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SUMMARY

ON THE DUALS OF SOME GENERALIZED
SETS OF DIFFERENCE SEQUENCES

In this thesis, we first mention the definitions of some fundamental notions and write
some basic theorems and inequalities. Then we give some sequence sets co(u, A\, p),
c(u, A\, p) and oo (u, A, p) which are defined by C. Asma and R. Colak [14], and also
describe some properties of these sets. Moreover, we study on a— and f— dual spaces

of these sequence sets and give some theorems related by such dual spaces.

Keywords: Paranormed sequence space, a— and S— dual spaces, difference se-

quence space.
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OZET

BAZI GENELERTIRILMIS FARK
DiZi UZAYLARI VE DUALLERI

Bu tezde, ilkolarak bazi temel tanimlari, teoremleri ve esitsizlikleri verdik. Daha
sonra (. Asma ve R. Colak [14] tarafindan tammlanan cy(u, A, p), c(u,N,p) ve
loo(u, A\, p) dizi uzaylarim ve bu uzaylarin baz ozelliklerini verdik. Dahasi bu uza-

ylarin a— ve f— duallerini verip bunlarla ilgili teoremler ve ispatlar verdik.

Anahtar kelimeler: Paranormlu dizi uzaylari, «— ve S— dual, fark dizi uzaylari.
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l.e

iff

LIST OF SYMBOLS

It means,

If and only if,

Zero vector in a linear space,

Set of all netural numbers,

Set of all real numbers,

Set of all non-negative real numbers,
Set of all complex numbers,

Set of all sequences with complex terms,
Space of bounded sequences,

Space of convergent sequences,
Space of null sequences,

Difference operator.



1. INTRODUCTION

1.1 Fundamental Definitions and Theorems
Definition 1.1.1: By a vector space (linear space) we mean a non empty set X

with two operations:

(x,y) — x4y from X x X into X is said to be addition

(A, z) — Az from K x X into X is said to be multiplication scalars

such that the conditions below are satisfied for every elements x,y and z are in X and
a,p e K:

(1) z4+y=y+uz,

(2) @+y)tz=z+(y+2),

(3) there exists an element § € X, is said to be zero vector such that = + 0 = =,

(4) for each x € X, there is an element (—x) € X is said to be the negative of z,
such that z + (—z) = 0,

(5) a(Bz) = (aB)a,

(6) (a+ Bz =ax+ fz,

(7) alx +y) =ax + ay,

(8) 1.z = x.

Elements of X are said to be vectors. If K = R, then X is said to be a real linear

space, and if K = C, X is said to be a complex linear space [6, 7].

Definition 1.1.2: A subset M of a linear space X is said to be linear subspace

in X ifar+puy € M forall z,y € M and «, p are scalars [2].

Definition 1.1.3: Let X be a non-empty set and d : X x X — RT be a
distance function. Then (X, d) is said to be a metric space and d is a metric on X, if
the following conditions are satisfied for every x,y and z are in X;

(M.1) d(z,y) > 0,

(M.2) d(x,y) =0 if and only if x = y,

(M.3) d(x,y) = d(y,z) (the symmetry property),

(M.A4) d(z,2) < d(z,y)+ d(y, z) (the triangle inequality).

If the conditions (M.1), (M.3) and (M.4) are satisfied then (X, d) is called a semi-

metric space and d is a semi-metric for X [3,7].

1



Remark 1.1.4:

(i) A metric (distance) function is a real valued function defined on arbitrary two
elements in X.

(ii) The axioms (M.1), (M.2) and (M.3) for a metric space referred to as the Haus-
dorff postulates.

Definition 1.1.5: Let (X, d) be a metric space. Then d is called a bounded metric
if for every x,y € X, there is a constant K > 0 such that d(z,y) < K [2].

Definition 1.1.6: A sequence (z,) in a metric space (X, d) is a Cauchy sequence
if for every ¢ > 0, there is an N = N(g) such that for every m,n > N, d (¢, z,) < €
[2,4].

Definition 1.1.7: Let (z,) be sequence in a metric space (X,d), then (z,) is

called convergent if there exists an € X such that

lim d (z,,z) =0,

x is said to be the limit of (x,) and we write

lm z,==x
n—>-mamo

or, simply x,, — = [4].

Theorem 1.1.8: The following statements are hold:

(a) If a sequence (x,) is convergent then it has a unique limit.

(b) If lim, . x, = z, then every subsequence of (x,) converges to z.

