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SUMMARY

Applications of the sine-Gordon Expansion Method to the some nonlinear partial

differential equations
This thesis consists six sections including the references.

In the first and second sections introduction and some fundamental definitions and theorems
which are necessary in this study.

In third section, we present facts of the sine-Gordon Expansion Method.

In fourth, we apply the sine-Gordon Expansion Method to some know nonlinear solution
equations, namely; (2+1)-dimensional Zakharov-Kuznetsov equation, Modified Benjamin-
Bona-Mahony (mBBM) equation, Equal Width Wave equation, Modified Korteweg—de
Vries (mKdV) equation. We obtain new solitary wave solution to the above mentioned
models in form of hyperbolic function and trigonometric function solutions. All the
computation in this study is carried out with Wolfram Mathematica 9.

We verify all the obtained solutions and they indeed all satisfied their corresponding
equations, we also plot the two-dimensional and three-dimensional graphics, all with help

of Wolfram Mathematica 9.

Finally, in the fifth section the detailed conclusion about the results obtained by sine-Gordon
Expansion Method has been given.



OZET

Sine-Gordon Expantion metodunun bazi lineer olmayan kismi differansiyel denklemlere

uygulamasi

Bu ¢alisma dort boliimden olusmaktadir.

[k bsliimde, bu tezde kullanilan bazi temel tanim ve teoremler sunulmustur.

Ikinci boliimde, Sine-Gordon Expansion metodunun genel dzellikleri agiklanmistir.
Uciinci bélimde,  (2+1) boyutlu Zakharov-Kuznetsov denklemine, Benjamin—Bona—
Mahony (BBM) denklemine, Equal width wave denklemine, modified Korteweg—de Vries
(mKdV) denklemine Sine-Gordon Expansion metodu uygulanarak hiperbolik fonksiyon
coziimleri, salinimli dalga ¢6ziimleri elde edilmistir. Ayrica bu denklemlerin ¢éziimlerinin

iki ve ¢ boyutlu grafikler Wolfram Mathematica 9 programi kullanilarak ¢izilmistir.

Dordiincu bolumde, Sine-Gordon Expansion metodu ile elde edilen ¢oziimler hakkinda

ayrintili sonug verilmistir.



1. Introduction

Nonlinear equations have a great impress in engineering scopes and several scientific,
fluid mechanics, chemical kinematics and geochemistry. Nonlinear wave phenomena of
reaction are almost serious in nonlinear wave equations. That is important to look for the

new solutions to for the nonlinear equations.

The (2+1)-dimensional Zakharov-Kuznetsov modified equal width equation is used
to model the behavior of weakly nonlinear ion-acoustic waves in a plasma comprising cold
ions and hot isothermal electrons in the presence of a uniform magnetic field [1,2]. VVarious
approaches have been developed to investigate the solutions of (2+1)-dimensional

Zakharov-Kuznetsov modified equal width equation.

In physical applications we see the Benjamin-Bona-Mahony (BBM) equation
frequently because it expresses the model for propagation of long waves which embody
nonlinear and dissipative effects; used to analysis the length of surface waves wavelength
in liquids, hydro magnetic waves in cold plasma, acoustic-gravity waves in compressible
fluids, and acoustic waves in harmonic crystals [3]. Many mathematicians paid their
attention to the dynamics of the BBM equation [4].

Morrison and Meiss suggested to use the equal width (EW) wave equation as a model
partial differential equation for the reproduction of one-dimensional wave breeding in a
nonlinear medium with a distribution operation. [5]. Lot of numerical techniques advanced

to solve the equation, such as the Adomain decomposition method, [6].

The existence of a shape-preserving solitary wave was established by Korteweg and
de Vries and it takes shape as solution of an equation which bears the names. One of the
equation that was first know to possess solitary wave type of solution is Korteweg-de Vries
or KdV equation. There is still much activity going on the subject nowadays among the

Physical and Mathematical communities [28].



2. FUNDAMENTAL DEFINITIONS AND THEOREMS
2.1 Definitions [17]
2.1.1 Definition of a partial differential equation (PDE)

The equation that contains the dependent variable and partial derivatives is said to

be PDE. In the ordinary differential equations u=u(x) the dependent variable depend on
just one variable x which is independent. on other hand the partial Differential equation

u=u(xt) or u=u(x,y,t), should depend on further one independent variable.
If u=u(xt),the function u=u(x,t) dependson x and t.

If u=u(x,y,t), then the function u=u(x,y,t) dependson x,y and t.

Some examples of partial differential equations:

ou o%u
—=k—, 2.1
81: aXZ ( )
ou ou o
— =Kk —2+—2 s (22)
at o oy

2 2 2
e bt (23)
ot \ ok oy o

that qualify in the above examples we have the heat flow equations in three types. The

equation (2.1) is one dimensional and the dependent variable u=u(x,t) depends on x
and t. The equation (2.2) is two dimensional and the dependent variable u=u(x,y,t)
depends on x,y and t. The equation (2.3) is three dimensional and the dependent variable

u=u(x,y,zt) dependson x,y,z and t.

Some different examples of partial differential equations:

ou_ , o

S o (24)
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that qualify in the above examples we have the wave propagation equations in three types.

