCTION . ..o e e 1
2 BASIC DEFINITION. .. ..o e 3
2.1 Lorentzian and Riemannian Space ..............ooiiiiuiniiniiiiiininnan.n. 3
2.2 Lie algebra .. ... 8
2.3 Definition in the Theory of Non-Stretching Curve Flow and Gauge Freedom....... 11
3 NON-STRETCHING GEOMETRIC FLOWS of NULL CURVE
iN SO, 1)/SO(N — 1, 1) oo 18
3.1 Algebraic Way to Calculate Flows of Null Curve in Lorentzian Space ............ 18
3.1.1 Lorentzian metric and connection with lie algebra ............................... 19
3.1.2 Geometric Flows for null curves by using algebraic way in Flat Lorentzian Space . 21
3.2 Geometric Way to Calculate Flows of Null Curve in Lorentzian Space............ 30
3.2.1 Gauge Transformation . .......... ..ot 36
322 GaUZe CROICES ...ttt ettt e et 43
4 GEOMETRIC FLOWS of NULL CURVE by USING ALGEBRAIC WAY in
LORENTZIAN SPACE . . .. ..o e 44
4.1 Burger’s FIOWS .. ..o e 44
4.2 Gradient flowS .. ... 46
4.3 ALY FlOWS o 50
4.4 Hamiltonian FIOWS . .. ... .o e 51
5 CONCLUSIONS . 53
REFERENCES . .. o e 54
CURRICULUM VITAE . ... 57

III



OZET
LORENTZ UZAYINDA GEOMETRIK NULL EGRIi AKISLARI ve
INTEGRALLENEBILIR SISTEMLERI

Bu tezin amaci genisletilemeyen null egrilerin akislarindan hareketle Lorentzian flat simetrik
uzayinda grup-invaryant soliton denklemleri ve onlarin integrallenebilir yapilarinin ¢alisilmasidir.

Tezimizde, oncelikle bir sonraki kisimlarda kullanmamiz gereken temel tanim ve teoremler goz
oniine alind. Ikinci olarak, geometrik null egri akislarive onlarin integrallenebilir sistemleri cebirsel
ve geometrik olmak iizere iki yol ile gosterildi. Tezimizin geri kalan kisminda ise null egriler icin

Burger, Airy , Gradient ve Hamiltonian akiglar1 bulundu.

ANAHTAR KELIMELER : Geometrik Akislar, Null Egri, Lorentz Uzay, Lie Cebiri.
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SUMMARY

The focus of this dissertation is to study group-invariant soliton equations in Lorentzian flat sym-
metric space and their integrability structure arising from flows of non-stretching null curves.

In our thesis, first of all, basic definitions and theorems that we need to use in the following
chapters were considered. Secondly, geometric null curve flows and it’s integrable systems were
showed in two ways: one for the algebraic way and another one for the geometric way. The rest of

our thesis, the Burger’s, Airy, Gradient and Hamiltonian flows were found for null curves.

KEYWORDS : Geometric Flows, Null Curve, Lorentz Space, Lie Algebra.
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1 INTRODUCTION

A close relationship with between the theory of integrable soliton equations and differential
geometry, particularly as found in the study of geometric curve flows, has appeared in recent years.
There have been several articles dealing with the geometric curve flows. For example, in [1] and [2]
were showed the bi-Hamiltonian structure of the two known vector generalizations of the mKdV
hierarchy of soliton equations is derived in a geometrical fashion from flows of non- stretching curves
in Riemannian symmetric spaces G/SO(n). These spaces are exhausted by the Lie groups G =
SO(n + 1),SU(n). On the other hand, in [3] was studied integrable systems from inelastic curve
flows in 2 and 3 dimensional Minkowskian space by using Hasimoto variables.

Geometric curve flows which are said to define a G-invariant evolution equation for curves in
M = S2-80(3)/S0(2), H>=SL(2, R)/SO(2), R?~Euc(2)/SO(2) are well known to yield the
mKdV hierarchy of scalar soliton equations and its hereditary recursion operator in [4] and [5]. The
derivation of these soliton hierarchies utilizes a moving parallel frame, connection 1-form along the
curve flows and tied to a zero curvature Maurer—Cartan form on G, related to the Klein geometry of
the Lie group G D H, where H is the local frame structure group. The starting aim is to formulate the
flow of a non-stretching (inextensible) curve (¢, z) as geometrically. Then, the integrable equations
are given by Cartan’s structure equations.

In this thesis, we show that the flows of null curve are not to yield the mKdV equation. However,
the group-invariant soliton equations and their integrability structure which are derived from studying
non-stretching flows of null curves in Lorentzian flat symmetric spaces G/H = SO (n,1) /SO (n — 1,1)
turn out to be Burger’s, Hamiltonian, Gradient and Airy flow null curve in
SO (n,1) /SO (n —1,1).

In second chapter, we give some basic definitions, theorems and notations about differential ge-
ometry, Lie group and algebra, gauge transformation and Hamiltonian operator that will be used in
the following chapters.

In third chapter, we show how to derive group-invariant soliton equations and their integrabil-
ity structure from studying non-stretching flows of null curves in Lorentzian flat symmetric spaces
G/H = SO (n,1) /SO (n — 1,1) by using the algebraic way and the geometric way, respectively.

In the last chapter, the geometric flows for null curves are obtained by using different ways.
Firstly, we consider scaling and higher symmetry to find two kinds of Burger’s flows which are non-
linear equations. The Burger’s equations have a long history starting with the papers by Burger’s

in which the Cole-Hopf transformation was introduced. This transformation turns the homogeneous



Burger’s equation into the heat equation. Moreover, this equations represent the simplest wave equa-
tions combining both dissipative and non linear effects, thus comes out in a great variety of physical
applications in [7]. As further results, we use gauge transformation to find three kinds of flows for null
curve. First is the Gradient flows which are evolutionary systems driven by an energy that decreases
along solutions, as fast as possible. Second is the Airy flows which are the simplest second-order
linear differential equation with a turning point where the character of the solutions changes from
oscillatory to exponential. The last is the Hamiltonian flows which will be described and given some

informations in the following chapters.



2 BASIC DEFINITION

In this chapter, we present some definitions and theorems which will play an important role in

the discussions that follow in the later chapters. Also, we give some relevant definitions and theorems.

2.1 Lorentzian and Riemannian Space

In this subsection, we give all concepts about Riemannian and Lorentzian manifolds that will be

used in the current and following chapters.

Definition 2.1.1 A curve in a manifold M is a smooth mapping « : I — M, where [ is an open

interval in the real line R', [6].

Definition 2.1.2 A G-invariant evolution equation for curves in M is said to define a geometric

curve flow, [7].

Definition 2.1.3 A curve « is an integral curve of X € x (M) if whenever «(t) is in the domain

of X, then a/(t) = X, forallt € I, [8].

Definition 2.1.4. Consider the collection of all integral curves « : I — M of V' that start at p

€ M, that is, for which a(0) = p. Let o, : I, = M be an integral curve such that
I, =Ul,.

Then, we call v, the maximal integral curve of V starting at p, [6].

Definition 2.1.5. If V' is a vector field, we denote the parametrized maximal integral curve passing
through p in M by ¥ (p,t) = «, (t) and call ¥ the flow generated by V' such that ¥ : MzR —
M, [7].

Lemma 2.1.1. If VU is the flow of a complete vector field, then:

1) Wy is the identity map id of M.

i) Wgo Wy =W,y forall s,t € R.

i4i) Each stage is a diffeomorphism, with U, 1 U4, [6].



Definition 2.1.6. n : VxV — R is called a symmetric bilinear form provided
i) n(z,y) = nly, z),
i) n(ax + by, z) = an(z, z) + bn(y, 2),
n(x,ay + bz) = an(z,y) + bn(zx, 2)
forVa,b € Rand Vz,y,z € V, [6].

