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ABSTRACT

We introduced time scale in general then we studied time scale differential and
integral, in addition we solved new examples and applications of the time scale. We defined
curves, tangent vector, normal vector, binormal vector, curvatures, and focal curve then we
solved examples of them. We created a new definition of curve, of tangent vector, normal
vector, binormal vector, curvature and focal curve on time scale and we constructed a new
equation of focal curve and focal curvature on time scale, we also constructed an equation

of tangent vector, normal vector, binormal vector and curvature on time scale.

KEY WORDS: Time scale, regular Curve, osculating plane, normal plane,
rectifying plane, vector-valued function, A-regular curve, A-tangent line, A-focal curve,

A-focal curvature, A-tangent vector, A-normal vector, A-binormal vector and A-curvature.



OZET

Zaman Skalansmda Focal Egri

Genel olarak zaman skalasmi tanittik, daha sonra zaman skalasmda diferansiyel ve
integrali inceledik ve zaman skalasmda yeni Orneklerini ve uygulamalarini da ¢ozdik.
Egrileri, teget vektorii, normal vektorli, bmormal wvektori, egrilikleri ve fokal egriyi
tammladik, sonra Orneklerini ¢ozdiik. Teget vektor, normal vektor, binormal vektor,
egrilik ve fokal egriyi zaman skalasmda yeniden bir tanmm olusturduk ve zaman skalasmda
fokal egri ve fokal egrilk icin yeni bir denklem insa ettik, ayrica teget vektor denklemi,

normal vektor, binormal vektor ve zaman skalasimda egrilikleri olusturduk.

ANAHTAR KELIMELER: Zaman Skala, regiller egri, oskiilator diizlem, normal
dizlem, dogrultma duzlem, vektor fonksiyon, A-regller egri, A-tanjant dogru, A-fokal
egri, A-fokal egriligi, A-tamjant vektor, A-normal vektor, A-bmormal vektor ve A-egrilik.


http://tureng.com/en/turkish-english/osk%C3%BClat%C3%B6r%20d%C3%BCzlemi
http://tureng.com/en/turkish-english/normal%20do%C4%9Fru

LIST OF SYMBOLS

R: Set of real numbers.

z: Set of integer numbers.

N: Set of natural numbers.

C: Set of complex numbers.

0: Set of rational numbers.

R/Q: Set of irrational numbers.

T: Set of Times scale.

o: Forward jump operator.

p: Backward jump operator.

w: Graininess function.

f2(¢) : Delta drivative of function.
7% Derived from the time scale T.
R": Real number of n dimension.
7. Tousion.

C,: Focal curve.



1. INTRODUCTION

The time scale theory, recently received a lot of attention, it was make known
to by Stefan Hilger in his Ph.D. thesis in 1988 (supervised by Bernd Aulbach) in order
to combine discrete analysis and continuous. It is also proved and useful to be used in
the mathematical modeling area of many important dynamic processing. As a result, the
dynamic system theory on time scales had being developed [1, 2].

In this paper, we are going to study curves on time scale, which can be an arbitrary
closed subset of the set of all real numbers. Therefore, our aim is to use differential part of
Classical Differential Geometry on time scales calculus [27].

Consider that normal planes is A-differentiable vector that is each component
of the vector is A-differentiable (i.e. normal planes) that hold first and second order A-
differentiable vectors (i.e. osculating planes). In this paper, normal and osculating planes of
the curves parameterized by a compact subinterval of a time scale represented, since vector
valued functions required to study A-differentiable vectors of curves [25].

The focal curve C,, is defined as the centers of the osculating spheres of a. Since the
center of any sphere tangent to at a point that lays on the normal plane to a at that point,
the focal curve of @ may be parameterized using the Frenet frame formula (T'(¢), N(t), B(t))
of as follows: Cu(t) = (a(t) + c¢N(t) + eB(t)), where the coefficients ¢ and e are smooth
functions that called focal curvatures of o [28].

The main purpose in this paper is to study focal curve combined on time scale, also
tangent, normal, binormal vectors have been combine with time scales that led us to find

new equations and each one has a new names.



2. BASIC DEFINITION AND THEOREM

Definition 2.1 (Time Scale)

Time Scale (T) is an arbitrary non-empty closed subset of the real numbers [1, 2, 7].

Example 2.1.1
The set of the real R, the integers Z, the natural numbers N, and the cantor set are
examples, But the rational numbers @Q, the irrational numbers R/Q, the complex numbers

C, and the open interval between 0 and 1 (0,1), are not time scales.

Definition 2.1.2

Let T be a time scale , for ¢ T we define the forward jump operator 5.T — T as
inf{seT|t<s}, t<supT
sup T, t>supT

and we define the backward jump operator ,:T — T as

sup{s € T |t > s}, ¢>infT
p:
inf T, t <infT

In this definition we get inf @ = supT and sup@ = inf T , where @ is empty set [1,

2,7], its mean that :

* o(t)=t if T has a maximum ¢, in this case t is called right dense.
* p(t)=t if T has minimum ¢, in this case t is called left dense.

o If o(t) =t = p(t) then ¢ is called dense.

e In other case if 4(t) >t we say that ¢ is right-scattered .

o If (t) <t wesay that t is left-scattered .

e If it is both left and right scattered as the same time p(t) <t < o(t) we say that ¢ is

isolated point .