(c) If a sequence (x,) in a metric space (X,d) is convergent, then it is a Cauchy

sequence. But the converse is not generally true [5].

Theorem 1.1.9 (Bolzano-Weierstrass): Every bounded sequence has a conver-

gent subsequence.

Definition 1.1.10: A metric space (X,d ) is complete if every Cauchy sequence

in X converges to an element of X [5].

Definition 1.1.11: Let X be a real or complex linear space and d be a metric

for X. Then (X,d ) is called a linear metric space, if the algebraic operations are
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continuous on X. A Frechet space is defined to be a complete linear metric space

[3,13].

Definition 1.1.12: Let X be a linear space over the field R or C and ||-|| : X —
R* be a function, then we say that (X, ||-||) is a normed linear space and ||-|| is a norm
on X, if the norm axioms below are satisfied for every x,y in X and for every scalar
A
(N.1) [lz]| = 0,

(N.2) ||z|| =0 if and only if z =0,
(N.3) ||Az]| = |A\| . ||z||  (absolute homogeneity),
(N.4) [lz +yl < llzf| +[lyl  (triangle inequality).

If X is a real linear space, then A\ must be a real number [3].

Theorem 1.1.13: Every normed space is a metric space. It can be shown by using

p(z,y) =z —yll [3].

Definition 1.1.14: A Banach space X is defined to be a complete normed linear

space [1].

Definition 1.1.15: Let X be a linear space over the field R or C and g from
X into R be a function. Then (X,g) is said to be a paranormed space and g is a
paranorm for X, if the axioms below are satisfied for every z,y € X and for every
scalar a:

(g.1) g(z)=0 ifz =20,

(2) g(—=) = g(=),
(83) glz+y) < glx)+ gy),
(g-4) If

Tn,x € X for all n € N with x,, converges to x then «,.x, converges to a.r as

(cv,) is a sequence of scalars with «, coverges to o as (n — o0) and

(n — 00), in the sense that g(a,.x, — a.z) converges to 0 as (n — 00).
A total paranormed space is a paranormed which satisfies this axiom g(x) = 0

— 2 =0([3,7.

Theorem 1.1.16:

(a) Every paranormed space is a linear semi metric space.



(b) Every total paranormed space is a linear metric space [7].

Definition 1.1.17: Let X be a normed space and (e,,) be a sequence of elements
of X, then (e,) is said to be a Shauder basis for X if for each element = of X there

exists a unique sequence (A,) of scalars such that

n
Tr — )\k (%
k=1

— 0 as n — oo.

The series
o0
> Ak ey
k=1
which corresponds the sum of = is said to be the expansion of  according to (e,),

and we write

=Y A er. [2,4].
k=1
Definition 1.1.18: Let X and Y be two normed linear spaces over the same field

of scalars, then

(a) A transformation (or map, operator) 7' : X — Y is said to be linear if
Tx+y)=T(x)+T(y) and T(Ax) = \T(x)

for all z,y € X and for all scalars .

(b) A linear transformation 7': X — Y is said to be continuous at = € X if
z, — v = T(x,) — T(z) asn — oo.

T is said to be continuous if T is continuous at each point of X.
(¢) A linear transformation 7' : X — Y is said to be bounded if there is a real

number K > 0 such that
IT ()| <K ||z] YVzeX [2]

Definition 1.1.19: f is a linear functional on X if f: X — R or C is a linear

operator. In other words a linear functional is a real or complex-valued linear operator

[1].

Definition 1.1.20: Let X and Y be two normed spaces. The set B(X,Y)

consisting of all bounded linear operators from X into Y is a linear space with respect

4



to the addition and scalar multiplication of operators. If Y = R or C, then B(X,Y)
is called the dual space of X and denoted by X . X  forms a normed space with the

norm
I = sup {—'f (“””}z sup {1 ()]} [4,1].
zeX—{6} Ea |Tfu)§1

Definition 1.1.21: By w, we define the set of all complex sequences , i.e.,

w={z=1(z): 2, €C, (keN)}.

Each element z = (z;) of w is a sequence of the form z = (z + iyx), _, , where (zy)
and (yx) are both real sequences and i = +/—1. It is a simple verication that w is a
linear space according to the usual co-ordinatewise addition and scalar multiplication

of sequences which are defined by
r+y=(xr) + (y) = (xx +yx) and ar = a(vg) = (axy)

respectively; where x = (z), y = (yx) € w and o € C. The popular metric on w is

defined by

— 1 B
do(w,y) =3 oIl (), y = 3.
(z,9) 2 1+ [ — Yl = (), y = (y) € w [3]

Definition 1.1.22:

(a) The space of all bounded sequences is denoted by /., and given as :

Ew:{m:(xk)Ew : Sup|xk|<oo} 13].

keN

(b) The space of all convergent sequences is denoted by ¢ and given as :
c= {x:(mk) Ew : klim |z, — 1| =0, forsomelEC}[B].

