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SUMMARY

In the first part of this thesis is consisting of five chapters, some basic concepts related to
the subject are given.

In the second part, deferred statistical convergence and strong deferred Cesaro
convergence are investigated and the relations between deferred statistical convergence and
strong deferred Cesaro convergence are given.

In the third part, statistical convergence of order a and strong Cesaro convergence of
order o are examined and the relations between these concepts are given.

In the fourth part statistical boundedness of order a was defined and the relations
between statistical boundedness of order a. and statistical boundedness are given.

In the last part deferred statistical convergence of order a. and strong deferred Cesaro
convergence of order a. were defined and the relations between these concepts are given.



OZET

a. Dereceden Deferred Istatistiksel Yakinsakhk

Bes boliimden olusan bu tezin ilk boliimiinde konuya iliskin bazi temel kavramlar
verilmistir.

Ikinci boliimde deferred istatistiksel yakinsaklik ve kuvvetli deferred Cesaro
yakinsaklik incelenmis ve bu kavramlar arasindaki iliski verilmistir.

Ucgiincii boliimde o. dereceden istatistiksel yakinsaklik ve a. dereceden Cesaro
yakinsaklik incelenmis ve bu kavramlar arasindaki iliski verilmistir.

Dordiincti boliimde a. dereceden istatistiksel sinirlilik tanimlanmis ve o. dereceden
istatistiksel sinirlilik ile istatistiksel sinirlilik arasindaki iligki verilmistir.

Son boliimde o. dereceden deferred istatistiksel yakinsaklik ve a. dereceden kuvvetli
deferred Cesaro yakinsaklik tanimlanmis ve bu kavramlar arasindaki iliski verilmistir.
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1. INTRODUCTION, DEFINITIONS AND PRELIMINARIES

The idea of statistical convergence was given by Zygmund [1] in the first edition of his
monograph published in Warsaw in 1935 and was firstly considered as a summability method
by Schoenberg [2] in 1959 despite the fact that it made its initial appearance in a short note
by Fast [3] and Steinhaus [4] in 1951. Along with the theory of summability it has played an
important role in Fourier analysis, Ergodic theory, Number theory, Measure theory,
Trigonometric series, Turnpike theory and Banach spaces thanks to many distinguished
authors' contributions. For instance, the concept appeared to have been an example of
convergence in density introduced by Buck [5] in 1953. Salat [6] also showed that the set of
bounded statistical convergent real valued sequences is a closed subspace of bounded
sequences in 1980. After that Fridy [7] introduced the concept of statistically Cauchiness of
sequences and proved that it is equivalent to statistical convergence. More importantly he
proved that there is no any matrix summability method which involves statistical convergence
in the same paper in 1985. Another magnificent development was presented to the literature
by Connor [8] in 1988. For the first time in the literature his work confirmed the direct link
between statistical convergence and strong p-Cesaro summability by unveiling that the
notions are equivalent for bounded sequences. Beside he showed that the set of statistically
convergent sequences does not generate a locally convex FK space.

Recently, generalizations of statistical convergence have started to arise in many
articles by several authors. Mursaleen [9] gave the concept of A-statistical convergence in
2000, while Savas [10] examined the relationship between strong almost convergence and
almost A-statistical convergence in the same year. Et and Nuray [11] firstly associated the
difference sequences of order m and statistical convergence by introducing A™-statistical
convergence. Afterwards Colak [12] made a new approach to the concept by studying the
idea of statistical convergence of order a ,where 0 < a < 1, in 2010. Nowadays statistical
convergence have been studied by many mathematicians such as Bhardwaj et al. [13-14],
Colak [15], Colak and Bektas [16], Connor [17], Fridy [18], Fridy and Orhan ([19],[20]), Et
et al. ([21-24]), Gadjiev and Orhan [25], Isik ([26-27]), Mursaleen et al. ([28-30]), Savas
[31-33], Rath and Tripathy [34], Temizsu et al. [35] and many others.



In 1932 Agnew [36] presented the deffered Cesaro mean by modifying Cesaro mean
to obtain more useful metods including stronger features which do not belong to nearly all
methods. Kii¢iikaslan and Yilmaztiirk [37-38] came up with the idea of combining the
deferred Cesaro mean and the concept of statistical convergence. This gave them the
opportunity to generalise both strong p-Cesaro summability and statistical convergence with

the sense of deferred Cesaro mean.

Let K c N, the natural density of Kdefined by
1
6(K) = _lim;l{/ <i:jEK} .
1—>00
A sequence x is called to be statistically convergent to o if for each ¢ > 0,

S{ieN:|x;—0|>e€})=0.

In this situation, we write st — lim;x;= o. The set of all statistically convergent sequences

will be denoted by S.

In 1932, Agnew [36] defined deferred Cesaro mean of sequences of real numbers such as:

(Dx); =—— %5, x; (1.1)

si—t; ti+1
where (t; ) and (s; ) are two sequences of non-negative integers satisfying
t; <s; and lim;_,q 5; = +00. (1.2)

Let K € Nand, set K(i) = {j:t; <j <s;, j € K}.We can define the deferred a-density of
K defined by

§%(K) = limj_o —— |K())|, for0<a <1, (1.3)

(si—t)«



where the vertical bars show the cardinality of the set K. We can define upper a-deferred

asymptotic density of K defined by

_ 1
a = i _— /
6% (K) = llgn sup G )" |K(1)].