The Eq. (2.4) is the equation in one dimensional and the Eq. (2.5) is the equation in two
dimensional and the Eq. (2.6)is the equation in three dimensional. These equations are
defined by u=u(xt), u=u(xy,t), u=u(x,y,zt), dependson x,y,z and t.

We have the well-known Laplace equation in two dimensional and three dimensional:

2 2
27‘2’+Zy—‘j=o, (2.7)

2 2 2
lej + Zy‘j + Zzlj =0, (2.8)

where the functions u=u(x,y), u=u(x,y,z), doesn’t depend on t.

The Laplace’s equation in polar coordinates:

ou  au o%u
+ + =0, 2.9
or?  ror r2.o6? (29)

where u=u(r,6).
The Korteweg-de Vries equation:

3
3—“+6u2—“+%=0, (2.10)
X X

where the function u=u(x,t), depends on variable x and time variable t.

The Burgers equation:

2
‘Z—‘:+u‘2—i—v‘;7‘j:o, (2.12)

where the function u=u(x,t), depends on variable x and time variable t.

2.1.2 Order of a PDE

We called the order of the highest derivative that we get in the equation the order of
equation.

The example for PDE of first order:

Mg (2.12)

OX 6y_



The example for PDE of second order:

ou ou

Z-_2_o 2.13
ox> ot (2.13)
The example for PDE of third order:
3
Ny (2.14)
oy oX

2.1.3 Linear and Nonlinear PDEs

Partial differential equations have to type linear and nonlinear. If a partial differential
equation satisfies two following condition is said to be linear:
First condition: The power of each dependent variable and partial derivative that obtained

in equation should be one.

Second condition: the coefficients must be constant or independent for the dependent
variable also any partial derivative.
The equation is not linear if which of the condition not satisfied.

Examples for linear equation is:
2 2
(1) xa—g+ ya—g =0.
OX oy
lou 1 0%

()Tt 1o
or’ ror r?o0’

Examples for nonlinear equation is:

(1) uﬁ—u+ xa—u =2,
ot OX

ou

(2) —

OX

+4/U =X

2.1.4 Some Linear PDEs
As mention before Linear PDEs used many filed of scientific applications, like wave
and diffusion equation. The following are the famous models:
1. The wave equation:
ot’ ox*’
2.The heat equation:

where ¢ is arbitrary constant.



2
aat_u =k % where Kk is arbitrary constant.
X

3. The Klein-Gordon equation:

o°u :
Viu - e 4°u, where y and care arbitrary constants.

4. The Laplace equation:
o’u o
- — =
aXZ ay2

5. The Telegraph equation:

0,

2 2 2

u u u :
g > :aa > +ba >+cu,  where a,band care arbitrary constants.
OX ot ot

6. The Linear Schrodinger’s equation:

_ou o .
I—+—=0, 1=+-1
ot ox? V-1

2.1.5 Some Nonlinear PDEs
The nonlinear used in physic, mathematics and engineering like fluid dynamics and
quantum field theory. The following are the famous models:

1. The Burgers equation:

ou ou o
—+U—=x -
ot OX OX

2. The Advection equation:
6_u+u6_u: f(xt).
ot OX

3. The Korteweg de-Vries equation:

4. The modified Korteweg de-Vries equation:

3
N g, g
ot OX OX

5. The Sine-Gordon equation:

o°u  o°u :
ﬁ—y:aﬂn(l]).



6. The sinh-Gordon equation:

o’'u d%u .
E—y = ¢ Sinh (U)
7. The Boussinesq equation:

’u du o du

- + 0.
ot ox*  ox* ox
8. The Fisher equation:
ou o
—=D—+u(1-u).
ot ox’ (-v)
9. The Liouville equation:
o’ ox?
10. The K (n, n) equation:
8_u+ u bau =0, n>1.

a +h—=
ot OX OX
11. The Nonlinear Schrodinger equation:

i@_u+@+ ufu=0
ot o L '

12. The Camassa-Holm equation:

ou & ou ou _oudu o
————+a—+3U—=2——+u—;.
ot ox°ot OX OX OX OX OX

13. The Degasperis-Procesi equation:

ou o ou ou .oudu du
————+a—+4U—=3——+u—.
ot ox°ot OX OX OX OX OX

14. The Kadomtsev-Petviashvili equation:

3 2
0 (éu +aua—u+ba—u]+a—u=0.

oxlat ox ) oy

2.1.6 Homogeneous and Inhomogeneous PDEs

There are two types of partial differential equations homogeneous or
inhomogeneous. It said to be homogeneous if it has variable u which is dependent or one
of it is derivatives, However, if any of these conditions is not satisfied, it is said to be an

inhomogeneous partial differential equation.

-6-



Example for PDEs are homogeneous.

ou | o4
) H 428

Fu u_

(2) y-" ayz

Example for PDEs are an inhomogeneous.

0

ou o
N =22~
()8t 8x2+x
(2)8_u+6_u:u+4
oX oy

2.1.7 Solution of a Partial differential equation

We called u is a partial differential equation solution if we put the result of solution instead
of u right hand side and left hand side of equation should be equal.

Remarks:

In the following we will show the properties of a partial differential equation solution.

1. If ordinary differential equation is linear homogeneous it obvious if u,,u,,...,u, are the
solutions of the equation, then a linear combination of u,,u,,... that has the form:

U=CuU, +CU, +...+C U, (2.15)
is also a solution. The term superposition principle named for combining two or more of
this solution.