Table 2.1.

t right-dense t=o(t)
t left-dense t=p(t)
t dense o(t) =t =p(t)

t right-scattered || ¢t < o(t)

t left-scattered t> p(t)

t isolated a(t) >t > p(t)
° t1 is dense
t1
. ° to is left-dense and right-scattered
2
° . t3 is right-dense and left-scattered
3
° o ° t4 is isolated
4

Figure 2.1. Classification of Points

Example 2.1.3

If T=10,1JuN then computation forward and backward jumps and classify each

point ¢t T .

Solution:
T=10,1U{1,2,3,4,...}

o(0)=1 and o(1) =2,0(2) =3,0(3) =4,...,0(t) =t+1 , then we can show

t, for t €10,1)

t+1, fort € N



whilst p(0) =0,p(1) =0 and p(2) =1,p(3) = 2,p(4) =3,...,p(t) =t — 1 We canshow

t, for ¢ € [0, 1]
t—1, for t € N\{1}
then 0 is left-dense and V¢ e (0,1) is dense, and ¢ is left-scattered and right-scattered

VteN .

Definition 2.1.4
Let T be a time scale for ¢ ¢ T we defined the graininess function ;: T — [0, o0]

as

w=o(t)—t

Example 2.1.5

For each of two time scales find o, p and p , then classify each point + ¢ T .

) T=R
i) T=27
Solution :

i) If T =R then we have for any ¢ ¢ R the forward jump operator is
o(t)=inf{s e R:t < s} =inf{t,t +1,t +2,...,00} = inf(¢,00) =1
and the backward jump operator is
p(t) =sup{s € R:t > s} =sup{t,t —1,t —2,...,—o0} = sup(—o0,t) =1
since o(t)=t=p(t) » then every point ¢ ¢ R is dense.

the graininess function is p=o(t)—t=t—t=0

ii) If T =7 then we have for any ¢ ¢ 7 the forward jump operator is
o(t)=inf{s € Z:t <s}=inf{t +1,t+2,t+3,...,00}

=inf(t+1,00) =t +1
and the backward jump operator is



p(t)y=sup{s €Z:t> s} =sup{t —1,t —2,...,—o0}
=sup(—oo,t —1)=t—1
since g(t) >t > p(t) then every point ¢ ¢ 7 is isolated.

the graininess function is ;= ot)—t=t+1-1=t

Definition 2.1.6

Let T be a time scale then the set TX is derived from the time scale T as follows:

- T — {maxT}, if maxT < co and it has a right-scattered
T = 1, 2].

T, Otherwise

Example 2.1.7

Find Tk for T = (0,2]U{4}UI5,6]U{8,9} -

Solution:

maxT =9 < oo and max T has a right-scattered then

TK =T - {9} = (0,2JU{4}U[5,6]U{8} ;

(¢}

0 2 4 5 6 8 9

Figure 2.2. T = (0,2] U {4} U [5,6] U {8,9}

Definition 2.1.8
If f.T— R isa function , then we define delta-derivative of f ( A1) ) to be a
number with property, Ve > ( there is a neighborhood 7 c T oft (i.e. U = (t—4,t+6)NT

for somed > 0 ) such that Hf(a(t)) —f()] = fFA)[e(t) — 3” <elo(t) —s| forall s €



U C T, we call fA(t) the delta-derivative (or Hilger derivative) at the point
te TK [1’ 2, 7]'

In the inequality by divide both side to  |g(t) — 5| we get:

fle@®) = f(s)

U(t)-S _fA(t) SE,

then we get:

Example 2.1.9
Let T be a time scaleand  f:T — R by ft) =12 then find fA(t) forall ¢ ¢ TK .

Solution:

Example 2.1.10

Consider differentiable for that two cases: T =R and T =17 .

Solution:

i) If T=R , then by (example 2.1.5) o(t) =t

0= L = G = s

ii) If T =7, then by (example 2.1.5) o(t)=t+1



fA(t) — hmf(a(t)) — f(S)

s—t  o(t)—s

g 1) — f(s)
st b+ 1—t

= ft+1) - f()
= Af()

Theorem 2.1.11
If f.T—R bea function and let ¢ ¢ TK , then we have the following:
(i) If f is differentiable at ¢ , then f is continuous at ¢ .
(ii) If f is continuous at ¢ and ¢ is right-scattered (p(t) > 0) , then f is differentiable

at t with:

(iv) If f is differentiable at ¢, then

Flo() = f(t) + p(t) f2(1)

It can be found in [1, 2, 3].

Example 2.1.12
For the function f:T—R by f(t) = t2teT= {l :n € N} U {0} use theorem 2.1.11
n

to find  fA(¢) .