Definition 2.1.7. A symmetric bilinear form 7 on V' is
(1) positive [negative] definite provided u # 0 implies n(u,u) > 0[< 0],
(2) positive [negative] semidefinite provided n(u,u) > 0 [< 0] forallu € V.

(3) nondegenerate provided n(u, v) = 0 for all v € V implies u = 0, [6].

Definition 2.1.8. A scalar product n on a vector space V is a nondegenerate symmetric bilinear

form on V, [6].

Definition 2.1.9.The index ¢ of a symmetric bilinear form 7 on V' is the largest integer that is the

dimension of a subspace W C V on which 7|y, is negative definite, [6].

Lemma 2.1.2. If W is a subspace of a scalar product space V', then
i) dim W + dimW+ = n = dimV,
i) (W)t =W,

where
Wt={veV:nuw) =0YweW},

[6].

Definition 2.1.10. A metric tensor 7 on a smooth manifold M is a symmetric nondegenerate

(0, 2) tensor field on M of constant index, [6].

Definition 2.1.11. A semi-Riemannian manifold is a smooth manifold M furnished with a metric

tensor 7, [6].

Definition 2.1.12. The common value ¢ of index 7, on a semi-Riemannian manifold M is called
the index of M: 0 < ¢ < n = dimM. If ¢ = 0, M is a Riemannian manifold; each g,, is then a

(positive definite) inner product on Tp(M). If ¢ = 1 and n > 2, M is a Lorentz manifold, [6].



Definition 2.1.13. A tangent vector u to M is

spacelike if ~ n(u,u) > 0oru =0,
null if n(u,u) = 0and u # 0,

timelike if n(u,u) <0,
[6].
Definition 2.1.14. The set of all null vectors in 7},()) is called the null cone at p € M, [6].

Notations 2.1.1 Let o : I — M be a null curve of a proper semi-Euclidean manifold M, where

I C R is an open set. Denoting T'«v the tangent bundle of o and
Tat = UpeonTpat, Tyart = {v, € T,M : (&, v,) = 0},

where &, is null vector tangent to v at p = «(t) , the tangent bundle T'cv of v is a vector subbundle
of Tat. Considering a complementary vector bundle S(Ta™) to Ta in Tat. We get the direct

orthogonal sum

Tat =Ta L S(Tat),

where S(Ta) is a nondegenerate vector bundle, thus we get
TM|, = S(Tat) L S(Tat)*t,

where S(T'a™)! is a complementary orthogonal vector bundle to S(T'a™) in TM]|,. ntr(a) denote

a subbundle of a screen vector bundle S(7T'a)* of such that
S(Tat)t = Ta @ ntr(a),

[9].

Definition 2.1.15. Given a function f : M — R and a vector field X on M we will use the

following ways of writing the directional derivative of f in the direction of
Vxf=Dxf=df(X)=X(f),

[10].



Definition 2.1.16. A connection V on a smooth manifold M is a function V : x (M) x x (M) —
X (M) such that

(D1) VxY is F(M)-linear in X,

(D2) VxY is R-linearin Y,

(D3) Vx(fY)=(Xf)Y + fVxY for f € F(M).

VxY is called the covariant derivative of Y with respect to X for the connection V, [6].

Definition 2.1.17. A Riemannian connection on a Riemannian manifold M is a connection V on
M such that
(D4) VxY — Vy X = [X, Y] (the connection has zero torsion tensor),

(Ds) Z(X,Y) =(VzX,Y) +(X,VzY),[6]

Proposition 2.1.1. Let M be a semi-Riemannian manifold. If V' € x (M) let V* be the one-form

on M such that

ViX) =V, X)

for all X € x(M). Then the function V' — V* is an F (M )-linear isomorphism from y (M) to
X (M), [6].

Definition 2.1.18. Let M be a semi-Riemannian manifold with Levi- Civita connection V. The

function R : x(M)3 — x(M) given by

RXYZ - [VX,VY] Z - V[X7y]Z

isa (1, 3) tensor field on M called the Riemannian curvature tensor of M, [6].

Definition 2.1.19. The Riemann—Christoffel curvature tensor (of type (0,4)) is the 4-covariant

tensor

F(xvya Z,’LU) = <R(Zaw)yax>

for any x, y, z, w tangent vectors at p, [6].
Theorem 2.1.1. The following relations are true

(i) R(z,y)z + R(z,z)y + R(y, z)x = 0 (first Bianchi identity),
(17) V.R(z,y)w + V4 R(y, z)w + VyR(z,z)w = 0 (second Bianchi identity),



(7i1) F(x,y,z,w) = —F(y,z,z,w) = —F(z,y,w, 2),
(iv) F(m,y,z,w) = F(z,w,z,y), [8].

Definition 2.1.20. Let II be a nondegenerate tangent plane to M at p. The number

F(‘r7 y? .’B, y)

Ko =40y

is independent of the choice of basis x,y for II, and is called the sectional curvature K (IT), where

Al(z,y) = (z,2) (y,y) — (z,9)°, [8].

Definition 2.1.21. A Riemannian manifold M is said to have constant Riemannian curvature if
the sectional curvature of all plane sections is the constant, [6].
Definition 2.1.22. A Riemannian manifold M is said flat manifold if the Riemannian curvature

isOatVp e M, [6].
Proposition 2.1.2. If K =0atp € M, then R=0atp € M, [6].

Proposition 2.1.3. The following properties are equivalent:
i) sec(m) = x for all 2—planes in T),M.
i1) R(xz,y)z = x((y, 2) © — (x,2) y) for any x, y, z in T, M, [10].

Corollary 2.1.1. Assume the manifold M has constant Riemannian curvature. Then

i) V4R = 0 along any direction determined by the vector field X . That is, the Riemann curvature
tensor is parallel.

i1) If z is orthogonal to x and y , then R(z,y)z = 0.

i41) If w is orthogonal to w and y , than F'(x, z, 2, y) = 0 for any z, [10].

Definition 2.1.23. M be a semi-Riemannian manifold with Levi- Civita connection D. The

function T" : x (M) x x(M) — x(M) given by
T(X,Y)=VxY — VyX — [X,Y]

is a (1, 3) tensor field on M called the Torsion tensor of V, [6].

Definition 2.1.24. For a point of M, the dual vector space T};(M) of the tangent space T, (M) is

called the space of covectors at p. An assignment of a covector at each point p is called a 1 form, [11].



Definition 2.1.25. Let M be a semi-Riemannian manifold. Let U be an open set in M and let
{e;}be F(M) vector fields that form an orthonormal basis at each point in U. Define the connection

1-forms wf on U by
n .
Vxe; = Zwi (X) e,
j=1
where

w] 1 x(M) = C*=(M,R) ,
X w! (X)=wi (Dxe;)

[11].

Definition 2.1.26. The first and second Cartan structure equations are
= 1
dw' = — Zw;Awp + inkijwk,
p=1

n
, , 1. .
dw; = — g w;Awa + §Rfjkoﬂ/\wk,
=1

respectively, where w'is a 1-form and wf is a connection 1-form, [11].

Definition 2.1.27. A r-form ¢ and a vector field v, the left-hook vy of ¢ with v (also called the
interior product of ¢ with v) is the (r — 1)-form defined by the property that for any wy, ..., w,_1 €
T,M

(’U_l(p)(wl, '~~>wr—1) = QO(U, WLy eeny wr_l),

[11].

Theorem 2.1.2. A manifold M is affine locally symmetric if and only if 7" = 0 and VR = 0 for
all Z € F(M), [11].

2.2 Lie algebra

In this subsection, we review some basic definitions, notations and important theorems about Lie

algebra that will be used frequently in the next chapters.



Definition 2.2.1. Let GG be a group. A subgroup H of G is said to be a normal (or invariant)
subgroup of G if aH = Ha forall a € G, [12].

Definition 2.2.2. Let N < GG. The quotient group or factor group, G/N (read G modulo N or
simply G mod N) is

G/N = {gNlg € G},

[12].