It is clear that

i) If 6% (K) is exists then § (K) = §“ (K),

i) If §%(K) # 0then §*(K) = 0,

iii) If K < M, then §%(K) < §* (M),

iv) The deferred a —density with coincides a —density of K, if s; = i,t; = 0,
V) Let @, B € (0,1], then 8 (K) < 6% (K),

The sequence x is called to be A-statistically convergent or S;-convergent to ¢ if for

eache >0
1
lim—|{j € L:|xj— 0| > €}| =0,
i»o0 A;

while I; = [i —A; + 1,i]and A;;1 < A; + 1,4, = 1. By Aand S, , we will denote the set of

all such sequences (4;) and the set of all A-statistically convergent sequences, respectively.

In 2010, Colak [12] defined a new type statistical convergence by specifying the a-
density 6,(K), (0 < a < 1) of asubset K of N as:

1
8 (K) = lim | < i2] € K},

Let a« € (0,1]. A sequence x is said to be statistically convergent of order « if the

following equality is satisfied

limi|{j <i |xj —a| = £}| =0.

j—oo %



For the set of all statistically convergent sequences of order a, we shall write S¢ and

we shall write S§ instead of S%, when ¢ =0.

It’s clear c € S for every 0 < a < 1. For a > 1, statistical convergence of order o

isn’t well defined. Really let x be the following sequence:

Xj = {é j N ;i =123, ..
Then, both
1im%|{j <i|x, -1 =€} < lim%= 0
>0 =00 2
and

R ST o
fim U = irly| = &} < Jim 52z = 0

fora > 1. So S*-limx; = 1 and S*-lim x; = 0. But this is not possible.

In 2011, Colak and Bektas [16] defined the concept of A-statistical convergence of order

a, such as:

A sequence x is called to be A-statistically convergent of order a to o, if the following

equality is satisfied:

lli_)rg%“j €l;:|x—a| >¢}| =0,

where [; =[i—A;+1,i] and0 < a < 1. We will write S, for the set of all sequences

which are A statistically convergent of order a.

Let x be any sequence space, them

1) X'is normal, if y = (y;) € Xi, when |y;| < |x;|, i = 1, for some x € X,

2) X is monotone as long as it has the canonical preimages of all its stepspaces,

3) Xis sequence algebra if xy = (x;y;) € X whenever x, y € X,
4



4) Symmetric if (x;) € X implies (x,;)) € X when m is a permutation on N.

Let X be any sequence space and define

)

X* = {a = (a;): ZIaiin < ooforallx = (x;) €X
i

X8 = {a = (a;): Z a;x; is convergent for all x = (x;) € X},
K

then X% and X? are called a- and B-duals of X respectively. Obviously ¢ c X% c

XB, where ¢ is the space of finitely non-zero scalar sequences.As well if X c Y, then

Y, c X, for n=aor B. For every sequence space X, we denote (x9)" by X7 where

6,n = aorB.ltisclear that X ¢ X" wheren = a or S.
Definition 1. 1 [37,38] Let (t; ) and (s;) be two sequences of non-negative integers satisfying

t; <s; and lim s; = +oo.

i—o0

The sequence x = (x;) is called to be deferred statistically convergent, if for all ¢ > 0,

lim
inoos; — L

[:iti<j<siu|x—o| =€} =0,
holds and we shall denote it by

limx; =0 (Sy ).
i—>o0o

If {L} is bounded, then S; is called properly deferred.

a) The deferred statistical convergence coincides with the statistical convergence, if

s; =1 and t; = 0, for each i.



b) If wetake s; = k; and t; = k;_, (for every lacunary sequence of non-negative integers
withk; — k;_; > coasi — o), and so Definition 1.1 is being turned to lacunary

statistical convergence,

c) If we considers; =i andt; =i—4;, where (4;) is non-decreasing sequence of
natural numbers such that A; = 1 and 4;,; £ A;+1, then Definition 1.1 is reduced A—

statistical convergence of sequences.

Definition 1.2 [13] Let A =(1;) € Aand 0 < « < 1. The sequence (x;) is said to be i-

statistically bounded of order a if there exists C > 0 such that

1
lim -2 | € Ii:|x;| > c}| =0,
2
where [; =[i—A;+1,iland A;,; < A;+ 1,4, = 1. For the set of every A-statistically
bounded sequences of order a, we shall write S5 (b). In case a = 1, we obtain the set S;(b),
the set of all A-statistically bounded sequences, in the case A;= i we obtain the set S (b) , the
set of all statistically bounded sequences of order a and also in the case a =1, 1;= i we

obtain the set S(b) , the set of all statistically bounded sequences.

For the spaces of all sequences bounded, convergent and null sequences x = (xy)
with complex terms, we shall write £, c and c, , respectively. These spaces are known as
linear spaces of bounded, convergent and zero sequences and each one of these space is
Banach space by the normy ||x||. = supy|x|, where k € N = {1,2,3, ... }, the set of positive

integers.