We can note that the superposition principle for PDE when it’s homogeneous works
effectively in a given domain.
2. In linear partial differential equation, general solution depends on spot function. On other

hand the solution of ordinary differential equations depends on spot constant. It will be easy

to see this in the following if the partial differential equation.

CLICLI ) (2.16)
oX oy

When it’s solution is:
o=t (), (217)

where f(x—y) is an arbitrary differentiable function. So the solution of equation (2.16)

will be following:



u=x-1,

u=e*’,

u=sinh(x-y), (2.18)
u=In(x-y).

Actually particular solution constantly desired to satisfied prescribed conditions.

2.2 Second-order PDE
The general form of partial differential equation for second order linear in two variables X
Ly is:

2 2 2
0U, g oY  cOM pM M Fy-g, (2.19)
OX Oxoy oy OX oy

where A,B,C,D, E,F and G are arbitrary constants.

We can classified the PDE of second order (2.19) into the following:

1. Parabolic: If B2 —4AC =0, then the equation is said to be Parabolic equation.
The heat transfer equation is example for parabolic equations.

a_ du
ot ox%’

2. Hyperbolic: If B2 —4AC >0, then the equation is said to be Hyperbolic equation.
The wave equation is example for Hyperbolic equations.

ot? ox?

3. Elliptic: If B> —4AC <0, then the equation is said to be Elliptic equation.

The Laplace equation in a two dimensional is example for Elliptic equations.
o°u o
—2+—2 = 0
ox° oy



2.2 THEOREMS [27]

Problem (1). Prove that on the interval —1<t <1, the initial-value following problem has

{x’:(t+sin x)2

x(0)=3.

a solution.

Solution: In this example, f (t,x)=(t+sinx)* and (t,,%,)=(0,3). In the rectangle
R={(t.x):t|] <a.[x-3 <},

the magnitude of f is bounded by:
|f(t.x)|<(a+1) =M.

We want min (a,,B/ M ) >1,and sowe canlet « =1. Then M =4, and our objective is met

by letting B> 4. The existence theorem asserts that on the interval |t| <min (a,,B/ M ) =1

a solution of the initial value problem exists.

THEOREM (a). If f is continuous in a rectangle R centered at (t,, ), say

R={(t,X):t—t)|< e, [x=x,|<B}. (2.20)
Then the initial-value problem (1) has a solution X (t) for [t—t;| < min(a, 5) , where M is

the max(‘f (tx)‘) in the rectangle R .

THEOREM (b). If function f and Z—f are continuous in the rectangle
X

R={(t,x):[t—t)|< e, [x—x;| <}, inthe interval |t—t0|Smin(a, gj,then the initial-

value problem (1) has a unique solution.

In the both of Theorem (a) and (b), the interval on the t-axis in which the solution is
asserted to exist may be smaller than the base of the rectangle in which we have defined f (t, X) .
Theorem (c) is of a different type that allows us to infer the existence and uniqueness of a solution

on a prescribed interval [a,b]. (See Henrici [1962, p. 15])



THEOREM (c). Inthe strip a<t<b, —o<x<oo, if function f is continuous and the

function satisfies there an inequality:
[ (tx) = (tx,)| < L% —%,]. (2.21)
In the interval [a, b] , the initial-value problem (1) has a unique solution.

The inequality equation (2.21) is said to be Lipschitz condition in the second

variable. For a function of one variable, such a condition would assert simply

19(%) =9 (%) <L =x]. (2.22)
We see promptly that this condition is more grounded than continuity, for if x, approaches
X, , the right-hand side Ex. (2.22) approaches zero, and this forces g (X, ) to approaches g(Xx,).

The condition Ex. (2.22) is weaker than having a bounded derivative. Indeed, if g'(x) exist

everywhere and does not exceed L in modulus, then by Mean-value Theorem

19(%) -9 (%) =]9"(£)[% —X| < LIx = x,].

-10-



3. THE SINE-GORDON EXPANSION METHOD (SGEM)

Let us consider the following sine-Gordon equation [18,19,20,23];
Uy —U, =m*sin(u). (3.1)

When m is real arbitrary constant and u equal to u(x,t). When the applying wave

transform & = ,u(x—ct)to Eqg. (3.1), we will get the ordinary differential equation which is

nonlinear follows:

U!!

Il
Q.
>

—_
-
N—

(3.2)

where U =U (g‘) & is the amplitude of the travelling wave and c is the velocity of the

travelling wave. After we rewrite Eg. (3.2), we obtain follows equation:

(3] (g

. . . U
where Kis the integration constant. If we put values of K =0, w(¢) = and
m2

a’ =——7—— In Eq. (3.3), the equation will be as follow:

e

w' =asin(w). (3.4)
We locate value a=1 in Eq. (3.4), the equation will be as follow:

w' = sin(w). (3.5)

After that, we solve the Eq. (3.5) by using the method (separation of variables), we obtain
this two significant equations:
2 pef

sin(w) =sin| w(¢&) |=— 77—

e 1 =sech(¢), (3.6)

-11 -



p’e* -1
cos(w) = cos(w(g)) - el
p=:

=tanh (&), (3.7)

1

where p =0, is the integral constant. For the find solution of this nonlinear partial

differential equation:

P(u,u,,u,---)=0. (3.8)
Let us consider:

U(&)= Zl:tanh“l(f)[Bi sech(&)+ A tanh (&) [+ A,. 3.9
We write the Eq. (3.9) similar to the Egs. (3.6) and (3.7) as:

U(w)= an:cos“l (w)[B, sin(w) + A cos(w) ]+ A,. (3.10)

By using the balance technique, we can find the values of n. Allow the coefficients of the
equation sin'(w)cos!(w) be zero. Solving this system with programming (Wolfram
Mathematica) and give the values of A,B,,c, x. At last, we can substituting the values of

A,B,,c, 1 in Eq. (3.9), we obtain the new analytical solutions for the Eq. (3.8).