Definition 2.2.3. A Lie group is a group GG which is also an differentiable manifold such that the

mapping (o, 7) — o7~ ! of the product manifold G X G into G is differentiable, [12].

Definition 2.2.4. Let g be a vector space over a field K ( of characteristic 0). The set g is called a
Lie algebra over K if there is given a rule of composition (X,Y) — [X, Y] in a which is bilinear and
satisfies

i) [X,X] =0forall X € g;

i) (X, Y, Z]|+ Y, [Z, X]|+ [Z,[X,Y]] =0forall X, Y, Z € g, [12].

Definition 2.2.5. Let GG be a Lie group with Lie algebra g. A differential form w on G is called

left invariant if

L(z)"w=w

for all z € G, L(x) denoting the left translation ¢ — zg on G. Similarly we define right invariant

differential forms on GG. A form is called bi-invariant if it is both left and right invariant, [12].

Definition 2.2.6. Let g be a Lie algebra over a field of characteristic 0. Denoting by T'r the trace

of a vector space endomorphism we consider the bilinear form

B(X,Y)=Tr(adX,adY)

on g X g. The form B is called the Killing form of g. It is clearly symmetric, [12].

Definition 2.2.7. A Lie algebra g over a field of characteristic 0 is called semisimple if the Killing

B of g is nondegenerate. We shall call a Lie algebra g # {0} simple t if it is semisimple and has no



ideals except {0} and g. A Lie group is called semisimple (simple) if its Lie algebra is semisimple

(simple), [12].

Definition 2.2.8. If a is a Lie algebra over K and X € a, the linear transformation

(adX)Y — [X,Y]

of a is denoted by ad X, [12].

Definition 2.2.9. Let a and b be two Lie algebras over the same field K and o a linear mapping
of a into b.

(7) The mapping o is called a homomorphism if o([X,Y]) = [cX,cY] forall XY € o.

(i1) If o is a homomorphism then o (a) is a subalgebra of b and the kernel o~1{0} is an ideal in
a. If 071{0} = {0}, then o is called an isomorphism of a into b.

(7i7) An isomorphism of a Lie algebra onto itself is called an automorphism, [12].

Definition 2.2.10. If « is a Lie algebra and b, ¢ subsets of a,

(7) The centralizer of b in ¢ is
{X €c:[X,b] =0}

(#4) If b C a is a subalgebra, its normalizer in a is
n={X €a:[X,b Cb},

b is an ideal in n, [12].

Definition 2.2.11. Let GG be a Lie group. A submanifold H of G is called a Lie subgroup if
i) H is a subgroup of the (abstract) group G
i1) H is a topological group, [12].

Definition 2.2.12. Let M be a Hausdorff space and G a topological group such thatto eachg € G
is associated a homeomorphism — g.p of M onto itself such that

i) 9192.p = g1.(g2.p) forp € M, g1, 92 € G

i) the mapping (g, p) — ¢.p is a continuous mapping of the product space G x M onto M.

The group G is then called a topological transformation group of M. From ¢) follows thate.p = p
for all p € M. If e is the only element of GG which leaves each p € M fixed then G is called effective

and is said to act effectively on M, [12].

10



Definition 2.2.13. Let a be a Lie algebra over R. Let GL(a) as usual denote the group of all
nonsingular endomorphisms of a. We recall that an endomorphism of a vector space V (in particular
of a Lie algebra) simply means a linear mapping of V' into itself. The Lie algebra gl(a) of GL(a)

consists of the vector space of all endomorphisms of a with the bracket operation
[A, Bl = AB — BA.

The mapping X — ad X, X € a is a homomorphism of a onto a subalgebra ad(a) of gl(a). Let
Int(a) denote the analytic subgroup of GL(a) whose Lie algebra is ad(a); Int (a) is called the
adjoint group of a, [12].

Theorem 2.2.1. Let G be a Lie group with Lie algebra g and H an (abstract) subgroup of G.
Suppose H is a closed subset of G. Then there exists a unique analytic structure on H such that H is

a topological Lie subgroup of G, [12].

Remark 2.2.1. Let GG be a Lie group and H a closed subgroup. The group H will always be
given the analytic structure. Let g and & denote the Lie algebras of G and H, respectively, and let m
denote some vector subspace of g such that g = h + m (direct sum) from Theorem 1.2.1. Let 7 be
the natural mapping of G onto the space G/ H of left cossets gH, g € G. As usual we give G/H the

natural topology determined. by the requirement that 7 should be continuous and open, [12].

2.3 Definition in the Theory of Non-Stretching Curve Flow and Gauge Freedom

In this subsection, we give some basic definitions, notations about the theory of non-stretching

curve flows and Gauge freedom that we need to use in the following chapters .

Remark 2.3.1. For any Riemannian symmetric space M = G/H, the Lie group G has the

structure of a principal H-bundle over M,
7m:G— G/H.

Consider the Maurer-Cartan form wg on G, which is a left- invariant g-valued 1-form that provides
the canonical identification T.G = g, where e is the identity element of GG. The Maurer-Cartan form

satisfies

1
dwg + 5[‘*’6‘;‘06‘]9 =0

11



and hence, viewed geometrically, it is a zero-curvature connection on the bundle G. This collective
structure is called the Klein geometry of M = G/H. It has a useful reformulation locally on M

involving the Lie algebra structure of the tangent spaces of G/ H, [2].

Definition 2.3.1. Let
V:U -7 Y U)cCG

be any local section of this bundle, where (U, 1)) are coordinates for a local trivialization G =~ U x H.
The tangent space of the trivialization U x H at any point (z,(x)) is isomorphic to the Lie algebra

g of G. In particular, note

i g>~mxh—m,

as vector spaces, with

ToM ~gm = g/h, Ty H ~h,
and

Taw@)G=g=moh.

Now, the pullback of the Maurer-Cartan form wg by 1) yields a g-valued 1—form 9w (locally) on M,

satisfying the Cartan structure equation
DY Lo _
w+ 5[ W, ] g = 0,

where D is the total exterior derivative operator on M and [-,-], is understood to denote the Lie algebra

bracket in g composed with the wedge product in 7; M. (Informally, we can view
Yw : TyM ~gm=g/h—g,

as attaching an infinitesimal Klein geometry to g/h.) Note a change of the local section v, described

by a smooth function i : U — H yielding the local section

12



induces a change of 9w given by

9% = Ad(h™")9%w + h~ ' Dh.

This is called a gauge transformation on 9w relative to the gauge 1. Introduce
e:= %(%J —o(w)),

L 9
w:= 5w+ o(fw)),

denoting the even and odd parts of 9w, defined using the automorphism o of g. The corresponding

decomposition under a gauge transformation on 9w yields

Proposition 2.3.1. On U C M, the m-valued 1-form e represents a linear coframe and the h-
valued 1-form w represents a linear connection, with H as the structure (gauge) group defining a

bundle of linear frames. Let the 2-forms
T = De+ [w, elg = De,
and
1
R = Duw + i[w,w]h = [D, D],

denote the m-valued torsion and h-valued curvature associated to the linear connection and coframe,

where
D=D+|w,,

is the (gauge) covariant exterior derivative, [2].

13



Proposition 2.3.2. The Cartan structure equation decomposes with respect to o to give

1
T=0, R= —§X[e,e]m

so thus D is torsion-free and has covariantly-constant curvature, [2].

Definition 2.3.2. A m-valued linear coframe e along a curve y(x) in an Lorentzian symmetric
space M = G/H is said to be H-parallel if its associated h-valued linear connection wx = wiX
in the tangent direction X = -, of the curve lies in the perp space c(e X)ﬁ of the Lie subalgebra
c(ex)n C h of the isotropy gauge group HY C H* that preserves ey given by a fixed unit vector in

a Cm,[2].