Definition 1.3 [8] The sequence x = (x;) is called to be strongly Cesaro summable to a
number o if limi% t—1|xj —o| = 0. The set of strongly Cesaro summable sequences is

indicated by [C;] and defined as:



i
1
[Ci] ={x = (x): liim72|xj - G| =0, for some c}.
j=1

Definition 1.4 [12] If x = (x;) is a sequence such that x satisfies property P(i) for all i
except a set of o — density zero, then we say that x; satisfies P(i) for “almost all k

according to @ “ and we abbreviate this by “a. a. k(a)”.

Definition 1.5 [12] Let a be any real number such that0 < @ <1 and p > 0. A sequence
x = (x;) is called to be strongly p—Cesaro summable of order a, if there is a complex number

o such that

p

limi_,ooiia23-=1|xj — a| = 0.

We will use wy' for the sequences which are strong p—cesaro summable of order a.

Definition 1.6 [38] A sequence x = (x;) is called to be strongly deferred p-Cesaro

summable, if there is a complex number ¢ such that

tim 2= 2%, Jx — ol = 0

i»oo Si—t;

then we write

lim x; =0'(Dd)0r xj—>a(Dd).
j—ooo



2. DEFERRED STATISTICAL CONVERGENCE

In the present part, we will give some relations between strong deferred Cesaro
summability and deferred statistical convergence . It is going to show these two methods

which are equivalent only for bounded sequences.
Theorem 2.1 [36] If x; » o (Dy ), then x; > o (S, ).

Proof. Letx; - o (Dy ) and & > 0 be given, then

Si

— > fy—l
i .'X'j — 0
Si tl j=ti+1
1
+ E ||xj—0|2 si—14, E |xj—a|

j= t+1 j=t;+1 LS+
|xj—o|=ze |xj—o|<e |xj—o|=e

1 . .
=€ |{]:ti<]Ssi,|xj—a|28}|=0,

and so we have the following equality

lim
i s; —t;

|{j:ti <] < Si'lxj —O'l > S}l = 0.
Corollary 2.2 [37] If x; > o ,then x; > o (S, ).
Remark 2.3 [37] The converse of Corollary 2 .2 and Theorem 2.1aren’t true, in general.

To show this, we choose a sequence x = (x;) defined by

x—{]' [1Vsill =t <j < [|Ysil], i=123,.

0 otherwise,



where (s; ) IS a monotone increasing sequence and [, # 0 is an arbitrary fixed natural
number.

Now we consider a sequence (t; ) satisfying the following condition
o<t <[Vl -t
then for any € > 0 we can write

Lo
B S;i—t;

lim

i—>oo Si

-0,

1
—tl- |{j:ti<jSSi |x]—0|2£}|

i.e., x; = 0 (S;) and on the other hand we have the following inequality

: |
si— ] ti+1 25

_Ol lo(|\/_| lo)

, 1 > o0

S0 x = (x;) is not D; convergent to zero. It’s clear the sequence doesn’t converge to zero in
usual case.

Theorem 2.4 [37] If x € [, and x; = o (Sy) then x; = o (Dy).

Proof. Suppose that x € I, and x; = o (S;) . Then there exists a positive real number C
such that |x; — a| < C holds for all n.

So, the inequality

Si — tl - t
j=ti+1 j= t+1 j=ti+1
|xi—o|ze |xi—ol<e /
Si Si \
1
< C 1 +¢ 1

A\
a

— iti <j < sulxy— o] 2 ¢}
l

+&

|{] t; <]<sl,|x] a|<e}| ,

Si—t;



is hold. From the limit relation that we get

Si

1
lim Z lx; — o| =0.

lim
j=t;j+1

So, we completed the proof.

In the following theorems, we compare statistical convergence and deferred statistical
convergence under several restrictions on (s;) or (¢t; ).

t

Theorem 2.5 [37] If the sequence { } is bounded, then x; — o (S) implies

Simtidjen
xi = 0 (Sy) .
Proof. Let x; = o (S), then the relation
ilil?oli [j:0<j<il|xj—o|=¢}|=0
holds for all € > 0. Then the sequence

{|{j: 0<j<syl|xj—oa|= s}|}

Si
is convergent to 0. So the relation
iti<j<sy|xj—o|=e}c{ii0<j<s,|x—o| = ¢}
holds and also the inequality
[:ti <j<si|xj—o|=e}| <|{j:0<j <si|x— | = €}
holds. From the last inequality we have

1
Si_ti

|{j: t;<j<s, |xj - a| > £}|

t; 1, ]
S(1+Si_lti>.s—i|{]:0 <j<s,lxj—o| =€}

and form the limit relation we gain
x; = a(Sy).

So, desired result is obtained.

10



Corollary 2.6 [37] Let (s;) be an arbitrary sequence with s; < i for all i € N and {sit}
L "7 jeN

be a bounded sequence. Then x; — o (S) implies x; = a(S,).

Si—t;

Remark 2.7 [37] The converse of Theorem 2.5 isn’t true even if {Lt} IS bounded.
ieN

Example 2.8 [37] Let us consider t; = 2i,s; = 4i,i € Nand define a sequence x =
(x;) by

i+1

, lisodd,

i
_E' i is even.