Solution:

111 1 1 1 1
T=A{.., 139 1} L: {0} then t;(o) = 070(1) = gaa(g) = §a0(7) =1,
u(t):o*(t)—t:m—t: 17 >0

and f is continuous then by theorem 2.1.11 we use
gy~ SO f0) o0 -
pu(t) £
1—t
t2 , t(1-(1-1)?%
I LA ()
B i B t2
1—1¢ 1—t¢
_1l-(1—-t)? 1-142—¢
4 1-t 1—t
o t(2—1)
B

Theorem 2.1.13

Let T be a time scale and f ¢:T — R are differentiable at ¢ ¢ T* then:

(i) f+g¢:T—R isdifferentiable at ¢ ¢ T+ with

(f +9)2(t) = f2() + 92 () -

(ii) «f:T— R is differentiable at ¢ ¢ TF with

(af)2(t) = af2(t) » if @ be any constant.

(iii) f.g:T — R is differentiable at ¢ ¢ TF with

(f9)2(1) = f20)g) + f((a()g™ (1)
= f(g™ () + f2(t)g(o(t))

(iv) If f(@t)- f((o(t)) #0 , then } is differentiable at ¢ ¢ TF with



(V) g(t)-g((o(t)) #0 , then f is differentiable at ¢ ¢ Tk with
g

IS 0 FAmg) — F()g” ()
<g> (t)= :

It can be found in [1, 2, 3].

Example 2.1.14
If f:T—-R and g: T — R are two functions by f(¢t) =¢(t) and g(t) =¢* for
teT= {g .n €N} then find the following:
) (F+9)2@) -
(i) (f.9)2() -

(i) (}) 'y

Solution:
1 3 5

T = -, 1,=-,2,—,3,...
{07%3 7217 72’37 } 3 3 ) .
t 4+
then = N=1lolD=Z.0(3N=2....0(t) = ——
0= polg) = Lol =gy =2mold = 5

t t t t

u(t)zo(t)—t:%—t: +2+ = ;>0

and f is continuous then by theorem 2.1.11

A =
Q pu(t)
2 +1 20(t)+1  2t+1
- ) — t —
_ f( 5 ) f(): 5 5
4t +1 4+ 1
2 2
2+2 2A+1
_ 9 - 9 _2t+2—2t+1
= 4t +1 - 4t + 1
2
B 1
4t +1



flo(t) = Ft)

p(t)
2t +1 2t + 1
f(T)—f(t) (T)Q—tQ
4t +1 T 4t+1
2 2
A2 + 4t + 1 2 A2 + 4t + 1 — 4¢2
4 _ 4
At +1 4t +1
2 2
At +1
4
At +1
2
1
2

(i) By theorem 2.1.13 (f + ¢)2(t) = f2(t) + ¢ (1)

(ii) By theorem 2.1.13

B 1+1
o 4t4+1 2

244t +1

8t +2
4t + 3

8t + 2

(f-9)2(t) = f(t).9°() + f2(t)-g(o(1))

2+1. 1 1 2+ 1,
()5 G =)
2+1 A2 +4t+1
1 T T l6t+a
824+ 6t+1+4t2+4t+1
16t + 4

12t2 + 10t 4 2

16t + 4
A2 + 4t +1

8t + 2

10



A
(iii) By theorem 2.1.13 <) (t) = —

4441
2t4+1, 2t+2
(o))
1

4t + 1
22 + 3t + 1
2

Definition 2.1.15

A function f.T — R is called right-dense continuous or (rd-continuous) provided

it is continuous at right-dense point in T and left-sided limits exist at left-dense points in

T [1].

Theorem 2.1.16

(i) If f 1is continuous then f is rd-continuous.

(ii) The forward jump operator (o(t)) is rd-continuous.

It can be found in [1, 2, 3].

Definition 2.1.17

A function F': T — Ris called a A-antiderivative of f : T — R if satisfy g2 (t) = f(t)

for all ¢ ¢ TF then we can define the infinite A-integral of f

/f(s) A s=F(t) — ¢ when c is arbitrary constant of F.

We define the Cauchy A-integral of f from a to b of f
b

/f(s)AS:F(b)F(a), Va,be T [1, 2, 6].

a

11



Example 2.1.18
t

Show that if T = Z, a # 1 then /at At= + ¢ , where cis arbitrary constant.

Solution:

at \ 2 at attl _ gt
Therefor T = Z thus fA(t) = Af(t) then ( 1> = A ( > = = qt
a4 —

so we get

t
/atﬁt: ¢ +c .
a—1

Example 2.1.19

: § (t + s)F+1 . .
Show that if T =R, k # —1 then (t+s)At= ST + ¢ , where c is arbitrary
constant.
Solution:
A !
' t 4 s)kt1 (t + s)kt1
Therefor T = R thus f2(¢) = f (t) then (7 = (2 ) =t k
FA0 = £ () then (L2 F) =t4s)
t+ s)ktt
t t+s)FAt= (t+s)™
S0 we ge /(+s) P +c
Table 2.2.