Proposition 2.3.3. By means of a gauge transformation in the isotropy gauge group H%, an
H-parallel frame {(eﬁ)a, (e* L)} exists for any curve v(x) in a given Lorentzian symmetric space
G/ H and is unique up to the equivalence group H ﬁ‘ C H* consisting of rigid (x-independent) gauge

transformations that preserve the algebraic structure

m = clex)m ® c(ex)f,:b,

h=clex), ® c(ex)ﬁ7

wﬂ( = wiX =0,
along with
Dyex =0, lex|m = 1.
of the framing along +(z) where the dual frame
e =e)+el,
and the connection
1

w:w”—i—w ,

(2].
Lemma 2.3.1. In an H-parallel frame formulation for non-stretching curve flows, the projections

of e and w in the tangent direction X = -y, and the flow direction ¥ = -, have the following
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properties:

(7) e, belongs to some Cartan space a C m, is constant (D e, = 0), and has the normalization
lex|m =1,
(7i) e, = hy+hy and wy = wll + wt each decompose into algebraically parallel and perpendicular

parts relative to e, namely A an d wll belong to the centralizer subspaces m := c(ex)m and

h) := c(ex)n while i and w belong to the perp spaces m | := c(ex);; and h = c(ex)i ;

(4i1) u := w, belongs to the perp space h | ;

(iv) h, ey, u respectively determine the perpendicular flow vector
Yi =)L =—(hi,€e),,,
the tangent vector
X=7%=—(e€),,
and the principal normal vector
N = Voye = —(ad (ex) u, €),, ,

for the curve, [2].

Definition 2.3.4. Let U, V be two vector spaces. Any mapping from U to V is called an operator.
Let V' be a vector space over the field K. We can define the structure of a vector space on the set of

all operators from U to V' (A and B are operators):

(A+ B)x = Az + Bz,

(vA)z = aAzx

forall A,B: U — V,forall z in U and for all v in K.

Definition 2.3.5. Let A be a linear operator on an inner product space V. The adjoint of A is a

transformation
AV Vv
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satisfying

(A(x),y) = (z, A" (y))

for all z,y € V. Notice that the adjoint of A may not exist. If A is finite-dimensional, then the

adjoint operator A* always exist.

Definition 2.3.6. i) The operator A is self adjoint if A* = A.

i1) The operator A is anti-self adjoint if A* = —A.

Notification 2.3.1. Let M C X x U be an open subset of the space of independent and dependent
variables © = (z1,-+,2p) and u = (u1,-,uq). The algebra of differential functions P[u] over M
is denoted by A, and its quotient space under the image of the total divergence is the space F of

functionals

P = /de. 2.1)

For a linear differential operator D : AY — A9, which it can be thought as ¢ x ¢ matrix differential

operator depending on x, v and derivatives of u, we define a bracket on F as follows:

{P,Q} = / OP.DéQdx,
where P is variational derivative of functional P and where by . is the usual dot product in RY, [13].

Definition 2.3.7. A linear operator D : A9 — A7 is called Hamiltonian if the bracket (2.1)

satisfies the conditions of skew-symmetry

{PaQ} - _{Q7P}7

and Jacobi identity

{P,Q}, S} +{{S, P}, Q} + {{Q, 5}, P} =0,

for all functionals P, @, S € F. The bracket { P, Q} is called Poisson bracket.
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An evolution system is a Hamiltonian system if for a Hamiltonian operator D, there exist a func-

tional H, called Hamiltonian, such that

wy = K[u] = DéH, K[u] € A1,

[13].

Definition 2.3.8. A linear differential operator R : A% — A9 is a recursion operator of u; = K [u]
if it maps a symmetry to a new symmetry.

Namely, R is a recursion operator of u; = K [u] if and only if

Rt = [DK7RL

[13].

Definition 2.3.9. Consider a system of evolution equations

uy = Plul,

in which Plu] = P (z,u") € A% depends on z € RP, v € R? and x—derivatives of u only, [7].
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3 NON-STRETCHING GEOMETRIC FLOWS of NULL CURVE
in SO(n,1)/SO(n —1,1)

The main goal of this section is to give how to derive group-invariant soliton equations and
their integrability structure from studying non-stretching flows of null curves in Lorentzian sym-
metric spaces G/H = SO (n,1) /SO (n—1,1) by using the algebraic way and the geometric
way. Then, we get Burger’s, Hamiltonian, Gradient and Airy flow for non-stretching null curve in
SO (n,1) /SO (n — 1,1) by choosing transformation on this equations what we obtain from torsion

and curvature equations.

3.1 Algebraic Way to Calculate Flows of Null Curve in Lorentzian Space

Consider an arbitrary flow (¢, z) of any null curve in an Lorentzian symmetric space M =
G/H. We can write X = -, for the tangent vector and Y = ~; for the evolution vector along the
null curve. (¢, z) will describe a smooth two-dimensional surface immersed in the manifold M if
the flow is transverse to the curve, namely X and Y are not parallel vectors.

Also, provided a null curve flow (¢, ) preserves the arc-length

ds = |y, |dx

at every point on the curve, that is,

Dtl’h" =0

or equivalently

Vive(= Vayt)

is orthogonal to =, in the Lorentzian metric 77 on M, then it is called non- stretching (inextensible)
null curve flow. Now let (¢, x) be a non-stretching null curve flow given in terms of an affine
parametrization |v,| = 1, without loss of generality, where 2 measures arc length along the curve.
For any such flow, there exists an H -parallel frame formulation obtained through Proposition 2.3.1. In
particular, a suitable local gauge transformation in H* ~ Ad(H ) (given by a change of coordinates
for the local trivialization of (=) can be applied to the linear coframe e and linear connection w to

produce an H -parallel moving frame along each curve in the flow (¢, z) , depending smoothly on ¢.



3.1.1 Lorentzian metric and connection with lie algebra

The Lorentzian structure of G/H comes from the Cartan-Killing form () of

g = so(n, 1) which has indefinite sign. Since
g=so(n,1)=hdm

is a non-compact semi-simple Lie algebra, the subspaces. We consider

0 7

g= , A€so(n), (3.1

g" A
where AT = —Aand ¢ = (g1,...,9n) € R™.
h=so(n—1,1), m=so(n,1)/so(n—1,1)

are orthogonal

<h> m> =0,
here
1 -1
dimg = @, dimh = % and dimm = n.

Also h and m satisfy the commutator relations

[h, h] C h,[h,m] € mand [m,m] C h.

The Lorentzian n -space m is given by indefinite flat metric in terms of Cartan-Killing inner

product

77(7): —dx%—}—def,

where z; is a rectangular coordinate system of Lorentzian-space.
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Let v be a non-stretching null curve which preserves arc-length that is
Dy, = 0.
If

N (Yas Ye) > 0,1 (Ya, V) < 00r (2, 72) = 0,

respectively, 7y is spacelike, timelike or null curve which has an affine parameter. If we adapt these

curves with respect to Cartan-Killing product we write
(ex,64) = —1,(eg,e,) =1or {€g,6,) =0

for spacelike, timelike or null curve,respectively.
Under the canonical identification m ~¢g T, M, the negative-definite inner product (, ), defines

a Riemannian metric tensor 17 on M given by

for all G—invariant vector fields X,Y in T, M. Associated to this metric 7 is a unique torsion-free
G-invariant Riemannian connection V, determined by Vi = 0.

The Torsion equation is given by
T(X,)Y)=VxY -VyX —-[X,Y]|=0 (3.2)

is the torsion-free property, where [-,-] is the commutator of vector fields on M.