It is clear that x; - 0(D,;) and from Theorem 2.1 we get x; = 0(S,), but

1
lim — [j:0<j<i|xj—0|=¢}|#0

Remark 2.9 [37] Two properly deferred statistically convergent method shouldn’t include
any other. Let

_{j+1, i=2j+1,
T, =2

It is clear that x; - 0(Sy ), for t; =2i,s; =4i, but x —>% (S4), for t;=2i—-1,
s;=4i—1, foralli eN.

Theorem 2.10 [37] Lets; = i foralli € N. Then, x; = 0(Sy) if and only if x; = o (S)
Proof.(=) Let us assume that x; - a(S,;). Then forany i € N,
ti=iV>t0 =i®>te=i® >,

and we may write the set {j < i: |x; — o| = ¢} as

j<ilg—o|lzel={<i®|xj—0g|zfu{iP<j<ii|x;—0o| ¢},
theset {1 <j<i®: |x;—o| = ¢}as

{1<j<i®: |x;—0o| = ¢}
={j<i@:|xj—0a| 2 u{i®<j<i®:|x; - 0| = ¢},

11



theset{j < i@ : |x; —o| > ¢} as
(<i®:|x—a|2e}={f<i® g —o] 2 U{i® <j < i®: |5, — o] 2 &},
and if this process is continued we achieve
{j<i®V: |x;—0o| = ¢}
= <i®x—o| 2 u{i® <j<j¥ D |x;—g| > e}

For a certain positive integer [ > 0 depending on i such thati®® > 1 and i“*V = 0. From
the above discussion, the relation

1
?I{iSi: |x; — a| = €}

! i _ o+ 1
- Z —— e Y < < i0: g — o] 2 €]
r=0

Holds for any i. This relation gives that statistical convergence of the sequence (x;) to g is a
linear combination of following sequence

1

e 17 <7< i g — o] 2 &

reN
Let us consider the matrix

() — j(r+1)

b, =47 T=0123..1

0, otherwise,
where i(® = i,

The matrix (b; ) is satisfied the Silverman Toeplitz theorem . So we have

Him %l{fﬁi: |x; —o| = €}| =0
since
mﬂl’“*” <j<i®i|x—a| 2 e} - 0,i > co.

(&) Since s; =i is satisfied (1.2), and so the inverse of the theorem is a simple consequence
of Theorem 2.5.

12



Corollary 2.11 [37] Assume that (s;) consists of all positive integers and so,

x; = a(S,;) impliesx; - a(S) .

Now we compare the different S; methods under the next restriction k; — oo
t;<nr <k;<s;forallieN (2.2)

Theorem 2.12 [37] Let (r;) and (k;) be two sequences of positive natural numbers
satisfying (2.1) such that the sets

{j:ti <eri}and{j:ki <jSSi}
are finite sets for all i € N. Then x; — o (Sy) ) implies x; = a(Sy).

Proof. Let’s consider the sequence x = (x;) such that x; —» a(S;). For an arbitrary ¢ >
0, the equality

{j:ti<szi,|xj—a|Zs}z{j:ti<jgri,|xj—a|2€}
U{j:ri<jSki,|Xj—O'|ZS}U{j:ki<jSSi,|Xj—O'|ZE}

and the inequality

1
Si_til{j:ti <Jj < syl —o| 2 e}

1 _ .
Ski—ri|{]:ti<]sri’ ||x1'_0||2€}|
+ki—1'i|{j:ri<j$ki’ |x; — o] = ¢}
oo Uki<is s Jy—o| 2

are hold.

On taking limits when i — oo, we get

lim
noo s —

Uit <j<sulx—a|zel| =0

This proves our assertion.

13



Theorem 2.13 [37] Let (t;), (r;), (k;), and (s;) be sequences of positive natural numbers
satisfied (2.1) such that

Si_ti

lim =b>0.

imwk; —1;

Then, x; > o(S; ) implise x; > o(S})

Proof. It’s easy to see the inclusion
Jim+1<j<ky,|xj—o|ze}c{iti+1<j<s,|x—0| =€}

and the inequality
imn+1<j<n|y—olzef<{iiti+1<j<s;|xj—0o|=¢}

are true. So, we have

1 . .
ki —r; Uini+1<j<ki |x—o| 2 €]
Si_ti 1 . ]
Ski—n i — Uiti+1<j<si [y —o 2}l

Taking limits as i — oo the desired result is obtained.

14



3. STATISTICAL CONVERGENCE OF ORDER «

In this part we give the concepts of statistical convergence of order a and strong p-Cesaro
summability of order a for sequences of complex or real numbers. Furthermore some
relations between the statistical convergence of order a and strong p-Cesaro summability of

order « are given.

Lemma 3.1 [12] LetE € N. Then, 8§g(E) < 8.(E)if0<a<p <1

Proof. Let 0 < @ < B < 1. Since n* < nf so thatniﬁ < n—lafor eachn € N, we have

1 1

—ﬁl{k <nk €L} <—|{k<n:keE}
n n

From this inequality we have 53 (E) < 6, (E).

From Lemma 3.1 we have that if E has zero a — density for some 0 < a < 1, then it has

zero natural density.