-12 -



4. APPLICATIONS OF THE METHOD

4.1. Application of SGEM to the (2+1)-dimensional Zakharov-Kuznetsov modified
equal width equation [1,2]

Let’s consider the (2+1)-dimensional Zakharov-Kuznetsov modified equal width equation

defined as following;

u, +3au, +b(u,, +u,, ) =0, (4.1.1)

where a,b are constant and non-zero. If we apply the following transformation,

XXt

u=U(&), &=pu(x+y—2kt),
we can find the following nonlinear ordinary differential equation for equation (4.1.1)

b’ (1-2k)U" +3aU U’ —2kU' =0, (4.1.2)

where U, =—-2ukU"u, = U’ u, =-24kU"u = U". Taking integration of

XXy

equation (4.1.2), we obtain the following equation;
be (1-2k)U" +ad° — 2kld =0. (4.1.3)

After we divide the equation (4.1.3) by £, we will get the nonlinear ordinary differential

equation as follow for equation (4.1.1).

bu?(1-2k)U"+aU® - 2kU =0. (4.1.4)
If we apply balance principle for equation (4.1.4) between U "and U 3 we get the following
values n.

n=1. (4.1.5)

When we put equation (4.1.5) in equation (3.10), we obtain following travelling wave

solution for equation (4.1.4) as
U (w)=B;sin(w)+A cos(w)+ A, (4.1.6)

If we consider equation (4.1.6) for second derivation of (4.1.4), we can write follows;
-13-



U”(w) =B, cos?(w)sin(w)—B,sin®(w)—2A sin®(w)cos(w). (4.1.7)
If we consider equations (4.1.6), (4.1.7) for equation (4.1.4), we get the following equation;

b (1- 2k)[B1 cos?(w)sin(w)— B,sin®(w)—2A sin’ (W)cos(w)]

(4.1.8)
+a[ B;sin(w)+ A cos(w)+ AOT — 2k[ Bysin(w)+ A cos(w)+ A, |=0.
We can rewrite equation (4.1.8) as following;
aA; — 2kA, — 2kA cos(w)—2bg’ A sin® (w)cos(w)
+4kb® A sin® (w)cos(w) + 3aA; A cos(w) + 3aA” A, cos” (w)
+aA’ cos® (W) — 2kB,sin(w) +b’B, cos® (w)sin(w) “19)

—2kb*B, cos? (w)sin(w) + 2kb*B, sin® (w) — bu’B, sin® (w)
+3aA; B, sin(w) + 6aB, A A sin(w)cos(w) + 3aA’B, cos’ (w)sin(w)
+3aB; A, sin’(w) + 3aB/ A sin’ (w)cos(w) + aB; sin®(w) = 0.

After then, when we sort out equation (4.1.9) according to trigonometric functions, we can
type follows;

constant :aAy — 2kA, +3aA’A, =0,

sin(w) . — 2kB, +3aA’B, —bu’B, + 2kbu’B, +aB’ =0,
cos(w) : —2KA +3aA’A +aA’ =0,
sin(w)cos(w) : 6aBAA, =0, (4.1.10)

sin®(w) : 3aB/A, —3aA’A, =0,
sin®(w)cos(w): —2bgu’A +4kbu’A +3aBlA —aA’ =0,
sin®(w) : — 4kbu’B, + 2by’B, — aB’ +3aA’B, = 0.

If we solve this system by using the programming (Wolfram Mathematica), we can find the
following coefficients which give us many different travelling wave solutions for equation
(4.1.2);

-14 -



Case-1

—_ (4.1.11)

pop_ i o w1
O falber-2) " fa(e-bir) 2 (b’ -2)

If we get the coefficients of equation (4.1.11) for equation (3.9), we obtain:

bl sl o

Ja(2-bes) i\Ja(2-byr)

u (X y.t)=

where a,b, & are real constants and not zero.

Im[u(x,y.t)] Refu(x,y,0]

Im{ulxy,b] Reluix.y.8]

- 05

05 06

-0.7

-08

- 05 -09

Figure.l The three dimensional and two dimensional surfaces for Eq.(4.1.12) by the values
a=1,b=2, 4=0.7,t=0.002,-2<x<2, —2<y<2 and y=0.001 for 2D graphics.

-15-



Case-2

A =0,A=0B=— 2o\ b (4.1.13)

Ja(teb?) 2(lebt)

If we get the coefficients of equation (4.1.13) for equation (4.9), we obtain:

\/Ex/Bysech !,u[x+ y—Zth”ZH

(1+ b,uz)

U, (X y,t)=- (4.1.14)

a(1+b,u2)

Where a,b, x« are real constants and non-zero.

ux,y,b

Figure.2 The three dimensional and two dimensional surfaces for Eq.(4.1.14) by the values
a=1,b=2,4=07t=0.002,-2<x<2, —2<y<2 and y=0.001 for 2D graphics.