(c) The space of all null sequences is denoted by ¢y and given as :

coz{x:(xk)Ew o lim xkzo} [3].

k— 00

The natural metric d on A\, A € {l, ¢, ¢o} is defined by



doo (2,y) = sup |z, — yy|
n €N

where © = (z,,) and y = (y,) arein X\ [7].

Definition 1.1.23: The space of all sequences () such that > |zx|" converges
k=1
where 0 < p < oo is denoted by ¢, and given as :

l, = {x = () ew 3 |xl” converges} [3].
k=1

The natural metrics d,, and d,, on ¢, are given by

LS

k=1

dp(z,y) = <Z!xk—yk\p) . p>1

dp(z,y) = o Jak — yel” , 0<p<1
k=1
where = (z3) and y = (yx) are in £,. Note that if we take p = 1 then we get ¢; [1].

Definition 1.1.24: The spaces bs, cs and csg of bounded series, convergent series
and the series converging to zero respectively, are defined by

<oo},

n
> Tk

bs = {x:(xk)ew:sup

n €N | k=0

cs = {x:(:z:k)szklim Zxk—ﬁ‘zoforsomeﬂe(:},
=% |£=0

csy = {x:(xk)ew:hm > xg :O}[3].
k=00 | k=0

The natural metric on the spaces bs, c¢s and csg is defined by

n

PONCTIETY

k=0

d (z,y) = sup

n €N




1.2 Some Inequalities

(i) Triangle inequality: For any a ,b € C, then
a+0] < la| + o] [1]. (1.1)
(ii) Let a,b € C and 0 < p < 1. Then, we have
la + 0" < |a|” + 10" [7]. (1.2)
(iv) Minkowski’s inequality: Let 1 < p < oo, then

1
13

+

1
P o0
< |2 lil

i =1

[Z |lz; + yil”

1 =1

i =1

> |yi|p] y (13)

where = (z;),y=(vy;) €, and i=1,2,... [3].



2. SOME SEQUENCE SPACES

Suppose here and after that p = (py) is a sequence of strictly positive real numbers
and let M = max{l,sup,pr}. We also assume that U is the set of all non zero

sequences u = (uy);., with complex terms. We shall use these throughout the next.

Definition 2.1: The spaces ¢ (p), ¢(p) and co(p) were introduced and investigated
by various authors and defined by Maddox [8] (see also [9],[3]) as follows:

lo(p) = {JI = (zp) Ew: sup |z < oo},
keN
c(p) = {x = (xp) Ew: klim g — £ P = 0, for some £ (C},
CO(p) = {x = (ZL‘k) cw: kh—1>noo |1'k|pk — ()} .

It’s easy to see that each of the sets ¢ (p), ¢(p) and cy(p) forms a linear space with

respect to the usual co-ordinatewise operations.

Note 2.2: If the terms of (p;) are constants and all equal to p > 0, then we see

that loo(p) = loo, co(p) = co, and c(p) = c.

Theorem 2.3: ¢y(p) is a complete and linear metric space paranormed by
Pl

g(x) = sup EN (2.1)

If infp, > 0 then /(p) and c(p) are also complete and linear metric spaces

paranormed by (2.1) [7].

Proof: It’s known that a total paranormed space implies a linear metric space. We
here only consider the proof of the continuity of scalar multiplication on co(p). Now
let x = (x;) be an arbitrary sequence in c¢o(p) and A be any scalar in C. Since the
inequality

A" < max {1, |)\\M}

holds for A € C, we have

1

Pr

AT < [max{1,|>\|MH — max {1, |\[} . (2.2)



Hence
g(Ar) <max {1, [A[} g().

Thus the function (A\,x) — Az is continuous at A = 0, x = 0 and the function
r — Az is continuous at x = 0 when A is fixed. Now let = be fixed in ¢y(p) and

€ > 0 then we choose NV € N such that

Pg
M
sup |zg| " <
k>N

DO ™

for 0 > 0, so that |A\| < gives

pﬁk
sup Azl <
k <N

DO | ™

Thus if |A| < min {1, 6}, then

Pi Pl
gha) = sup [Azpl” + sup |z "
k<N k>N
< P + £ I
2 2 7

Thus the function A — Az is continuous at A = 0. Hence we get the proof. The
completness of above spaces is known and the reader may see it in [7] for details. To
show that the second part of above theorem is fail only in which continuity of scalar

multiplication but not in special case, we here give an example.