Theorem 3.2 [12] Let 0 < a < 1 and x = (xi) , y = (y;) be sequences of complex number.
a) If S*-lim x;, = x, and c € C, then S*-1lim cx;, = cx,
b) If S*-1lim x;, = x, and S*-lim y,, = y, then S*-lim(x; + y,) = x¢ + V.

Proof. (a) follows from
1 1 €
n_“l{k < nifexg —cxpl 2 €} < n_“|{k < n|xg — xo| = m}|
and that of (b) follows from

1 1 £
— 1 <z 1Gr + i = G + 7o) = e}l < — |{le < i e = xo] 2 5

15



1 €
=2 [t <y = ol = 3}

Note that S* is different from S, defined in [9], in general. If we take 4,, = n® for
0<a<lthenS*cS,.If1, =n*witha =1,thatisAd, =nthenS* =S, =S[9].

c c S% for every 0 < a < 1,but the converse doesn’t hold. For instance the sequence

x = (x;) defined by

1, k=n3
— ) ) .1
X {o, k # n? (3.1)

1 B o
x €S5% fora > p but it isn’t convergent.

Theorem 3.3 [12] Let 0 < a < 1. Then the inclusion S% < S¥ is strict for some a < f.

Proof. If 0 < a < 8 < 1, then
1 1
n_ﬁl{k <nlx,— 1] = ¢} Sn—al{k <n:lx, — 1] = ¢}
for every £ > 0 and this allows that S* < S”. Consider a sequence x defined by

1, k =n?
— ) ) 3.2
Xl {O, k #+ n?. (3.2)

Then x € SP for % <B<1lbutx &S for0<a S% so the inclusion is strict.

Corollary 3.4 [12]

a) S*=SFifandonlyif a = B.
b) S*=Sifandonlyif a = 1.

Theorem 3.5[12] Let 0 < @ < f < 1 and x = (x;,) be a statistically convergent sequence of
order a such that S* — lim x;,, = L. Then there is a subsequence y = (y,) of x = (xj) such

that lim y, = L.

16



Theorem 3.6 [12] Let 0 < a < B andp > 0. Then, wy S wf and the inclusion is strict for

a<p.

Proof. Let x = (x;) € wy'. Then, given aand S suchthat0 < a < < 1and a positive

real number p we may write

n n
1 1
o7 Q= P S ) = 1P
k=1 k=1
and this given that wy < wh

D"

To indicate that the inclusion is strict, consider the sequence x = x; defined in (3.2). It is

easy to see that

n
1 Vn 1
7D e 0P S p=—
k=1 nf—2

Since — > 0asn— oo,thenwf —limx, =0. i.e. x € wf for l<ﬁ < 1, but since
B 2

n
-1 1
T s b

n 2
k=1

Vn-1

na

and

> 0asn—> oo thenx g wy 0 <a < % . This completes the proof.
Corollary 3.7[12] Let0 < a < fand 0 < p < co. Then

a) wg=w) ifandonlyifa =,

b) wi Sw,,ac€ (0,1].

17



Theorem 3.8 [12] Let 0 < aand 0 <p < q < . Then, wy C wy.
Taking @ = 1 in Theorem 3.8 we deduce the following result:

If0<p<qg<oo,thenw; Ccw,.

Theorem 3.9 [12] Let 0 <a < <1land 0 <p < oo, then wt c SP

Proof. Let & > 0, we have
n
lek P > |k < x — P = £} P
k=1
and so that
n
1 14 1 1% 14 1 D 14
FZka—ll Zn—al{kSn: lx, — 1P = €}]. € Zn—ﬁl{kSn: lx, — P = €}]. €
k=1

Hence we get w c SP.

Taking f = a in theorem 3.9, the next result is obtained.

Corollary 3.10[12] Let0 <a <1and 0 <p < oo then wy c S¢

Remark Note that the converse of theorem 3.9 doesn’t hold, in general. The sequence

! k #m3

_F m’
X = \/E

1, k=m3.

is an example for this case. It is clear that x € [, and x € S* for each G <a< 1). First

recall that the inequality

1
$1sa
k=1k

=

[EEN
oo



holds for every positive integer n > 2. Define H,, = {k < n:k # m3,m = 1,2,3, ...} and take

p = 1. Since
n n n n
Dl =Dl = > bl >l
k=1 k=1 ke€H,,1sks<n k¢H,,1<sks<n
n 1 n n 1
— + z 1> 2— >/n
k€Hy,1<sk<n \/E ké&H,,1<ksn k=1 \/F
we have
n n n
1z| P 1Z||>1 1>1\/_ 1
— x|F = — Xk — ) —=>—Vn= T > o0asn - o
na na na na P
k=1 k=1 k=1ﬁ n“ 2

and Sothatxefwr‘,"for0<a<%ifp=1.ThereforexES“—Wg‘for§<a<%ifp=

1.

Corollary 3.11 [12] Let 0 <a <1landp > 0. Then wy c §. The inclusion is strict if

0<a<l.