Time scale T R Z

Forward jump operator o(t) t t+1

Backward jump operator p(t) | ¢ t—1

Graininess ((t) 0 1

Derivative f2(t) f () Af(t)

b b b—1
Integral / F6) At / Fde |3 f)
a a t=1

12



Theorem 2.1.20

IfabcET aeR ) f: T—>R and g : T — R then
b

(i) /[f()+g( At—/f )at+ g0 ot

(if) /b (@) At=a / ft) o

(iii) /bf(t)At_/cf(t)AtJr/bf(t)At
a b a
b

a b
b
v) /f(t)At=o
) b
(vi) / F(o(8).g%() At = (f.9)(b) - (f.9)(a) - / o)) At
ab b(l

a
It can be found in [1, 2, 3].

Definition 2.1.21

If 14 p(t)p(t) #0 then the function p:T — R is called regressive function for all

t € T , and the exponential function on time scale is

o(t, s) =exp (/fﬁ Au) for all s,t,u €T,

log(1+up) .
where the cylinder transformation ¢ () = B l_ff “#()) 1, 2, 4, 7].
) u p=

We note that eo(t,s) =1 and ep(t,t) =1 -

Table 2.3.

T | s | pt) | epts)

R|O|1 et

Z 0|1 2t

13



Definition 2.1.22
If pp? is regressive then we can define cosine and sine function on time scale by

eip(tvs)"’_;*ip(ts) and eiP(tvs)_?*iP(tvs) [1, 2, 4].

cosp(t,s) = %

sin,(t,s) =

Theorem 2.1.23
If up? is regressive then we have
(1) cospA(t, s) = —psin,(t, s)
(2) sinpA(t, s) = pcosy(t, s)
(3) sinf,(t, s) + cos;(t, s) = eyp2(t, s)
(4)  eip(t,s) = cosy(t,s) +isiny(t, s)
It can be found in [1, 2, 3].

Definition 2.1.24
If —pup? is regressive then we can define cosine hyperbolic and sin hyperbolic function
on time scale by

coshy(t,s) = M and  ginh,(¢,s) = M 1, 2, 4].

Theorem 2.1.25

If —pup? is regressive then we have
(1) cosh]f(t, s) = psinhpA(t, s)
(2) sinhpA(t, s) = pcoshpA(t, s)
(3) sinhlzj(t, s) — Coshf,(t, 5) =e_,2(t,s)

(4)  e,(t,s) = coshy(t, s) + sinhy(t, 5)
It can be found in [1, 2, 3].

14



Definition 2.2. (Curves)
A curve is a continuous mapping ¢ :J — R" , where I is any interval of real line R
into R™. We write a Curve of « for parameter ¢t < J as

a(t) = (a1(t) , a(t) ..., an(t))

and « is differentiable <= q; is differentiable for i =1,...,n [9, 10, 11, 13].

Definition 2.2.1
The differential of Curve () is called the velocity of « with the functionas o' : [ — R»
and given by

’ ! !

v(t) = al (t) = (a)(t), a5(t), ..., a, (t)) and the acceleration of a is v(t)/ - Oé”(t) )

Definition 2.2.2
Let o : T — R™ be a smooth curve, it is said to be regular if (t)#£0 foralltel.

If

o (t)‘ — 1 then « have unit-speed [9, 10].

Definition 2.2.3

Let o :J — R™ be a curve then the length of « is defined by

a(t)‘dt, for ¢ <t<b [9,10].

Definition 2.2.4
A tangent line is a line that touches a curve at a point without crossing over. For-
mally, it is a line which intersects a differentiable curve at a point p where the slope of

the curve equals the slope of the line. The equation for the tangent line at that point p is

y—1y = %(w — 1) » where % is a slope of the curve and (z1,y1) is a point p.

Tangent line

Figure 2.3. Tangent line on Curve

15



Definition 2.2.5

Let «:J — R3 be aregular curve then the tangent vector along « is defined by
o (t)
o (t)

T(t) = |
we note that if o have unit-speed (i.e ‘ (t )) =1) then T(t)= o/(t) and we call T is

unit tangent vector.

Definition 2.2.6

Let a any regular curve then the curvature is defined by
\f@\ dﬁﬂ & (1) x a (b)

T or

T @) @) o (t)[°

Definition 2.2.7

Let o : I — R3 be any regular curve then the normal vector along « is defined by

also we can defined normal vector as N (t) = B(t) x T(t) where B is binormal vector.

Definition 2.2.8

Let o : I — R3 be any regular curve then the binormal vector defined by

B(t) = T(t) x N(t) -

Definition 2.2.9
The set { T, N, B } is called the frenet frame along « .

We note that of unit speed regular curve IT|=|N|=|B|=1 and TN =NB=BT =0 -

Definition 2.2.10
Let « be any regular curve parameterized by arc length ¢, then the torsion of « is

defined by

16



Figure 2.4. Frenet frame along curve

Definition 2.2.11

For a regular curve o : J — R3 , then the focal curve of the space consists of the centres

of its osculating hyperspheres. This curve parametrized in terms of the Frenet frame as

Co(t) = a(t) + cN(t) +eB(t) >

where ¢ = % is the first focal curvature and e = < is the second focal curvature.