Let (pn) = (£) and (z,,) = (1,1, ...) for every m, then ¢ (p) contains z. Let A be

such as 0 < A < 1, then |)\|i < 1 for all m and |)\|% — 1 as m — 00, so that

1

1 1
g(Az) = sup |Az,| " =sup A" = 1.

Hence Az - 0 as A\ — 0 and this clarifies that (. (p) is not a linear metric space

in general case.

Note that by Definition 1.1.11, the space co(p) forms a Frechet space, the other two

spaces (o (p) and c¢(p) are also forming Frechet spaces with considering their special

cases.

Lemma 2.4: The following inclusion relations are strictly hold.
(i) co(p) C c(p),
(if) c(p) C Loo(p).



Proof : The proof is trivial, so we omit it.
Note that the inclusions are strict, for instance in the first part of above inclusions
if we take p,, = 1, xj, = % + 1 for every k, then ¢(p) contains x; and limy_ |xk|pk =

limy_ o ‘% + 1} =1, but x ¢ co(p).
Definition 2.5: The following sequence sets has been defined by Kizmaz [16] as

loo(D) = {x=(2p): Az € ls},
c(N) = {z=(xp): Awec},
(D) = {z=(xp): Az € ¢},

where Az = (Axy) = (g — Tpy1)-

Theorem 2.6: The sequence sets (o (), c(A) and ¢y(A) are Banach spaces with
the following norm

=l = l1] + sup ||

Proof : To see the proof entirely refer to [16].

Lemma 2.7: sup, |Axy| = supy, |2x — xx+1| < oo if and only if

i) sup, k 7' |ox] < oo and (ii) supy |vn — k(k + 1) top ] < oo .
k

Definition 2.8: The following sequence sets are defined as;

loo(u,p) = {x = (1) € w : sup |upay|™ < oo} ,
k
co(u,p) = {:z: = (xp) Ew: klim lupy|™ =0 } ,
c(u,p) = {x = (x}) Ew: klim |upxy — ¢ |pk =0, for some ¢ € C} [18].

Theorem 2.9: The above sequence sets are paranormed by

k

gl) = sup gz 18]

Proof: The axioms (g.1) and (g.2) are trivial to satisfy so we here consider the

other axioms. Let x = (z;) and y = (yx) € c(u,p), then (g.3) follows from (1.2) as

10



below

Pk
1

glaty) = sup fug (2 + )] i

PE.
= Sl;p |ukzy + urys| "

S %
< Slép\ukl“k\ "‘Slgpfukyk’

= g(z) +gy).

Let A be a scalar in C, then (g.4) is proved as the same manner of the proof of

Theorem 2.3.

Definition 2.10: The following sequence spaces have been defined by Asma and
Colak [14] as;
goo(uaAap> = {x = ('Tk) Cw: (uk Axk) € goo(p) }7
C(U,A,p) = {1’ - (xk) cw: (uk Al’k) € C(p) }7
CO(“? Aap) = {:L‘ - ('Ik) cw: (uk A l’k) S CO(p) }a
where A%z = (z3) , Az = (Axy) = (x — T1) for k=1,2,...and u € U.
It’s clear to see that if p = (pg) is a fixed real sequence such that 0 < py < sup, pr <
oo and u is in U, then co(u, A, p), c(u, A\, p) and lo(u, A\, p) are linear spaces, with
respect to the usual co-ordinatewise operations
where 1 represents an arbitrary number in C. Note that if we here take p, = 1 for all k&
in N, we have co(u, A, p) = co(u, A) , c(u, A, p) = c(u, A) and loo(u, A, p) = L (u, D),
where
co(u, ) = {rx=(zp) €w: (uy Dxy) €co },
c(u, ) = {z=(xp) €Ew: (up Aay) € ¢},
loo(u, ) = {x=(x) €w: (up Awg) € loo}.

Theorem 2.11: Let p = (pi) be a sequence of strictly reals such that 0 < p; <
sup,, pr < 00 and u € U. Then ¢q(u, A, p) forms a paranormed space with the paranorm
below

PR
g(x) = sgp ug, A 2] (2.3)

11



If inf pr > 0 then the sets o (u, A, p) and c(u, A, p) form paranormed spaces with

the same paranorm as (2.3) [14].