The Riemann curvature tensor of the connection V is given by
R(X7 Y) = [VX7 VY] - v[X,Y] = _adm([Xa Y]m)v (33)

where adm is defined as a linear map on T'xM =~ m. This curvature tensor is G- invariant and

covariantly constant VR = 0.
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3.1.2 Geometric Flows for null curves by using algebraic way in Flat Lorentzian Space

Let  ~(t,x) be a flow of a  non-stretching null curve in
G = SO(n,1)/SO(n — 1,1) “H}'. The Lorentzian covariant derivative of a SO(n — 1, 1)-parallel

coframe e such that its associated linear connection w € TS M ® so(n — 1,1) are defined by
Ve = [e,wry,] and Vie = [e, wry]
on the surface swept out by the null curve flow (¢, z). Here

€x = €1z, € = €V, (3.4)

Wy = WYz, Wt = WY
In frame components the Torsion (3.2) and Curvature (3.3) equations look like
Dieg + [wi, €] = Dyey + [we, €], (3.5)

thz - wat + [wt;wz] = —X [et7 ew] ; (36)

where x is Gauss curvature. The below equation is the frame components in m of the tangent vector

v, of the curve,

0 (0 ﬁ) 1
—
ey = _? _? 0 _1 €m (3.7)
o7 07 o o7
1 —(1 ﬁ) 0

parameterized by the n + 1 component vector and 0 €so(n — 2) C so(n). The Cartan-Killing inner
product on g is given by the trace of the product of an so (n,1) matrix and a transpose so (n, 1)

matrix. This inner product equals zero for null curves such that

(€, €q),, = tr(ez.ez) =0.

Now we will decompose spaces m and h with respect to ad (e, ) . First we write out matrices for
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frame components of & and m. Next we write

0 (n %) 0
() (Y (o) ] a9
T -t H 0T
0 (0 7) 0
where HlT = —H; (n — 2 x n — 2 components ) and ﬁ,m € R"2.
We find
0 ( 00 ) m
0 0 0 m
m = 6>T 6>T 0 - , 3.9
m — ( my rﬁ{ ) 0

such that g = so (n, 1) = h @ m where T = (0,...,0) € R" 2, imj € R* 2.

Considering the subgroup H C H = SO (n — 1,1) such that
Ad (Hj) vz =72
is called Little group with gauge freedom in frame.
h=h &hy,
which is the lie algebra of H, satisfies
ad (h)) ez = [hy, ex] =0
such thath; C h is non unique,
dimh; = dimh — dim A
and

Sp (hH,hJ_) =h.
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Also

m=momiy,

which is the lie algebra of M, satisfies
ad (m)) ez = [my, ex] =0

such thatm; C A,

dimm = dimm — dimm.

Also

sp (my,m) =m,

where nor(m ) and nor(h ) is in h. Now we calculate these
1) Since h=h;®h, and <h” ,h J_>m doesn’t have to be equal zero because of null case.

Considering
[hy e2] =0,

thus we have

0 (0 ﬂ) 0
) 0 0 n 0
=
" ~hy" H o
0 (0 ﬁ) 0
Then, we may choose
0 <hL {f) 0
) hy 0 —h, 0
J_ p—
h_IT h_jT 0 or
0 (0 ﬁ) 0
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such that

hH@hLEh.

2) Since m=m®m_ and <m” , ml>m doesn’t have to be equal zero because of null case. Con-

sidering
[y, ex] =0,

we get m = my and 777{ = 0. Thus we find

0 ( 00 ) mj|

0 0 6) m”
Lo ) AT o) AT )|

m| —< mj| i ) 0

since m=m®m_ , we can write

0 (O ﬁ) my

0 0 0 m.
B I A W A B s

mg (mJ_ Tﬁ)) 0

Now we introduce e;,w, and w; in terms of Lemma 1.3.1

(9 )
€r = €1V =a = o o €7 emy, 0 €so(n—1),
1 4
where (e, e,) = 0 such that (¢, ?)m =1.
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by (—h|\+fu hL) 0
and
0 <w W+ 0 ) 0
_>
w 0 W+ 4 0 .
Wy =
t (@ + 8)T (T4 e T
0 (0 ﬁ) 0
where ®7 = —@ (n — 2 x n — 2 matrix components) and ﬁ,?GR”’Q.
0 (u 7) 0
u 0 - 0 L
) () () oo
0 (0 ﬁ) 0

we obtain
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(3.16)

(3.17)

(3.18)



0 ( 00 ) u(hy —hy)— Wh,T

u(h” +hy)
0 0o 0 ARLT
[wx7 6t] = 6>T 6>T 0 7T(h” + hJ_)
+7T(h” — hJ_)
U (hy +hy)
hy—h fﬁh_)T — ulhy +ha) I - 0
u(hy —hy) L ( e ENEIE
(3.19)
and
0 ( 00 ) Dy(hy+hy)
%
- 0 0 0 Dz(hH —hy)
e (2) (20) ()| e
DIhH ( D:c(_hH +hJ_) D;z:h.J_> ) 0

After we substitute (3.18)—(3.20) into equation (3.5) and using D;e, = 0, the Torsion equation

yields
.>

w = Dy(hy+hi)+ulhy—hy)—wh", (3.21)
_>

w = Dy(hy —hy)+u(hy+hi)+WTh". (3.22)

From (3.21) and (3.22), we get

w = th” + uh” (3.23)

and

—2% = th_I — 7(h” +h)+ 7(—h” +h), (3.24)
W = —%Dzh_j +Thy. (3.25)

From the Curvature equation (3.6), we calculate
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0 (207 u(ﬁf?)fwﬁfﬁe) 0
20T 0 (BT + ) +wd + 7O 0
[we, wa] = ( < «(@-9)" - weT + 0T > <u(w+‘e’)T7mT+@7T z‘e’/gﬁ+ ) : ) < T
0 ( o 0 ) 0
(3.26)
where Q?WT = 2?7 and
AT = B+ 0T W@+ 0)— (@ - )T +AT T+ 0)
— W+ OANT — (T — O)AT = TAT +20AT — WAT.
Also, we get
0 (-2 —A1) 0
_>
—2h | 0 —hy 0
er, ea] = . (3.27)
0 ( 00 ) 0
After we substitute (3.26) and (3.27) into equation (3.6)
0 (ut—DIw ﬁt—Dz(ﬁ—i—? ) 0
ws — Dyw 0 W+ D, (w - ?) 0
@T - D, (E@?)T 2T - D, (W—ﬁ)T 0 0T
0 ( 0T ) 0
+ [wta wx] = —X [eta 63;] ’
therefore
ws = Dyw — 20, +2h, x, (3.28)
T, — D, (B n ?) tu (B _ 7) —wi — TO=xh,, (3.29)
—w+D, (E?—?) _u(m?) Tl + T O=\h,. (3.30)
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D,® =20 AT,

if we add the equation (3.29) to equation (3.30), we get

7t :Dzw—kwﬁ—uﬁ—l—ﬁ@,

and if we subtract the equation (3.29) from equation (3.30), we find
D, 0 =—-uf —xhy,

From the torsion equation, we can find

w = th” + uh”,
1 . —
W= —iDth_ + 7h‘|,

_>
Dzh, =uh, + Uhj,
hence, the curvature equation reduces to
_>
up = Dyw — 200 + 2h X,

ﬁt:DwE?—i—wﬁ—uE?—I—ﬁ@,

Dm? = —u? — Xh_ﬁ,

D,® =20 AT,

(3.31)

(3.32)

(3.33)

(3.34)
(3.35)

(3.36)

(3.37)

(3.38)

(3.39)

(3.40)

Here ® denotes the outer product of pairs of vectors (1 X n row matrices), producing n X n

matrices

AoB=A"H,

A denotes the wedge product of pairs of vectors (1 x n row matrices), producing n X n matrices

ANB =ATB-B"A
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and | denotes multiplication of n x n matrices on vectors (1 X n row matrices),
A (Bed) = (138)2

which is the transpose of the standard matrix product on column vectors,

(Beo )4 =(C-A)B.

Furthermore

1) (Ba2) =4 (Bed-Ce )= (18) - (0B) 1.

_>
In our thesis, we consider y = 0 and 6 = 0 from now, thus SO(n,1)/SO(n — 1,1) is being the

Lorentzian flat space.