Proof. The inclusion part of the proof is easy. For strictness consider the sequence x = (xi)
defined in (3.1). Then, clearly S-lim x, =0, i.e.x € Sbutx ¢ w for 0 < a < and p =

1. Indeed it is easy to see that

n n 3
R0 QTS PN (it
nak—l nak—l ne

—>1ifa=§) as n — oo, then x & wy for0<as§andp=1.

3m-1

n@

3m-1
a

n

Since - oo (

Conversely x € S-wy for 0 < a < gand p = 1. This completes the proof.
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4. ON SOME GENERALIZATION OF STATISTICAL BOUNDEDNESS

In this part we introduce the concept of A-statistical bounded of order a and give some
relations between A-statistically bounded sequences of order a and statistically bounded

sequences.
Let's start by giving an example of our results.

A bounded sequence is statistically bounded but, the converse isn’t true, as the next

example shows.
Example 4.1 [13] Define a sequence x = (x;) such as

r {k, if kisasquare;
=10, if k is not a square.

(x;) 1isn’t bounded sequence. However, & ({k: I, | > %}) =0 and so x = (x;) is
statistically bounded.
Proposition 4.2 [13] A convergent sequence is statistically bounded.

Proof. Omitted.

Proposition 4.3 [13] A statistically convergent sequence is statistically bounded, but the

converse does not hold.

Proof. If x = (x;) is statistically convergent to L, then for any £ >0, we can write
S({k:|x — LI >€}) =0. So {k:|xi|>|Ll+e}c{k:|x; —L|>¢€} and |x,| <|L|+

ca.a. k.

Proposition 4.4 [13] If st—limgx= 0 and (y,) € S(b), then (x,y,) converges
statistically to 0.

Theorem 4.5 [13] (x;) € S(b) < there exists a bounded sequence y = (y;) such that

Xy =yra.ak.
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Proof. Let x € S(b) and define a sequence y = (y;) such that

Vi = {xk ifk € A4,
k 0 otherwise.

Theny = (yx) € l, and y, = x; a.a. k.

Conversely, as y = (yi) € l, S0 there exists L = 0such that| y,| < L for all k € N. Let
D = {k € N: x;, # y,}. Clearly §(D) = 0. This gives |x,| < L a.a. k because {k € N: |x;| >
L} c D.

Theorem 4.6 [13] A statistically Cauchy sequence is statistically bounded, but the converse

doesn’t need to be true.

Proof. If x is a statistically Cauchy sequence, then there exists a number N = N(¢&) such that

|x; — xy| < € a.a.k. Hence |x,| < L a.a.k, where = € + |xy| .

The sequence x = (x;) = (—2,2,—2,2,...) € S(b), but isn’t statistically Cauchy.
Theorem 4.7 [13] a) S(b) isn’t symmetric,

b) S(b) Is normal,

c) S(b) Is monotone

d) S(b) Is a sequence algebra.

Proof. Omitted.

Proposition 4.8 [13] S(b)* = S(b)? = ¢.

Proof: To indicate that S(b)* = ¢, it is sufficient to show that S(b)* < ¢ since ¢ C
S(b)“ is obviousl. Let (ai) € S(b)*. Then Yilarxxi| < o forall x = (x;) € S(b). Let
(ay) ¢ ¢, and choose a sequence (k;) such that k; > i® and a;, # 0. Define x = {x;} as

1

— i EN,

)
Xy = ) Ak,

0, otherwise.

21



Then (x,) € S(b) and Yi|axx,| = o, and so (a,) € S(b)*.
Theorem4.9[13] [, cS*(b)for 0<a <1.

Proof. The inclusion part of the proof is easy. For strictness, consider a sequence x =
(x;) defined by

k, k=n?
= ’ ’ k € N 4.1
Xt {o, k #n?, (4.1)

Then (x;) € l,. But limn_)oonia l{k < n:|x| >0}| =0, fora >% and so (xi) € S*(b),
for a > %
Theorem 4.10 [13] Let 0 < a < S < 1 then S%(b) < SB(b), and the inclusion is strict.

Proof. If 0 < a < <1, then
1 1
lim — [{k < n:|x;| > M}| <lim —|{k < n:|x;| > M}|,
n—>oonﬁ n-oo N

and this implies $*(b) = SP(b) this inclusion may be strict for the stricness, consider the

sequence x = (x;) defined by  (4.1), then (xy) € SB(b) for % <[ <1, but (x) &
S¥(b) for0<a <.

Corollary 4.11 [13] Let0 < a < 8 < 1,then a) S*(b) = SP(b) if and only if a = B.

b) [S(D)]* < S(b)

Theorem 4.12[13] ForO0<a <1, S* c S*(b).

Proof. Let (x;) € S%. Then there exists some L € C, such that
1
im —|{k <n:|x, —L| = €}| =0, forevery >0

1
n-on

and so
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.1 .1
r{l_{gon—al{kﬁn: lx| > |L| + €} Sgl_r)glon—al{kSn: |x, — L] = €}|.

Theorem 4.13 [13] Foreach A € A, | ,, < S;(b).

Proof. The inclusion part of the proof is easy. For strict inclusion define a sequence x by

x {k k =n?,
710, k#n?®forkeN

and for A = (n).