Proof: To prove the first part we follow the paranormed axioms by using the given
information from above. Let u € U and p = (px) be such above with z = () and
y = (yx) be in co(u, A, p).

(g.1) Nowlet x=80=(0,0,...), then we have

s 0 s
g(x) = Slli_p lup AN x| = Sllip lug.0] " = Sl;p 6] =0.

Pg

g(—z) = sgp!ukﬂ(—l‘k)lM
%
= sup |—up A x|
k
P

= sup up Az
K

= g(x).

(g.3) By (1.2), we have
gle+y) = suplun(A+ Ayl ™
= sup |ug A x4 up Ay)| ™
k
43 s
< supfup Awg|” +sup lug Ay
k k
= g(@) +8y)-

(g.4) Let A € C be a scalar then by (2.2), we have

g(Az) < max{1,[A[} g(z).

o, (A\,x) — Az is continuous at A = 0, z = 0 and so if A is fixed then = — Az
is continuous at x = 0. Now suppose = be a fixed in co(u, A, p) and € > 0 be given,

then we can choose N € N such that

Pk

sup Juy A x| " <
k>N

DN ™M

12



for § > 0, soif [A| < ¢ then it gives

W€

sup [N up A zg| T < <.

k<N 2

Thus if |A| < min {1, ¢}, then

P P
g(Ar) = sup [N up Azl + sup |up A x|

k <N k>N

< c + - €
2 2 7

Therefore A — Az is continuous at x = 0. So we get the proof.

Note 2.12:

(a) Notice that in general case the second part of above theorem, i.e., fo(u, A, p)

and c(u, A\, p) is fail in which continuity of scalar multiplication but not in special case.
To clarify that we here give an example:

1Let (x;) = (—24), (u;) 4 (3) and (p;) = (%) for all i

. Let 0 < |a] < 1. Then
‘Oz‘i < 1 for all i and |04|r2 — 1 as i — 00, so that

byg

glax) = sup |au; A | ™

1
i2

=1.

03 (2)

= sup
i

Hence az -+ 0 as @« — 0 and this clarifies that (. (u, A, p) is not a paranormed
space.

(b) Notice that the above paranormed spaces, i.e., lo(u, N, p), c(u, N, p) and

co(u, A\, p), are not total, because in each case of them if

g(z) = sup|u; & zi|™ =0, where 0 = (0,0,...),

does not imply = = 6. For instance if x; = 1, for every i then z; € lo(u, A, p) and

L Py
g(z) = sup [u; A ;] "= sup |0 "=,

but z; # 6.

(c) Tt’s known that paranormed spaces imply linear semi metric spaces, hence the
space cg(u, A\, p) is a linear semi metric with (2.3) and the other two spaces f(u, 2\, p)

and c(u, A, p) are also linear semi metric by (2.3) with considering their special cases.

13



Lemma 2.13: The following inclusion relations are strictly hold.
(1) Co(U,A,p) - C(U,A,p),
(il) e(u, &, p) C loo(u, A5, p).

Proof:
(i) Let z € co(u, A, p), then
kli_r{loo lug A 2] = 0.
If we take ¢ = 0, we may write
kEnm lug O 2 — 0] = kli_r}noo lug O 2 — 0 = 0.

For arbitrary = = (z) in co(u, A, p), we get z € c(u,A,p). So co(u,N,p) C
c(u, A, p).
(ii) Let 2z € ¢(u, A, p) and ¢ € C with H, M € R then by (1.2), we have

sup [up A 2|t = suplug A ay — 040"
! k
< suplup Ay — 0" 410"
k

= H+ M < .

So, for every = in c(u, A, p), we get © € loo(u, A, p). Hence c(u, A\, p) C loo(u, A, p).
These complete the proof. Note that the inclusions are strict. For instance in first
inclusion if u, =1, pp = % and x;, = k. Since

- 1

lim |up Axg|” = lim |-1|" =1
k— 00 k—00

S0, Ty € C(U, Aap) - CO(uv A7p)

14



3. KOTHE-TOEPLITZ DUALS

In this chapter we study on a— and S— duals of the sequence sets co(u, A, p),
c(u, A\, p) and loo(u, AN, p) which are given in the last chapter. Suppose that wy, = ﬁ

where u; € U, we use this throughout the next.
Definition 3.1: For any two sequence spaces A and £, the set S(A, ) is defined by
SN ={z=(2) Ew:xz=(xp2) €& forall z=(x,) €A} (3.1)

is said to be multipllier space of A and . With the above notation (3.1), the a— and

[— duals of a sequence space A\ which are denoted by A%, N respectively, are defined

as
A =S (\6) and M =5 (\cs)
that is
A= {x = (x) Ew: é]xkyk\ < oo, for all y = (yx) € )\},
Moo= {x = (7p) Ew: ]i)xkyk converges, for all y = (yx) € )\} (3, 14].