Theorem 3.1.1. For all null curve flows,
1) ug, w, satisfy the system (3.37) and (3.23) in terms of hy, of the curve.
%
i) 715, Wzsatisfy the system (3.38) and (3.25) in terms of /v, iy of the curve.
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3.2 Geometric Way to Calculate Flows of Null Curve in Lorentzian Space

In this section we will give the Lorentzian analogue of a Frenet frame for y(x) such that the

tangent vector of v(z) is e with Gauge freedom

)

ey = Aey =&, N(E4,84) = An(eq,eqr) =0

e =Yz 2 €4 =AY =T

— )\696 = 85
= )\)N(’&; - )?/ = %

So e equivalent to re-parameterization.

2) Up to re-parameterization e is unique then we write

€+—>é+:€+
e —e_

€l — €1,

such that

n(e_,ér)=-1n(e_,é-)=n(€r,éy)=n(ér,6-)=0andn(&L,¢é1) = di.

We would like to calculate
D,E = KE,
in terms of the re-parameterization. Here
K=D,HH '+ HKH™
and H = exp(R), R is infinitesimal generator such that
Res = Rey =0,

Ré_ = aeq + bé_ + &,
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Reé;| = ajeq + Bie— + dijejy - (3.47)

We can write that as matrix

€4 O O 0 €4
R e_ = a b J é_ . (3.48)
il a; B ¢ij €51

Now we calculate R operator with respect to the re-parameterization Frenet frame. To get R,

considering (3.45) and using the re-parameterization Frenet conditions (3.42), we obtain

n(é—,Re_)=0
n (é_,ae+ + be_ +Cjéjj_) =0

an (é—,eq) +bn (-, bé_) +cn(é-,&j1) =0

—a=0=a=0, (3.49)
and
n(e— Req) +n(Re—,eq) =0 = n(Re_,eq) =0
(6+,R ) =0
n (ey,aeq + bé_ —|—cjeJL) =0
an (e, eq) +bn (ey,bé-) + ey, é1) =0 (3.50)
—b=0=10=0.

Considering (3.45) and using the re-parameterization Frenet conditions (3.42), we get

(€L, Req) +n(Rej,eqr) =0

)

n(Rei1,eq) =

n (e, aieq + Bié + ¢ijéj1) =
)

ain (e, eq) + Bin(er,é-) + ¢ijn ey, €51) = (3.51)

—pi=0= p; =0.
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and

0=mn(Ré-, &) +n(e—, Ré;1)

0=rn(aes + be_ + CjéjJ_,éiJ_) +n(e—, aieq + Pie— + ¢ij€j1)
0=an(es, &1)+bn(e—,&1)+cn(éL,é1)+

Foun (6-, eq) + Bim (6-,€-) + iy (6-, ;1)

- =0= ¢ = q,. (3.52)
Finally, we get

0=mn(Re.L,61)+n(eL, Rej)

0 =n(aeq + i + dieri,€j1) +n (&1, jeq + Bié_ + djrér1)
0=ayn(et,€1) + Bin(€—, €1) + durn (€x1,€j1) +

ajn (€L eq) + Bin (€L, e-) + ¢jxn (&L, kL)

ij + i = 0= ¢ij = —ji. (3.53)

Thus, we write the operator R as follows

0 0 O
R=]1 0 0 o |€so(nl). (3.54)
a; 0 ¢y

Considering the above equations, H is given in terms of R as follows

R? R"

Now we calculate exp (R) . First of all, we get

0 0 O 0 0 O 0 0 0
RP=| 0 0 o 0 0 & [=] oo 0 g |-
a; 0 ¢y a; 0 @ ¢ijo; 0 ¢ij¢i
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and

0 0 0 0O 0 O 0 0 0
R? = ajozj 0 ozj(bjk 0 0 o = ajd)jkak 0 CYj(lsjk(bf )
dija; 0 i ap 0 o piphak 0 ¢i¢* o

where ¢y, is anti-symmetric, ol ¢jroy, = 0, therefore

0 0 0
R3 = 0 0 oo™ |
dij" o 0 Gy o
then
0 0 0 0O 0 O 0 0 0
R' = 0 0 algueM 00 o™ | =] ad¢lota 0 adgudlom
dij" oy 0 ¢y F o ap 0 oy dij " el 0 Gy Fpyt™

If we continue these calculations, then we get

0 0 O
exp(R)=| A 0 B |, (3.56)
CZ‘ 0 Dij
where
1 : 1 )
A=0+ aajoﬂ +0+ 1 (ozjgiﬂk) (—algblk) +0+... (3.57)

4 1 1 .
B =0+do + jakék]’ + galqﬁlkd)m + ...

1 . 1 .
Ci=0+a; + agbijoﬂ -+ gqﬁi]—qﬁkak + ...

1 . 1
Dij = 6ij + ¢ij + a1 (@'k(ﬁkj) +a (¢z‘k¢kl¢1j> + ...
Here, if we consider
5ij — 17¢ij —)?: —?T,Oéi — Q.

The equations (3.57) are rearranged by
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1 1
Dij—>Q:r:1+g+ig2+§93+...:eé

A3, 1. 15 . 1 1 .

BJ—>B—a+5o@+§o@ +..._a<1+2!¢+3!¢ +...>_af(¢)
N, L1 5, _ (4 1 1 L .
P~ —Oé—i-??a—i‘??a—f'— +§?+§? + ... a—f(é)a

Using of +1 = e

1., 1, . 1, .
A= 53— 5 (pd@) (¢@) + ... = 5 @rr) (ffa)
Also
A(-d,-0) = A(@0) = A=3a"f () F ()" a

where @ is column vector and ¢ is a matrix. We get

1 0 0
f@& 0 T

We can define the Frenet equations for this space. We have

n(ets ey) = %Daﬂ? (e4,e4) =0 —> eqp = pieg +RleiL.

To get e_,, we expand

€_p = ajeq + aze_ + aéeu

with coefficients a1, a2 and n — 2 components vector aé . By using the Frenet conditions (3.42), we

get
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D(e-ares) = Da(e-ye4) =1 (e e40)
= —1 (e, pey + fii@u)
= —Hn (6—7 6+) - Hin (6_, ell)

= H,

and

1
n(e—érve—) = 7Dfr77 (6_,6_) = 07

2
we geta; = —p, ag = 0, aé = 7%, Then we can write
== e_p=—pe_ + el . (3.59)

To obtain e; | .., we expand
€ile = briey + boje_ + bije;

with n — 2 vectors by;, by; and n — 2 x n — 2 skew-symmetric matrix b;; . By applying the Frenet

conditions (3.42), we obtain

n(eilereq) = Dan(ei,eq) —n(eil,eqa)
=0—n(eiL, pes + K'eiL)
= —un (eiL,ex) — K/n (€L, ej1)

= —Hhj,
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and

n(€ila.e—) = Dyn(ej,e—) —n(eil,e—z)
=0—1n (e, —pe_ +7'e;y)
= (eir,e-) — (e, ej1)

= —Ti,

n (eum ejJ.) =" (eu7 ejm) .

thus, we get by; = 7;, ba; = Ky, bjj = 0. We can write
€ily = Tie+ + Kie— + 045€51, Ojj = —0jj. (3.60)

we show K as a matrix

p 0 KT
K=|0 —p 77 |, (3.61)
T K O

w is scalar, K, T are vectors, o is antisymmetric matrix.
Proposition 3.2.1. For the null curve ,

i) H is given by (3.58) in terms of the vector & and the anti-symmetric matrix ¢.

i) K is given by (3.61) in terms of the vectors &, 7, the scalar x and the antisymmetric matrix o.

3.2.1 Gauge Transformation

Frenet frame using gauge transformation is defined by

€+ €+
E=| e |, E=| & |. (3.62)
€l €l
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Therefore, we want the x-derivative of H to have the form DIE‘ - KE ,

1 0 0 1 0 0
H=| A 1 aTf |, H'= A 1 —aTyT |, (3.63)
fa o T —ffa o 17T
0 0 0
D.H = D, A 0 alf+a’'pD.f |, (3.64)
D,fa+ fa, 0 D,T’

and A (c"é, Q) is scalar, f (@) and I (Q) are matrices.