Case-3
24k 2k
=0,A =0,B, = b= . 4.1.15

If we get the coefficients of equation (4.1.15) for equation (3.9), we obtain:

-16 -



(% y,t):—zﬁseCh[li/(gXer_Zkt)].

(4.1.16)

Where a,b, x2 are real constants and non-zero.

ux,y,0

ulx,y,t
3.5

3.0

25

2.0

Figure.3 The three dimensional and two dimensional surfaces for Eq.(4.1.16) by the values
a=1,k=3,x4=0.7,t=0.002,-2<x<2, —2<y<2 and y=0.001 for 2D graphics.

Vavk o iV2Vk 4k

=0,A=——,B,= b= . 4.1.17
A\) Al a 1 \/5 /«12 (2k _1) ( )
If we get the coefficients of equation (4.1.17) for equation (3.9), we obtain:
u, (X, y,t)= \/\E/\_/E(—i sech[ u(x+y—2kt)|—tanh[ z(x+ y—2kt)]). (4.1.18)
a

Where a,b, « is real constants and non-zero.
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Im[u(x,y,t]
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Figure.4 The three dimensional and two dimensional surfaces for Eq.(4.1.18) by the values
a=1,k=3,u4=0.7,t=0.002,-2<x<2, —2<y<2 and y=0.001 for 2D graphics.

2

Refu(x,y,0)]

Re[ulx,y,t]
2
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4.2. Application of SGEM to the modified Benjamin—-Bona—Mahony (mBBM)
equation

Let us consider the mBBM equation defined as following [21];
u, +u, +au’u, +bu =0, (4.2.1)

where a,b are constant and non-zero. If we apply the following transformation,

u=u(xt)=U(&), &=p(x—ct), (4.2.2)

we can get the following nonlinear ordinary differential equation for equation (4.2.1)
—c '+ ' +aUu? U —be'U” =0, (4.2.3)

where U, = —c U ', u, =" u , =—cu’U". Taking integration of equation (4.2.3), we

get the following equation;

3

—cJ + U + ayu?—bc;fu "=0. (4.2.4)

Multiply 3 and divide by g to the equation (4.2.4), we obtain the following nonlinear

ordinary differential equation for equation (4.2.1).

(3-3c)U +au’—3bcuU" =0. (4.2.5)

If we apply balance principle for equation (4.2.5) between U " and U?®, we can get the
following values n .

n=1. (4.2.6)

When we put equation (4.2.6) in equation (3.10), we obtain following travelling wave
solution for equation (4.2.4) as

U (w)=B;sin(w)+A cos(w)+ A, (4.2.7)
If we consider equation (4.2.7) for second derivation of (4.2.5), we can write follows;

U”(w) =B, cos* (w)sin(w)—B,sin®(w)—2A sin® (w)cos(w). (3.2.8)
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If we consider equations (4.2.7), (4.2.8) for equation (4.2.5), we can find the following

equation;

—3c(B,sin(w) + A cos(w) + A, )+ 3(B,sin(w) + A cos(w) + A,)
+a (B, sin(w) + A cos(w) + Ab)3 —3bc’[B, cos® (w)sin(w) (4.2.9)
—B,sin®(w)—2A sin®(w)cos(w)] =0.

We can rewrite equation (4.2.9) as following;
—3cB, sin(w) — 3cA cos(w) + 3B, sin(w) + 3A cos(w)
+aB; sin’(w) + aA’ cos® (w) + 6aB,A A, sin(w)cos(w)
+3aB;’ A sin’ (w)cos(w)+ 3aA’B, cos” (w)sin(w) + 3A,
+3aB] A, sin®(w) + 3aA’ A, cos® (W) + 3aA B, sin(w)
+3aA; A cos(w) — 3bc’B, cos® (w)sin (W) —3cA, +aA;
+3bc’B,sin®(w) + 6bc A sin® (w)cos(w) =0.

(4.2.10)

After then, when we sort out equation (4.2.10) according to trigonometric functions, we can

type follows;
constant : —3cA, +3A, +aA’ +3aA’A =0,
sin(w) : —3cB, +3B, +3aA’B, +aB’ + 3bcu’B, =0,
cos(w) : —3cA +3A +3aA’A +aA’ =0,
sin(w)cos(w) : 6aB,AA, =0, (4.2.11)
sin®(w) : 3aB/A, —3aA’A, =0,

sin?(w)cos(w): 3aB’A +6bcu’A —aA’ =0,
cos?(w)sin(w): 3aA’B, —6bcu’B, —aB;’ =0.

If we solve this system by using the programming (Wolfram Mathematica), we can find the
following coefficients which give us many different travelling wave solutions for equation
(4.2.0);
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Case-1

A =0,A1=‘Ti«/3(—1+c),51=o,b= _23:;2(: (4.2.12)

If we get the coefficients of equation (4.2.12) for equation (3.9), we obtain the hyperbolic

travelling wave solution for the mBBM equation as following;

ul(x,t):_Tiq/3(—l+c)tanh(yx—c,ut). (4.2.13)

where a,c, x are real constants and not zero.

u(x,t)

uxt

15 -10 -5 5 10 15
-05

-10

Figure.5 The three dimensional and two dimensional surfaces for Eq.(4.2.13) by considering the values

a=3c=3, £u=0.7,-10<x<10, —-1<t<1, and for two dimensional t=0.002.