Note that if 7 = 0 then we don’t have second focal curvature [28, 29, 33].

Example 2.2.12

1 1
For the mystery curve «(t) = ( cost,sint, — cos t> for 0 <t < 2, find the focal

V2 V2

curve.

Solution:

17



/ -1 . -1 .
a(t) = 7 sint, cost, 7 sint
/! -1 . —1
a (t) = Ecost,—smt, \ﬁcost
2, (=1 )
—smt cost)” + | —=sint
(o) # ot (Gpom)

1
2

= Vsin?t+cos2t=v1=1

o/(t)( - \/
2

2 L. 2
sin’t + cos t+281n t

so the mystery curve have unit speed.

The length of the mystery is

2m 2w
L(a) = ()‘dt:/dt
0 0
=2 —0=27
so the tangent vector is
o - L0 _do
T @l 1

-1 -1
= ——sint,cost, —sint
now the curvature is

ko= k= ‘T'(t)‘ - ‘a”(t)‘

= \/(\_/% cost)? + (—sint)? + (\_/; cost)?

1 1
— \/20052t+sin2t+20082t
= Vcos2t+sin?t =1

= 1

then the normal vector along « is

18



N(t) = T:T(t)
(_1 cost, —sint -1 cost)
= — ,—sint, —
V2 V2
and the binormal vector is
B(t) = T(t) x N(t)
e1 () es
= —“sint cost —-—sint
V2 V2
——cost —sint ——cost
V2 V2
r <_1 0 1)
- 27 7\/§
B'(t) = (0,0,0)
B'(t) - N(t)
T = —5fF—2
o/ (2)]
(0,0,0) <_1 cost, —sint -1 cost>
) Yy : = , — S, —=
_ V2 V2
N 1
=0

=1,

|~

the first focal curvature is ¢ =

then we can find focal curve

Co(t) = a(t) + eN(t)
1 1 —
= ( cost,sint, — cos t) + ( cost, —sint, — cos t)

V2 V2 V2 V2
= (0,0,0)
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Figure 2.5. A mysterycurve

Definition 2.2.13
Let o : 71— R3 be a curve then the plane spanned by the tangent(7" ) and normal(N

) vectors is called osculating plane, and we can determined by

B(to) - (z,y,2) = B(to) - a(ty) » Whentoel.

Definition 2.2.14
Let o : 1 — R3 be a curve then the plane spanned by the normal(/N ) and binormal(B

) vectors is called normal plane, and we can determined by

T(ty) - (z,y,2) = T(to) - aftg) » Whentpel.

Definition 2.2.15
Let «:I — R3 bea curve then the plane spanned by the binormal(B ) and tangent(T’

) vectors is called rectifying plane, and we can determined by

N(to) - (x,y,2z) = N(to) - a(to) > when £y € I .
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Binormal

Rectifvi
- Nermal plane

Principal

g "\\* normal
e

--____‘_h_‘

e |
Unit tangent Osculating plane

Figure 2.6. Osculating, normal and rectifying planes

Example 2.2.16

For curve q(t) = (sint,cost,t) find osculating, normal and rectifying planes at t = 7

Solution:

o/ (t) = (cost, —sint, 1)

o]-vs
v 13'8\1_ (Jlélt‘\lft 7)
T (t) = — g sint, =5 cost,0
‘T/(t)’ = \/;sm2t+ Loos?t = \;i
o ol ) \}521
()] v2 2
N(t) = Tk(t) = (—v2sint, —v2cost,0)
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so we determine o, T, N and B at t=m
a(r) = (0,—1,)
1 1
o= (-7°75)
N(m) = (0,v/2,0)
B(m) =(-1,0,-1)
for osculating plane  B(7) - (x,y, z) = B(n) - a(r)
(-1,0,-1) - (z,y,2) = (-1,0,—1) - (0, —1,m)

—z4+0y—z=—1m1 = zz+y=7m >

for normal plane  T(7) . (z,y, 2) = T(x) - a(r)
1 1 1
< \/>7 5 \/>> 1(:13,y, Z) ( \/i’ ’ 2> (07_177T)
\/>X+0y+ﬁ,2—ﬁ:>—w+z:7r N

and for rectifying plane  N(x)- (z,y, 2z) = N(x) - a(r)
(07 \/i 0) ) (:U,y,z) = (07 \/i 0) ’ (07 —1,7()
V2 =21r = y=n

Figure 2.7. «(t)=(sint,cost,t)
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Definition 2.2.17
A vector-valued function, also referred to as a vector function, is a function where
the domain is a subset of the real numbers and the range is a multidimensional vector.
The dimension of the domain is not defined by the dimension of the range.
In two dimensions we get plane curve it write as
r(t) = x(t)i + y(t)j = (x(t), (1))
and in three dimensions we get space curve, it write as
r(t) = z(t)i + y(t)j + z(t)k = (x(t),y(t), 2(t)) » where z,y and z are the component
functions [15, 16, 17, 18|.