Also H (d,¢) ,H ' = H™ (=&, —¢)

1 0 0 10 0
HH'=| 4 1 a'f A 1 —alyT
fa 0o T —ffa o 17T
1 0 0
=| 24-aTfffa 1 —alfr +arfrt |. (3.65)
fa—-rffa o I

From the above equations, considering 24 — @’ ffTa = 0,T7 =T and I'T? = 1, we get

(F=TiT)a=(f-e?f")a
=(f-(+of)f1)a
=(f=r"-offha (3.66)
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we obtain

1

1
ffT:1—5g+§g2+...

1 1

T2y

&+ ...
L

1 2
:1+§? + ...

and

So we can find

(f=Tff)a=(f-f"+offf)a=o

therefore we can easily show

100
HH'=101 0 |,

0 0 1
pw 0 kKT
D‘TE‘:I(E‘7 K = 0 —u TT
T R g

where o is scalar, x, T are vectors, ¢ is matrix.

Now we calculate the above equation by using equations (3.63) and (3.64), we find
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(3.67)

(3.68)

(3.69)

(3.70)



0 0 0 1 0 0

D,HH ' = D, A 0 al'f+a’D,f A1 =alyT
D.fa+ fa, 0 D,T —ffa o 17T
0 0 0
=| D,A- (@Lf+a"D.f) ffa o (alf+a'D.f)rt |, (3.71)
D.fa+ fa, — D,I'fTa 0 D, ITT
we obtain
u—rlffa 0 KTTT
HKH-! — Ap+aT fr+ (—,u—i—éZTf/f)A i dT e — (—/L—&—d’Tf/i) arfr
- (AKT+TT+&TfU) fra + (AHT—I—TT—I—&TfU) rr
fau+Tr+TrA— (fO_ZKT+FO') fra T'r —TI'ra® fT 4 (f&’mT+FU) rr

(3.72)

here f7 is a column vector and @’ f is a row vector.

Considering (&TfT)T = a’ fr, Taking (a” f) . (d’Tf)T = ((SZTf)2 ,alsosince (a” f) o (&Tf)T

is anti symmetric, that is,

(&Tf) = ( a; az ) ( on ) ( a1 as ) = —asbia; + aibias = 0.

—b; 0
We find
Q(A_yaﬂﬁzihCﬁﬂgﬁﬂT_wW%ﬁWf>:a
we obtain

= D, (fd) — Dy (Tf7d)

=D, (fa-Tf"a)

=D, (7 ~Tf7) ).

=Dy ((f = f" = off") d) = Dz (0) = 0. (3.73)

39



And

57 =D, IT — far’TT + Tra” fT + 1o’ TT
5+6° =D, ITT +TD,I'T 40

=D, (I't") =D, (IT™") = D, (I) = 0. (3.74)

Then we obtain the Cartan matrix which has gauge freedom given by x-dependent SO(n, 1)

rotations and boosts,

p—rTfTa 0 o
K 0 —pu+al fr (Do (@7 f)TT)T 4 p@™ 7 — a7 fra® 7
t + (AT + 7T + &7 fo) TT
) — Ta = — farl T 5
e e I D, TTT —Tra® fT + (far” +To) TT
+ ATk +T7r —TofTa
(3.75)
We can write
S ey
) e | (3.76)
Cil €l
x
rearranging (3.76) such that
€4 ﬁ O ET ey
o R | B (3.77)
€l e Gl

T

where 11 is scalar, ¥ and T are vectors and ¢ is antisymmetric matrix.

Lemma 3.2.1. The Frenet frame of null curve in terms of re-parameterization is given by equation

(3.77), where K satisfies equation (3.75).

Now we show that our gauge transformation, what we used, is true. Firstly, we find ég,, €1, and

€1, by considering

H (éJr’é*) = _1?/‘1’ (é:tyé:t) =0 (3.78)
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€0 = A (é4 + é_), timelike

1
€0,60) =N (=2)= 222 = —1=> = —.
M(o 0) ( ) \/5
€1 =MX(éy —é_), spacelike
1
é1,61)==-N(-2) =22 =1= )= —.
M(l 1) ( ) \/5

Then, we can write

€0 €0

€1 =K €1

€l €l
xr

To calculate K , we find éq,., €1, and é; | ;.

To get €y, we take the z-derivative of €y = A (€4 + €_ )by using (3.78) which yields

Cox = A (E4o +E—5) =\ (péy + i1 el —jie_ +77¢))
=A(f(er —é-)+ (&7 +77)éL)

=1+ E+)TEL.
To obtain €, we differentiate €, = X\ (6. — €_) in terms of the x by using (3.78) which yields

Gy = A(Ery — E-y) = A (B84 + RTEL — (—e- +77¢L))

=My +e-)+ (RT—7")eL)

=fieo + AR —7)"éL.

T, r
ey = ﬁ (60 +€1), e_ = 5 (60 — 61) . (3.79)

To obtain (€; | ),, by using (3.78) which yields

(€i1), = % (éo+é1)+ % (6o —€1) + e,
— LG et (F-R) e+
—2>\KJ T) € 2)\7' R)é1+a0€é].
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Then we can write

€0 0 il AREA+T) €0
a | = ji 0 AE-D"T || & |, (3-:80)
&l i 5 (R+7) 55 (F—F) & €l

we can calculate

0 i AR+ 7)T 0 i A+ 7)"
trk? = tr i 0 ArR—7)T fi 0 A —7)"
55 (R+7) 5 (F—FR) & w (B+T) 55 (F—F) &

=22+ (R+7)T (R4 7) + tr (55).

taking tr (k77) = k17

0 i AR 0 i hEEDT
tr (KK") = tr i 0 A -7 i 0 HE-R
L(E+7) & (F—#) & AME+T) A(FR-7) ot
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= 22 4 A2 [(fe+%)T(%+%)+(/%—%)T(f-;—%)]
S [4;2 (F+AGE+HT+GF-R) (F-B)") + &&]

1

1> R+ (R+7)+ <>\24/\2> (R =7 (R —7) +tr (55).

= 202+ <)\2+4/\2

3.2.2 Gauge Choices

We will show whether our choose is true or not. To show that we use three ways as follows,

)

5=0=D,ITT —Tra" fT + (Tra” f7)" +ToTTT

= D, I —Tral fT + Tra” fIT + To, (3.81)
where ' =1+ ¢f, I'" = —T', so we can solve this equations.
2)
F=0=rl'= k=0, (3.82)

so it is a contradiction, thus we can not use this choose.
2')
1
F=0= fd, + (Duf — D, OfT —Tof" + pf)a+ 5 (@Tff7a@) Tk — (@' fr) fa+ T, (3.83)

here f~! is given by

0=3d,+f ' (Dof = D, TfT —Tofl + pf)a+ % (@"ffra) f'Tk — (@' fr) @+ f'Tr

(3.84)

We can solve this equation. Then our gauge choose is true.
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4 GEOMETRIC FLOWS of NULL CURVE by USING ALGEBRAIC WAY in LORENTZIAN
SPACE

In this section, we find the flow for null curves by using different ways. In subsection 4.1, we
consider scaling and higher symmetry to find the Burger’s flows. The rest of this section, we use the

gauge transformation to find the Gradient, the Airy and the Hamiltonian flows.

4.1 Burger’s Flows

— —
If we consider h = wand h = 27 or h, = —27 in (3.34)-(3.38) we will find two kinds
of Burger’s equations by using scaling z — Az, v — A~ and U — N1, higher symmetry as
follows

i) For b, = 27,

Ut = Upy + 2UlUy, “4.1)

U= —Uge + 20l g+ 2us U, (4.2)
ii) For h| = —27,

Up = Upr + 20Uy, 4.3)

Ut = U gy + 2, 4.4)
where Burger’s Recursion operator
R:Dm—l—u—l—uID;l.

If we make the gauge transformation as follows

u=U,,w=U v=2¢Y

. . 4.5)
U = eUUI s ¥ =lU

and using (3.38) we obtain

Dt (G_Uﬁ) = €_U <7t — Utﬁ) .