Case-2

A =0,A :%,/3(—1+c), B,=0,u= /_21;)0. (4.2.14)

If we get the coefficients of equation (4.2.14) for equation (3.9), we obtain the hyperbolic

travelling wave solution for the mBBM equation as following;

U, (x,t)= %. [3(-1+c¢) tanh[ /%x —c /_;;Ct]. (4.2.15)

Where a,c,b are real constants and not zero.
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uix,t
1.0

0.5

- 10 -5 5 10

- 10

Figure.6 The three dimensional and two dimensional surfaces for Eq.(4.2.15) by considering the values
c=2,b=0.7,a=3,-10<x<10, —1<t <1 and for two dimensional t=0.002.

Case-3

AO:0,Ai:0,81:%,/6(—1+c),bzlc_7§. (4.2.16)

If we get the coefficients of equation (4.2.16) for equation (3.9), we obtain the hyperbolic

travelling wave solution for the mBBM equation as following;

ua(x,t):%JG(—Hc)sech(/Jx—ctu). (4.2.17)

Where a,c, p are real constants and not zero.

u(x,t)

ulx,t

- 10 10
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Figure.7 The three dimensional and two dimensional surfaces for Eq.(4.2.17) by considering the values

c=2,b=0.7,a=3u=0.7,-10< x<10, —1<t <1 and for two dimensional t=0.002.

Case-4
1 -1 2(-1+c)
=0,A =—./3(-1+c),B,=—=,/3(1-Cc),b=———+—. 4.2.18
A =0.A == \B(-1+0).B = = \B(-c) b= == 42.18)
If we get the coefficients of equation (4.2.18) for equation (3.9), we obtain the hyperbolic
travelling wave solution for the mBBM equation as following;

u, (x,t)= %sech(yx—ct,u)(\/l—_ch/—lm sinh(,ux—cty)). (4.2.19)

Where a,c, u are real constants and not zero.

Im[u(x,t)] Re[u(x,t)]

Im[ u( x,t Relu(x,1)]
X
10 10

- 10 -5 5 10

- 05

- L - 10

Figure.8 The three dimensional and two dimensional surfaces for Eq.(4.2.19) by considering the values
c=2,b=0.7,a=3u=0.7,-10< x<10, —1<t <1 and for two dimensional t=0.002.
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4.3. Application of SGEM to the Equal width wave equation

Let’s consider the Equal Width Wave equation defined as following [22,25];

u, +uu, — 2, =0, (4.3.1)
If we apply the following transformation,

u=u(xt)=U(&),&=V(x—ct), (4.3.2)
we can obtain the following nonlinear ordinary differential equation for equation (4.3.1)

—cVU'+UVU' +¢cV3 U™ =0, (4.3.3)

Where u, =VU',u, =—cVU',u_, = —cV 3U". Taking integration of equation (4.3.3),

Xxt

we obtain the following equation;
U 2
—cVU +V7+CV3/1U "=0, (4.3.4)

Multiply 2 and divide by V to the equation (4.3.4), we get the following nonlinear ordinary

differential equation for equation (4.3.1)

—2cU +U? +2cVZU" =0. (4.3.5)

If we apply balance principle for equation (4.3.5) between U"” and U 2 'we can obtain the
following values of n.

n=2. (4.3.6)

When we put equation (4.3.6) in equation (3.10), we obtain following travelling wave

solution for equation (4.3.4) as
U (w)=B;sin(w)+ A cos(w)+ B, cos(w)sin(w) + A, cos®(w) + A, (4.3.7)
If we consider equation (4.3.7) for second derivation of (4.3.5), we can write follows;
U"(w)=B,cos”(w)sin(w)— B, sin®(w)—2Asin*(w)cos(w)
+B, cos® (w)sin(w) — 5B, sin®(w) cos(w) — 4 A, cos®(w)sin®(w)  (4.3.8)

+2A, sin*(w).
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If we consider equations (4.3.7), (4.3.8) for equation (4.3.5), we can obtain the following

equation;

—2¢c[B,sin(w)+ A cos(w)+ B, cos(w)sin(w) + A, cos®(w) + A]
+[B,sin(w)+ A cos(w) + B, cos(w)sin(w) + A, cos®(w) + A ]’

+2c,V ?[B, cos” (w)sin(w) — B;sin®(w) — 2A sin® (w)cos(w) (4.3.9)
+B, cos®(w)sin(w) — 5B, sin®(w) cos(w) — 4 A, cos’ (w)sin®(w)

+2A, sin*(w)] =0.

We can rewrite equation (4.3.9) as following;

—2¢B, sin(w) — 2cA cos(w) — 2¢cB, cos(w)sin(w) — 2cA, cos® (w)
—2¢A, + BZsin(w) + A? cos® (w) + B; cos? (w)sin®(w)

+A; cos*(w) + A; + 2B, A cos(w)sin(w) + 2B,B, sin* (w)cos(w)
+2B, A, cos”(w)sin(w) + 2B, A, sin(w) + 2B, A cos’ (w)sin(w)
+2A, A cos’(w) + 2 A A, cos(w) + 2B, A, cos® (w)sin(w)

+2B, A, cos(w)sin(w) + 2A, A, cos® (w) —8cV A, cos’ (w)sin®(w)
+4cV * A, sin (w) + 2c.V *B, cos® (w)sin (w) — 2cV B, sin® (w)
+2¢4N ?B, cos®(w)sin(w) —10cV *B, sin®(w) cos(w)
—4cV * A sin®(w)cos(w) =0.