Example 2.2.18
Find the velocity(v(t)) and acceleration(a(t)) of the vector valued function,

7(t) = 2cost i+2sint j+5cos’t k .

Solution:
The velocity is
v(t) =7 (t) = —2sint i+2cost j—10costsint k
= —2sint i+2cost j—Hsin 2t k

and the acceleration is

a(t) = v/(t) = ’I“”(t) = —2cost i—2sint j—10cos 2t k .
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Figure 2.8. r(t)=(2cost,2sint,5cos?t)

Definition 2.2.19
Let 7(t) be a vector-valued function then we define the tangent line to r(¢) at a point
to to be the line parallel to the derivative r (o).

The equation for tangent line is

R(t) = r(to) + v(to)t -

Example 2.2.20
Find the tangent line at ¢ = 7 of a circular helix with the equation

r(t) = acost i+asint j+ct k .

Solution:
' (t) = —asint i+acost j+¢ k
we calculate the tangent line at ¢t =7
r(m) = —aitwck
r' (1) = —a j+ck
then
R(t) =r(m) + 71 (m)
R(t) = (—a i+mc k) + (—a j+c k)t

= —ai—at j+c(t+m) k
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Definition 2.2.21
Let X be a set. A function {: X x X — R is called a metric if satisfies the following
three properties:
1. d(z,y)>0 forall g yecX and d(z,y)=0 <= z=1y » (distance are non-
negative,and distance is zero only distance from x to x itself)
2. d(z,y) = d(y, ) for all z,ye€ X, (the distance is symmetric function)
3. d(z,y) < d(z,2) +d(z,y) for all z,y,2€ X » (the distance satisfy the triangle
inequality).
Then a pair (X, d) is a set and called a metric space.

It can be found in [20, 22, 23, 24].

Example 2.2.22
The set of real numbers R with the distance function d(z,y) = | — 9| is a metric space
and the set of complex numbers C with the distance function d(z,y) = |z —y| Is metric

space.
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3. REGULAR CURVE ON TIME SCALE

Definition 3.1
Let n be a fixed and T; denote a time scale for each i € {1,2,...,n}, and let
A"=Ty xTy x...x T, = {t = (tl,...,tn) 1, €T Vi e {1,2,...,1’1,}} .

We call A" an n-dimensional time scale, A" is also a complete metric space with

dw,y) =/ |zi —wl*, Va,ye A" [25, 26, 30].

Let a time scale be change with parameter ¢ in an interval [a, b] .
If to each value ¢ ¢ [a,b] we assign a vector r(t), then we say that the vector-valued
function 7(¢) with argument ¢ ¢ [q,b] is given.

Assume that coordinates g, z,,...,x, are fixed, then the representation of vector-

n
valued function r(t) is equivalent to scalar functions z1(t), 22(t), ..., n(t) > that is

r(t) = {@1(t), m2(t), ..., za(t)} [25, 26, 30].

Definition 3.2
A vector r(tg) is called the limit of the vector-valued function r(t) as ¢ — ¢, if the

length of the vector r(t) —r(tp) tendstozeroas t — ¢, , here we write

limr(t) = r(to) -
t—to
It is clear that the vector-valued function 7(¢) has a limit if and only if each one of the

functions ) (t), zo(t), ..., z,(t) has alimit at ¢ — ¢, [25].

Definition 3.3
A-Derivative of a vector-valued function can be obtained by A-differentiating compo-

nents gy (t), zo(t), ..., zn(t) of r(t), and defined by

rA(t) = {2 (1), 25 (1), i (1)} -

Precisely, for A-derivative 72 (t) of the vector-valued function r(t) we can defined by
this limit

, where backward operator jump(o(t)) # s
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and if this limit exists then r(t) is called A-differentiable of vector-valued function

[25, 26].

Proposition 3.4
Let r1(t) and r2(t) be vector-valued function then
O (r1(0) +r2(8)® = 17 (@) + 13 (1)
(1) (ri(t)ra(t)™ = 17 (t)ra(t) + 77 (E)r5
The A-differentiation of the vector products of vector-valued functions is computed

by consecutive differentiation of the cofactors.

(i) (i () x r2(8)> = 77 (E) X r2(t) + 17 (t) x 75" = 10 () X 1§ () +7(t) X 75 (t) 5

where x be Euclidean vector product.

Definition 3.5

Let T be a time scale, a A-regular curve I' : T —R? is defined as a mapping
L(t) = (T1(t),Ta(t),T3(t)) » where o =T4(t) , y=T9(t), 2=T3(t) t€la,b CT
where I'1, I'y and I are real-valued functions defined on [a, b], that are A-differentiable

on [a, b]*with rd-continuous satisfied

2 2

oo+ o)+ o] #o. telon (25 27, 30

Definition 3.6

Let ' be A-regular curve. A line L is called A-tangent line to the curve I' at the

point Py if the following held

(i) £ passing through the point Pg = (I'y(0(tg)), [a(o(to)), Ds(o(to)) -

(ii) If Py = (T'1(to),T'2(t0), '3(to)) is not an isolated point of the curve I' then
lim AP L)
P—Pyd(P, Py)
P is the moving point of the curve I' , d(P, L) is distance from point P to the line £

exists , where P # Py ,

,and d(P, Py) is the distance from point P to the point Py [27].
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Theorem 3.7
For every A-regular curve I', there exists a tangent line to I' at Py and the tangent
vector is A-differential of it’s position vector function r%(tg), where r(ty) = Py for to € T.