By taking into the above equation account, we write

D, (e_UW) = e Y (@, — U,w).

Then, we can determine
e VU = [j'x, e U = (jt.
Now, we can rearrange (3.34) and (3.35) equations in terms of w, W and U ) U as follows

w = Dyhy+Ushy = e (e"hy),

1
W = _iDmh.I + h”eU@),
then (3.37) and (3.38) seem like
Uy = Dth + Uzh” = eiUDm (eUhH) 4.6)

- 1 = — —
U = =5 Dy i + hyeUs. 4.7)

Hence, we get the following equation using (4.6)

()¢ = Du (¢"Ry) 48)
Also, we write

(eUﬁ)t = eUﬁt + ﬁeUUt.

If we substitute (4.6) and (4.7) into the above equation, then we get

(VD) =D (—éhj’) +("m0) (4.9)

(09), = u (-5 + (<0, ) @.10)
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Lastly, u and U vectors are given in terms of v, o and U, \ U as follows:

U=Inv, ﬁ:e*Uﬁzz

v . 4.11)
u:(lnv)x:%r 7-1}(?) :796—%7

4.2 Gradient flows

In this subsection, we present the Gradient flows for the components v, ¥ which obtained the

Gauge transformation (4.11) and the natural components u, i, respectively.

i) Gradient flows of the components v and v/

Considering
oH oH
s 9T 4.12
Ut S , Ut 5T ; ( )
where
1 1
H:§ﬁ+§ﬁ. (4.13)

Also, we can determine

— 1 h
By = _§hf + g (4.14)
v

h” = UhH,
.)
where by =wand h; = —27.

Then, substituting (4.14) into (4.8) and (4.10) , we obtain the evolution equations as follows

v h Vo
=D, | b= "], (4.15)
’l_f hj_ ﬁxm

where D, is the Recursion operator.
Now, we will show these equations are the gradient equations in terms of v, ¥ components.

To this end, we can write
Dt/qu;:/DtHdm (4.16)
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and

DiH = Hyv, + Hy, vy, +

+ Hp. Uy + Hyy Upr +

5H 0H
= + U — 55

v + Dy(.).

If we substitute the above equation into (4.16), we obtain

H H
Dy / Hdx = / < 0 +vt5 >dx mod boundary terms.

Yov ov

Substituting (4.12) into (4.17), we obtain

Dt/de——/<(f5) +(‘i£)>d:p<o

— | Hd )
:>dt/ r <0

If H> 0, then [ Hdx < 0= H — 0. Thus we find the gradient flow.

i1) Gradient flows of the components v and @

We find the Gradient flows in terms of natural components u, u. To this end, we can write

or =21 5u+?57

where du and 0 are given by the following equations
ou ou
du="ov ——D, 0
(51} ( ov *Ovy ) v

(e ()

Taking

D, <1> ov = —le(Sv,
v v
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(4.17)

(4.18)

(4.19)



we obtain

z 1
ou = 1D;,;(SU - U—Q(Sv = Dx(=0v),
v v v

57 = @5 + @5* <—”””77— D, (15» v — “255 + Dy,
v

ov
5 = D07 — fD SuT + % suis — 265,
v

= D, 67 — Dx(fév)ﬁ— Y 53,
v v

If we substitute (4.20) and (4.21) into (4.18) to obtain

0H 1 1
0H = 5 ( Dy ov — (5 )+ ?(D 0v — ( 51})1} - —51})
vy OH 10H v$_, 0H 0H
:‘W‘ﬁﬂ‘%(v ) T Dal )
. 6H Vg 5H
5H 1 6H 6H vy OH

Then, from (4.22), we get

oH 1 oH 1 LO0H
S0 =~ 0P 5e TP 5m)
0H _ . 6H v 0H

st %Sd wod

From (4.11) and (4.12), u; is defined by

w=(3), =5 -5 = (),
()
v ov

Substituting (4.23) into (4.25), we get

1 /1 _6H 1.  _6H
ut = Da ( (ﬂrau - UDf@ﬁ))) >
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(4.20)

4.21)

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)



and by using (4.11) and (4.12), 715 is defined by

7 o UV \ - (% o
t=Vtx— |\ — ) U—|\—) 1,
v v/t

H [ 0H
_p, (Y e (L0HY s 4.27)
ov v Ov

substituting (4.24) into (4.27), we obtain

0H v, OH v 0H v, 0H
_ 2 T A _ T a7
7t—Dz?+DI<vﬁ>+v< Da o ﬁ) e,

(2, ()

O (1Y o (1,88 1, o3HAY,

xrx

In the light of these above equations, ¢, 1y can be determined

w OH
— _D*D ou , (4.29)
@ o1t
¢ o
where
Dy Do
D3 Dy 7
* * T * *
D — Dy Ds _ Dy D3
D3 Dj D; Dj
DI¥Dy+ DiDs Di¥Ds + DiD
DD — 171 3473 12 3474

D3Dy + DjDs D3Ds+ DiDy

and D is a scalar, Dy and D3 are vectors and Dy is a matrix or scalar. If D is calculated, then we
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find

1 1 =

0 1D

D:

From the Gradient flow condition

H H
i / Hdx = / uta— + ﬁtéﬁ dx mod. boundary terms,
dt ou ou

if we consider

H H
Uy = f’D*D(s— and @; = fD*D(S—_,
ou ou

in (4.31) equation, then we get

d L OH\ 0H L OH\ 6H
H 0H oH H
- —/ ((Dau> (Dau) * (Dm> (%>) i

d
— | Hd
dt/ r <0,

so these equations become the gradient equations.

4.3 Airy Flows

If we consider

B 0H B 5D 0H .
U = x S = V3, UVt = T 5T = V3g,
where

1 1
H = §U§ + 51_12,

then (4.33) yield
0H
v o

= Dz (é}_}[ )

i _ot
t ov
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(4.30)

(4.31)

(4.32)

(4.33)

(4.34)



which are the Airy equations. Here

4.4 Hamiltonian Flows

‘We consider

0H
u o
| =H B | (4.35)
u [—
t o
where

Hi Ho
Hz Hy

and H; is a scalar, H9 and H3 are vectors and H4 is a matrix or scalar. From (4.33), H is given by

H = D3+ (22~ 3%) Dot L M= (436)
—UDw%DE%Dx . Iv y v _‘U 1 zl )
(%), = % (%), + TDsy Day Da(7))

where we can easily show that H is the anti-self adjoint, hence we can say that H is the Hamiltonian

operator.
To find H, substituting (4.23), (4.24) and (4.33) into (4.11), respectively, we find
s (vl) _ (vt)x Ul (4.37)
t vV /x 1)2 ’
2 v
i )
v
1 1 oH
= D, -D,— Dx U. 4.4
(v <v (#57))) an
1 0H
= DI Dm Dx —D,- Dfox U. 441
5 v ( ﬁ) 44D
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and

7 S (% o U
t = Utz — | — tv—*?}t

0H Uz 0H
- Dx T Dx - 7]
(-ori7) - (o) o
(5H v 5H v 5H U (5H
_ 2 e Yz Uz o _
5H v 0H v 0H
= D, (D? = =D —
( I?+(u)mﬁ+u wﬁ)

<ﬁ<>ﬁﬁ>

- ?( Dt () )
+(DeaDaips (3 %)) <D Ip, D%)
then we write
D,iD, 1D, ~D,1D,1D,(7)

MW= D3+(2m—3ﬁ)D+
—#D,1D,1D, : o)

Also, we can easily show that H* = —H.
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5 CONCLUSIONS

The research was motivated by issues related to geometric curve flows of non-stretching null
curve in SO(n,1)/SO(n — 1,1). There are several aims for future research related to the work pre-
sented in this dissertation. One of them is to show what kind of flows do we have in SU (n, 1)/SO(n, 1)
by using gauge transformation and considering scaling and higher symmetry. Another one is to im-

prove our studies about geometric curve flows in Lorentzian space.
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