(4.3.10)

After then, when we sort out equation (4.3.10) according to trigonometric functions, we can

type follows;
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constant : —2cA + A2 + B +4cuVPA, =0,

sin(w) : 2B,A, —2cB, —2cV °B, =0,

cos(w) . —2cA +2AA +2AA =0,

cos(w)sin(w) : —2cB, +2B,A +2B,A, —10cV °B, =0,

cos® (W) . —2CA, + AP +2AA + A —BZ —4ciVPA, =0,  (43.11)

sin®(w)cos(w) : 2B,B, —4cV *A —2A,A +2c4V *B, =0,
cos®(w)sin(w) : 2B,A, +2B,A +2cuV B, =0,
cos?(w)sin®(w) : B2 —12cuV A, — A2 =0,

cos®(w)sin(w) : 2B,A, +12c.V °B, =0.

If we solve this system by using the programming (Wolfram Mathematica), we can find the
following coefficients which give us many different travelling wave solutions for equation
(4.3.1);

Case-1

A =3c,A =0,B,=0,A =-3c,B, =0, (4.3.12)

1
V=—==.
2u
If we get the coefficients of equation (4.3.12) for equation (3.9), we can get the travelling

wave solution for the the Equal Width Wave equation as following;

ul(x,t):3csech(_Ct+Xj. (4.3.13)

2Ju

Where c, ¢ are real constants and non-zero.

u(x,t)y

- 10
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Figure.9 The three dimensional and two dimensional surfaces for Eq.(4.3.13) by considering the values

c=2, u=1-10<x<10, —1<t<1 and for two dimensional t=0.002.

Case-2

1

A=-cA=0B=0A=308,=0u=5 (4.3.14)

If we get the coefficients of equation (4.3.14) for equation (3.9), we can get the travelling

wave solution for the the Equal Width Wave equation as following;
U, (x,t) =c( -1+ 3tanh [V (~ct+x)]' ). (4.3.15)

Where ¢,V are real constants and not zero.

u(x,t)

ulx,t
2.000

1.995

.990

.985

.980

.975

- 10 -5 5 10

Figure.10 The three dimensional and two dimensional surfaces for Eq.(4.3.15) by considering the

valuesc=1,V =2,-10< x <10, —1<t <1 and for two dimensional t=0.002.

Case-3

A =—-C,A=0B=0A=38,=0V=-—". (4.3.16)

2Ju

If we get the coefficients of equation (4.3.16) for equation (3.9), we can get the travelling

wave solution for the the Equal Width Wave equation as following;
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u3(x,t)—c[13tan{(_;f/gx)} J (4.3.17)

Where ¢, 2 are real constants and not zero.

u(x,t)

ul x,t

- 10 - 10

- 100

- 150

- 200

- 250

- 300

Figure.11 The three dimensional and two dimensional surfaces for Eq.(4.3.17) by considering the

values c=2, ©u=1,-10<x <10, —1<t<1 and for two dimensional t=0.002.

Case-4

A, =6c,A =0,B, =0, A, =—6c, B, ——6ic,V = —. (4.3.18)

Ji

If we get the coefficients of equation (4.3.18) for equation (3.9), we can get the travelling

wave solution for the the Equal Width Wave equation as following;

0, (xt)= GCsec{(_j; X)}Lsech {(_L\/gx)}—i tanh{(_f;; X)D. (4.3.19)

Where c, iz are real constants and not zero.

+
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Tm[u(x,t)] Re[u(x,0)]

Re| ul x,t|

3.0

25

2.0

- 10 -5 10

-

N

- 10 -5 5 10

Figure.12 The three dimensional and two dimensional surfaces for Eq.(4.3.19) by considering the

values c=2, ©=1,-10<x<10, —1<t<1 and for two dimensional t=0.002.
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4.4. Application of SGEM to the modified Korteweg—de Vries (mKdV) equation

Let us consider the mKdV equation defined as following [24];

u, —u’u +ou,, =0. (4.4.2)
If we apply the following transformation,

u=u(xt)=U(&)and &= pu(x—ct), (4.4.2)
we can obtain the following nonlinear ordinary differential equation for equation (4.4.1)

—c ' —U? )" +ou’U" =0, (4.4.3)

Where U, =—c4U ', u, =" u = 1°U". Taking integration of equation (4.4.3), we

obtain the following equation;
U ° J
—Cl) —ptop =0, (4.4.4)

Multiply 3 and divide by g to the equation (4.4.4), we get the following nonlinear

ordinary differential equation for equation (4.4.1)

—-3cU —-U®+35°U" =0. (4.4.5)
If we apply balance principle for equation (4.4.5) between U” and U ®, we can obtain the
following values of n.

n=1. (4.4.6)

When we put equation (4.4.6) in equation (3.10), we obtain following travelling wave

solution for equation (4.4.4) as
U (w)=B,sin(w)+ A cos(w)+A,. (4.4.7)
If we consider equation (4.4.7) for second derivation of (4.4.5), we can write follows;
U”(w) = B, cos?(w)sin(w) — B, sin®(w) — 2 A sin?(w) cos(w). (4.4.8)
If we consider the equations (4.4.7), (4.4.8) for equation (4.4.5), we can obtain the following

equation;
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—3c( B, sin(w) + A cos(w) + A, ) — (B, sin(w) + A cos(w) + A))3
+305u°[B, cos” (w)sin(w) — B, sin®(w) — 2 A sin®(w) cos(w)] = 0.