Proof. This theorem can be proven as in [27], Theorem 3.3.

Definition 3.8
Let I' be A-regular curve and completely differentiable. The plane passing through
points Py € I' and orthogonal to the tangent vector to I' at Py is called the normal plane
to I' at Py, and let denoted by a .
Since this plane is orthogonal to the vector I'® and contains the point with position
vector a — I['(tp), then the equation of the normal plane is
(@ —T(to)) - T*(to) = 0 -

The vectors orthogonal to the tangent is called normal vectors to I' [25, 26].

Definition 3.9
Let I' be A-regular curve and completely differentiable. The plane with normal direction
I'(Py) and orthogonal the normal plane of I" at Py is called binormal plane, the equation
of the from
FlA(to)ﬂﬁ 4 F?(to)y 4 FSA (to)z =0, where =,y and z are Euclidean coordinate func-

tions [26].

Definition 3.10
Let Py be a point of A-regular curve and take two points @1, Q2 € I situated right side
of Py . If the points ()1 and ()2 tend to Py, then the limit position of the plane containing

Py, P§,Q1 and Q2 is called the osculating plane of I' at the point Py [25].
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Theorem 3.11

Let T be A-regular curve and represented as T' = I'(¢) . Assume that the vectors I'*
and T2%are not collinear at point Py, then there exists osculating plane of I" at Py and it is
spanned by the vectors ' and ra?,

Proof. This theorem can be proven as in [25], Theorem 4.1.

Theorem 3.12
The osculating plane of a planner curve coincides with the plane containing this curve.

Proof. This theorem can be proven as in [25], Theorem 4.3.

29



4. FOCAL CURVE ON TIME SCALE

After we studied the previous sections, we mixed the curve with time scale that led
me to find six new definitions and equations: A-Tangent vector, A-Curvature, /A-Normal

vector, A-Binormal vector, A-Torsion and A-Focal curve.

Definition 4.1. (A-Tangent vector)
Let T be a time scale and T': T — R3 is A-regular curve then the A-tangent vector

along I' is defined by
A (t
Ta(t) = )

]I‘A(t) where t € T .

’ )

Definition 4.2. (A-Curvature)
Let T be a time scale and T':T — R3 is A-regular curve then the A-curvature is

defined by
2|

kp = , whereteT.
T2 ()]

Definition 4.3. (A-Normal vector)
Let T be a time scale and T : T — R3 is A-regular curve then the A-normal vector is

defined by

Na(t) = , whereteT.

Definition 4.4. (A-Binormal vector)
Let T be a time scale and T': T — R3 is A-regular curve then the A-binormal vector

along I' is defined by

Ba(t) = Ta(t) x Na(t) » wheret €T .
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Definition 4.5. (A-Torsion)
Let T be a time scale and T': T — R3 is A-regular curve then the A-torsion of I is

defined by
_ —BX(t)- Na(®)

TA(t) = 5] , WhereteT.

Definition 4.6. (A-Focal curve)
Let T be a time scale and T : T — R3 is A-regular curve then the A-focal curve is

defined by

Cp(t) = F(t) + CANA(t) + GABA(t) y
A

1 . c .
where ca = . B first A-focal curvature, ¢, = “2 is second A-focal curvature
AN A
and t € T.
Remark 4.7:

If 7o = 0 then A-focal curve is a planner.

Example 4.8.

If T be a time scale and T : T — R3 be A-regular curve then find A-focal curve for
['(t) = (cosp(t, to), siny(t, tp),1) when T=R and T=17 .

Solution:

If T=R thenp=1andty =0 so I'(t)= (cost,sint,1)

so T2(t) =T'(t) = (—sint,cost,0)
r (t)j = V/sin?t + cos2t = 1

Ta(t)

I2(t I'(t —sint, cost, 0
(t) (*) :( sint, cos?, 0) = (—sint,cost,0)

INECIRNING] 1
TX(t) = Th(t) = (— cost, —sint, 0)
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’TAA(t)‘ = ’T'A(t)’ = Vcos?t +sin’t = 1
o] |rhe|

ST A )

UNORIEING

Na(t) = = = (= cost, —sint, 0
A(t) T n (— cos sint, 0)
€1 €9 €3
BA(t) =Ta(t) x Na(t) =| —sint cost 0 |=1(0,0,1)

—cost —sint 0

BR(t) = Bu(t) = (0,0,0)

,_ “BAW Na()  —BL®) Nalt) _ —(0,0,0)- (~cost, ~sint,0) _
o) = "mapr T T mAEl | -

then A-focal curve is a planner.