Theorem 4.14 [13] LetA,u € A . Then

a) If lim inf,, ., an > 0, then S, (b) € S;(b).

b) If llmn_)oou = 1,then S(b) < 5,(b).

c) If hmn_,Oo = 1,then S(b) = S, (b).

Proof. (a) Letliminf,_, i—z > 0 and (xx) € S,(b).Then
lim i|{k € Lyt |xe] > M}| =0,
n— iy

where [, = [n — u, + 1,n]. Now {k e [ x| > M} o {k € Ly: || > M}

An1

and so |—{k € L x| > M}| |{k € 1,,: |x| > M}| which in turn implies that

lim —I{k € L, |xx| > M}| = 0.

n—-oo

b) Let (x;) € S;(b), then

1 ] 1 ] 1
—{k € Lyt x| > M} = —{k € [, — L |x| > M} +—{k € Lz |x | > M}
Un Un Hn
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<'u_(.un_ln)+ {kEl |xk|>M}|

n TI.

An 1
=(1——)+—|{k€ln: |xx| > M} -0 asn—- o
Hn! Ay

and so (xx) € S, (b)
c) Proof follows from (a) and (b).

Corollary 4.15 [13] LetA = (4,) € A.
a) lim inf,_ %" > 0 impiles S(b) c S;(b),
b) If llmn—>oo = 1,then S;(b) c S(b) and hence S;(b) = S(b).

Theorem 4.16 1, © Sy (b),foreach0 <a <1landl €A

Proof. Omitted.

Theorem 4.17 [13] Let A = (4,,) and u = (u,,) be two sequences in A such that 4,, <

0<a<p=<1

a) If lim inf,o, 2% > 0, then S° (b) c SF(b).
Hp

b) If llmn_)oo /3 = 1,then S5 (b) c Sﬁ(b)

Proof is easy so omitted.

Corollary 4.18[13] LetA€ 'and0 < a < 1.
a) If lim inf.co 2 > 0, then S(b) < S§(b).

b) If lim,,_, o % = 1, then S5 (b) c S(b) and so that S5 (b) = S(b).
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5. DEFERRED STATISTICAL CONVERGENCE OF ORDER «a

In this part we introduce the concepts of deferred statistical convergence sequences of
order « and strong p —deferred Cesaro summability sequences of order a for sequence and
give some relations between deferred statistically convergent sequences of order a and

strongly p —deferred Cesaro summable sequences of order a.
Definition 5.1 Let (¢; ) and (s; ) be two sequences of non-negative integers satisfying
t; <s; and lim;_ s; = +00,

and a € (0,1] be given. The sequence x = (x;) is called to be deferred statistically

convergent of order « to ¢ if, for every € > 0,

. 1 . .
hmi_mm |{] ti <_] < Si, |Xj - O'l > S}l = O, (51)

In that case we write S§ —limx; =0 or x; > o (Sz).The set of all deferred
statistically convergent sequences of order a« have been denoted by S§. If s; =iand¢; =

0,then S§ = S* and also in the special case s; =iandt; =0 anda =1, then S§ = S.

The deferred statistical convergence of order o isn’t well defined for a > 0. For this

let (x;) be defined as:

(1, j=2i
xf_{O, %20 i €N,
Then, both
.1 . .l
}LTOi_al{ti<]SSi:|xj_1|2€}|Sillf?oﬁzo
and
1 , i+
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for a > 1 and s; = 4i,t; = 3i. So x = (x;) is deferred statistically convergent of order a,

both to 1 and 0, it means S§ — limx; = 1 or Sg — lim x; = 0 which is impossible.

Definition 5.2 Let ( t; ) and (s; ) be given as above and a, p > 0. A sequence x = (x;) is

called to be strongly p —deferred Cesaro summable of order « to o if

Si

. 1 P
lim;, o - Zti+1|xj =d

=0 (5.2)

and this is denoted by D — lim x; = o. The set of all strongly p —deferred Cesaro summable

sequences of order @ have been denoted by D§.

Theorem 5.3 Let 0 < a < 1andx = (x;), ¥ = (y;) be sequences of complex numbers.
i) IfS7 —limx; = x and c € R then S — lim cx; = cx,

i) IfS§ —limx; = xand §§ — limy; = y,then §§ — lim(x; + y;) = x +y,

iii) If Df —limx; = x and c € Rthen D7 —limcx; = cx,

iv) If Df —limx; = x and Dg — limy; = y then D7 —lim(x; +y;) = x +y,

Proof. Omitted

Theorem5.4 Leta,f € (0,1](0<a <p <1)thenS§ < Sf and the inclusion is strict.

Proof. The inclusion part of the proof follows from the following inequality:

1 _ _
Gl <issuly—ol =

< 1
(si—t)«

[{j:ti <j<su|xj—o| =€}
To show the inclusion is strict, let us define a sequence by

x.

(1, j=i?
=

0, j£i'
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Thenx € Sf for %<BSl,butx€£ S{j‘foro<a§§,wheresi=3i—1andti=2i—1.
Theorem 5.5 If lim; @ > 0 then S c S%.