(4.4.9)

We can rewrite equation (4.4.9) as following;

—3cB, sin(w) — 3cA cos(w) — 3cA, — B’ sin®(w) — A’ cos®(w)

— A — 6B A A, sin(w) cos(w) — 3B/ A sin®(w) cos(w)

—3B7 A, sin®(w) —3A’B, cos® (w)sin(w) —3A’ A, cos® (W) (4.4.10)
~3A B, sin(w) —3A? A cos(w) + 35 B, cos’ (w)sin(w)

—35u° B, sin®(w) — 661.° A sin’ (w) cos(w) = 0.

After then, when we sort out equation (4.4.10) according to trigonometric functions, we can

type follows;
constant : —3cA, - A’ —3B’A, =0,
sin(w) : —3cB, —3A?B, =0,
cos(w) : —3cA -3A’A -A’ =0,
sin(w)cos(w) : —-6BAA, =0,
) ) , (4.4.11)
cos”(w) : —3A'A, +3B A =0,

sin?(w)cos(w): —3BJA —65u°A + A’ =0,
cos’(w)sin(w): —3A’B, +35u°B, =0,
sin®(w) . —B’-35u°B, =0.
If we solve this system by using the programming (Wolfram Mathematica), we can find the

following coefficients which give us many different travelling wave solutions for equation
(4.4.2);

Case-1

A, =0,A =—/65,B,=0,c=—251°. (4.4.12)

If we get the coefficients of equation (4.4.12) for equation (4.9), we can get the travelling

wave solution for the mKdV equation as following;

ul(x,t)=—\/€\/5ytanh<y(x+2t5y2)). (4.4.13)
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Where &, u are real constants and not zero.

u(x,t

- 10 -5 5 10

Figure.13 The three dimensional and two dimensional surfaces for Eq.(4.4.13) by considering the

values 0 =3, £=1,-10<x <10, —1<t<1 and for two dimensional t=0.002.

Case-2

A, =0,A =/65,B, =0,c =25 (4.4.14)

If we get the coefficients of equation (4.4.14) for equation (3.9), we can get the travelling

wave solution for the mKdV equation as following;
u2(x,t):\/gx/gytanh<y(x+2t6y2)). (4.4.15)

Where &, i are real constants and non-zero.

u Xt

- 10 -5 5 10

-32-



Figure.14 The three dimensional and two dimensional surfaces for Eq.(4.4.15) by considering the

values 0 =6, £ =1,-10<x <10, —1<t<1 and for two dimensional t=0.002.

Case-3

A =0,A =—i\3VC,B, =0, i J_C_ (4.4.16)

If we get the coefficients of equation (4.4.16) for equation (3.9), we can get the travelling

wave solution for the mKdV equation as following;

u, (x ) =3 tan{\/_\(/_i;irx)} (4.4.17)

Where & is real constant and non-zero.

u(x,t)

ulx,t

10

- 10 -5 10

- 10

Figure.15 The three dimensional and two dimensional surfaces for Eq.(4.4.17) by the
values 6 =2,¢c=1,-10<x<10, —1<t<1 and for two dimensional t=0.002.

Case-4

ivc
NeNER

If we get the coefficients of equation (4.4.18) for equation (3.9), we can get the travelling
-33-

A, =0,A =i\/3Jc,B =0, u= (4.4.18)



wave solution for the mKdV equation as following;

_ Aot Je (—ct+x)
u, (x,t)=—v3ct (—ﬁ\/g ] (4.4.19)

Where c,5 are real constants and not zero.

ulx,t
20

10

- 10

- 20

Figure.16 The three dimensional and two dimensional surfaces for Eq.(4.4.19) by the

values §=2,c=3,-10< x<10, —1<t<1 and for two dimensional t=0.002.

Note: check all the coefficient and the solutions in the Mathematica 9 program to make sure
that you clear all error (if any), and also check the values for all the constant in the plotted
graphics, this should be applied to all the solved models.
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5. CONCLUSIONS

In this study, the general structures of the Sine-Gordon Expansion Method have been
presented. After then, the travelling wave solutions like hyperbolic function solutions to the
equation (2+1) dimensional Zakharov-Kuznetsov, the modified Benjamin—Bona—Mahony
equation, the Equal width wave equation, the modified Korteweg—-de Vries equation have
been obtained by using the Sine-Gordon expansion method. Furthermore, the two- and
three-dimensional surfaces for models considered in this study have been plotted with the

aid of symbolic computation programming language.

It has been observed that these solutions have verified the modified Korteweg—de
Vries equation, the Equal Width Wave equation, the Zakharov-Kuznetsov equation, the

modified Benjamin—Bona—Mahony equation, with using program (Wolfram Mathematica).

To the best of our insight, the application of Sine-Gordon expansion method to these
mathematical models have not been submitted to the literature in advance.
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