1
ch = = 1 is first A-focal curvature
AN

so we can find A-focal curve by
Cr(t) = (T +caNp)(t)
= ((cost,sint, 1) + (— cost, —sint, 0))(t)
= (0,0,1)(¢)
= (0,0, 1)

IfT=Zthenp=1and tn =0 soI'(t) = (cost,sint,1)
I2(t) = AT(t) =T(t + 1) — T'(t)
= (cos(t +1),sin(t +1),1) — (cost,sint, 1)
= (cos(t + 1) — cost,sin(t + 1) — sint, 0)

P4 (8)| = |AT(®)]

= \/cos2(t 4 1) — 2cos(t + 1) cost + cos?(t) + sin?(t + 1) — 2sin(t + 1) sint + sin® ¢

= /1 +1—2(cos(t + 1) cost +sin(t + 1) sint

=4/2—2cos(t+1—1t)=+/2—2cos(1) = 0.95885
Trlt) = I2(t)  AT()  (cos(t+ 1) — cost,sin(t + 1) — sint, 0)
at) = T2~ |AC@)] 0.958 85

TX(t) = ATA(t) = Ta(t + 1) — Ta(t)
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(cos(t +2) —cos(t + 1),sin(t +2) —sin(t +1),0)

N 0.958 85
(cos(t+ 1) — cost, Sln(t +1) —sint,0)
0.958 85
_ (cos(t +2) —2cos(t + 1) + cost,sin(t +2) — 2sin(t + 1) +sint,0)
B 0.958 85

(cos(t +2) — 2cos(t + 1) + cost)?+
(sin(t +2) — 2sin(t + 1) + sint)?
R (0)| = 1ATa ()] =
(0.958 85)2

cos?(t + 2) + 4cos?(t + 1) + cos?t — 4 cos(t + 2) cos(t + 1)+
2cos(t + 2)cost — 4cos(t + 1) cost + sin?(t + 2) + 4sin?(¢t + 1)+

sin?t — 4sin(t + 2) sin(t + 1) + 2sin(t + 2) sint — 4sin(t + 1) sin¢

- \ (0.958 85)2
1+44+1—4cos(t+2—t—1)+2cos(t+2—1t)—4cos(t+1—1)
(0.95885)2
4 cos(1) 4+ 2cos(2) — 4 cos(1)
0 058 85)2
0.84529
=/ 7 =55 (0.958 85 = 0.958 85
. |ATA 0.95885
|AT(t )\ T 0.95885
AT(1) (cos(t +2) — 2cos(t + 1) + cos(t),sin(t + 2) — 2sin(t + 1) + sint, 0)
Na(t)= =2 _ 0.958 85
1
_ (cos(t +2) —2cos(t + 1) + cos(t),sin(t + 2) — 2sin(t + 1) + sint, 0)
B 0.958 85
el €2 €3
cos(t + 1) — cost sin(t + 1) —sint 0
BAll) — Ta() % NalD) 0.95885 0.95885
Al = oA AT cos(t+2) —2cos(t+1)  sin(E+2) — 2sin(t + 1)
+cost +sint
0.958 85 0.958 85 0

(cos(t+ 1) — cost)- (sin(t+ 1) —sint)-
(cos(t +2) —2cos(t + 1) + cost) )

(sin(t +2) — 2sin(t 4+ 1) + sint)
a 0.958 85

= (0.0, 0.958 85
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cos(t + 1)sin(t +2) —2cos(t + 1) sin(t + 1) + cos(t + 1) sint
—sin(t + 2) cost + 2sin(t + 1) cost — costsint
—sin(t + 1) cos(t 4+ 2) + 2sin(t + 1) cos(t + 1) — sin(t + 1) cost

+cos(t 4+ 2)sint — 2cos(t + 1) sint + sint cost

= (0.0, 0.958 85 )
(0,0 sin(t+2—t—1)+sin(t—t—1)+sin(t—t—2)+2sin(t+1—t))
() —sin(1) — sin@) + 2500 (1) — sin@)
sin — sin — sin + 2s1n sin — sin
(0,0, 0.958 85 ) =0.0,— 05855

= (0,0,0.806 85)
BX(t) = ABA(t) = (0,0,0.806 85 — 0.80685) = (0,0,0)
~BR(t) - Na(t)  — A Ba(t)- Na(t)

TAETmAmr . jar@]

so A-focal curve is a planner

1
N o= 1 is the first A-focal curvature,
AN

and we can find A-focal curvature by

Cr(t) = T(t) + caNa(?)

) (cos(t +2) — 2cos(t + 1) + cos(t),sin(t + 2) — 2sin(t + 1) + sint, 0)
= t t,1
((cost,sint, 1) + 0.958 85

_(cos(t+2)—2cos(t—|—1)+2008t , sin(t+2) —2sin(t + 1) + 2sint , ¢
B 0.958 85

)(t)

) -
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CONCLUSION

I have founded and created six new definitions (A-tangent vector, A-curvature, A-
normal vector, A-binormal vector, A-torsion and A-focal curve) wich led to get six new
equations that helped me to solve some geometrical examples on time scale, when T=R and

T=Z.
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