Proof . Let S —limx; = L and lim,

(si—t)*
i

> 0. Foragiven e > 0, we have
<il|xj—o|lzela{it<j<s,|x—o|=e}
Therefore

1

1
ﬂ{jSi: |xj—a|2£}|27|{j:ti<szi,|xj—a| 28}'

_(si—t)* 1
i (s«

|{j: ti<j<s;, |xj — a| = £}|

Taking limit as i —» oo and using the fact that limiw > 0, we get S§ —limx;, = o.

Theorem 5.6 Leta,f € (0,1](0 <a<B <1), andp > 0, then D§ < Df and the inclusion
IS strictness.

Proof. The inclusion section of the proof follows from the next inequality:

1 Si p 1 Si 14
G-t Zt;+1|xj o Ul = Gi—t)® t;+1|xj - Ul :

For the converse, let

{1, j=1i?
X'j = i .
0, j#1i
Then

1 < 1 <

4 p
= ()|
— D by —o’ = ——; > I
(Sl t ) ti+1 (Sl t ) ti+1
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fEfER

T (si—t)f

Therefore we have x € Df for % <p <1, but

s
,/Si—,/ti—l 1 p
(si — t)F = (si — t)° tz by = Of = e

it1

Thenx ¢ DJ for0 <a <

N |-

Theorem5.7Let0 < a <1and 0 <n <m < o, then D (m) € D (n).
Proof. Omitted.
Theorem 5.8 Let o, B € (0,1](0 <a < B < 1),and 0 < p < oo, then S% < DF .

Proof. For € > 0, we can write

Si Si Si

Dlhy=ol’= > =o'+ > |g-of
ti+1 t;+1 ti+1
|xj—o|=e |xj—o|<e
Si
= |x]-—0'|p
t;+1
|xj—o|ze

and so



Even if x = (x;) is a bounded sequence, the converse of Theorem 5.8 doesn’t hold. To

indicate this we have to find a sequence that bounded and deferred statistically convergent of
order a but doesn’t need to be strongly p —deferred Cesaro summable of order 5. To show

thislett; = 0 and s; = i forall i € N and x = (x;) be defined as follows

—, jEmM’,
Xj = \/7
3

1, j#m’.

It can be shown that x € [, N D§ for a € (% 1]. First of all, recall that the inequality

§'=1[ > /i is satisfied for i > 2. Define H; = {t; <j < s;:j #m3,m = ... } and take
p = 1. Since
Si i i i
P
Dl =Dyl =Dl + > |l
ti+1 j=1 JEH; J€H;
Z PN Z
JEHL J€H;
we have

Si i
Y el = Y
(Si—ti)“tiﬂ ! 1 !

1 r 1 1
>i—a\ﬁ= 1—>ooasn—>oof0ra€(0,5>.
iz

Sox ¢ DF fora € (0, %) and therefor x € S§ — DJ for a € G%)

The next results are obtained from Theorem 5.4, Theorem 5.5, Theorem 5.7 and Theorem 5.8.
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Corollary 5.9 Let a € (0,1], then;
i) S§ €S, and the inclusion is strict,
i) If lim; == > 0 then § S,

iii) Dw¥[p, q] € Dw, [p, q] and the inclusion is strict,
iv) D € D,
vi) D € S,
vii)D; € S,

Definition 5.10 Let « € (0,1], p > 0 and {u(n)} be an increasing sequence of positive
integers with u(0) = 0. A sequence x = (xj) is called to be strongly (p — C,) —summable of

order a to o (or (p — C) —summable), if

um)

lim — =0
nts (1) D bi=al=0

1

this is denoted by (p — C;¥) — lim x;, = o, where
(umM)*) = ()%, u(2)% un3)% ..., u(m)%, ...). The strongly (p — C) —summability

reduces to the strongly (p — €, ) —summability for a = 1.

Theorem 5.11 Let € (0,1],p > 0, {u(n)} be defined as above and s(n) = u(n),t(n) =

pun—1). If D§ —limx;, = o and so(—Cy) — limx;, = o.

Proof. Suppose that (x;) is strongly p —deferred Cesaro summable of order « to L, and so we

have
" un) n—1 1 u(i+1)
—glP = L
aZ|xk ol —Z O_,Z|xk o
H(n)® 4 L\ p(n) Kot
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p(i+1)

g
ey

@+ 1) —p@)“
p(m)*(pC+ 1) — p@)* .

Il
i
o
=
=
|
q

n-1 . i a#(H—l)
~ (u@+ 1) — pu(d) !
- (n)° GG+ - py
i .u ﬂ(i)'l‘l ‘u 'u
n—1
_ Z ani ( DE);
i=0
where
. + 1 - 7 a
WG+ D —p®F " _ 153 n-1,
ani = ‘u(n)a

0, otherwise.

Since, A= (a,) matrix is regular and lim;,,(DJx); =0 we  get
1

o ¥ x, — a|P = 0. Hence x = (x;) is strongly p — C,, ~summable of order
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CONCLUSION

The concepts of statistical convergence and strongly Cesaro summability of sequence of
complex (or real) numbers have been studied by various mathematicians. In this work we
introduce the concepts of deferred statistically convergent sequences of order a and strong
p—deferred Cesaro summable sequences of order @ and given and some relation between
deferred statistically convergent sequence of order a and strong p—deferred Cesaro summable

sequence of order a.
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