Note 3.2: \%, \? are called Kothe-Toeplitz and generalized Kothe-Toeplitz duals
respectively. It’s known that A* € A\’ and if A C & then &7 C )", where = « or f3.
Furthermore we write A™ = (A*)* and A7 = (V%)% [3,14,19].

Theorem 3.3: For every sequence p = (py) of strictly real numbers, we have
(1) [co(p)]” = Mo(p),

(i) [loo(p)” = Moo(p),

(iii) [e(p)]" = M(p),

where
M) = U fo=(@): Sl v ™ < oo},
M) = (1 fa= (@) Elal V¥ <oof.
and
M) = Ma() 1 {a = (ax) s £ lon] < o0 b 119,

15



Proof: (i) Let a = (ax) € Mo(p) and = = (x}) € co(p). Then

00 1
D lag| N
k=1

Pk
< o0

for some N > 1 and
_ 1
z]* < N7 = |ap] < N

for some large k, where for k£ it follows that

_ 1
larzr] = |ag| |zk] < [ag| N 75,

hence
lak| |zl

13

>
Il
—_

1

|a'/~c|]v7p1c < o0,
1

o0
o lak x| =
k=1

18

<

>
I

so Mo(p) C [co(p)]*. Since [co(p)]* C [co(p)]” then by Theorem 6 in [20] it follows that

[co(p)]™ = Mo(p).
(ii) It’s similar to the above proof of (i), to see more details refer to [15] and [19].

(iii) Let a = (ay) € M(p) and z = (2) € ¢(p), |z —¢|" — 0 (k — o0). Then

oo
> Jak| < o0
=1

and since x € ¢(p) then (x; — ¢) € ¢o(p) and so

Z |6Lk($k — €)| < Q.
k=1

Now by the inequality
|CLkZL‘k| = |6LkZL'k — Q E—}— Qe £|

< g (zp = O] + € axl,

we get that
|lay xx| < oo.
k=1
Thus a € [¢(p)]®. Since c¢o(p) C c(p) it drives that [c(p)]* C [co(p)]”. Let a € [c(p)]”

) € ¢(p), it drives that

since e = (1,1, 1, ...

o
> Jag| < oo,
k=1

16



so that a € {1, and hence a € [cy(p)]* N {1 = M(p). So we get the proof.

Theorem 3.4: For every sequence p = (py) of strictly real numbers, we have

(i) [co(p)]™ = Eo,
(ii) (oo (p)]™ = P,

where

Eo= N {x:(xk):sup|$k|]\7pk <oo}
k

N >1

and

_ 1
EFw= U {az = (x) s sup |z N ™ < oo} [15,19].
k

N >1

Proof: (i) Let a = (ax) € Ey and z = () € [co(p)]”. Then for every N > 1,

1

1
lag| N <K = Jap| <K N ™

for all £ and some K > 0, and

1

= P
SNolzg| N7 <
k=1

for some N > 1. Hence

_ 1

lar x| = Jag| |zn| < K |z N

then adding this inequality it implies that

1

K |z N 7

18

(o0}
Doak x| <
k=1

B
Il

1

o] _1
= K Y |m|N ™ < oo,
k=1

consequently a € [co(p)]™”, whence Ey C [co(p)]™“. Since [co(p)]”

[co(p)]® by Theorem

3.3 (i), it follows that [co(p)]*® C [co(p)]””. Theorem 2 in [15], shows that

Tk
A= N {y:(yk)Ew:s%p\yﬂN <00, TR =

N >1

)
Pk

replacing (y;) by (1) and A by [co(p)]”?, it gives us [co(p)]?’ = Ey, then [¢(p)]*® C Ey.

So we get [co(p)]™" = Eo.

(ii) It’s similar to the above proof of (i), so we omit it.

Lemma 3.5: Let (p,) be an increasing monotonic sequence of positive numbers.

17



n o0
(i) Ifsup,|>_ py ay| < o0, then sup, |pn >, ax| < oo,
v =1 k =n+1

(i) If > prap is convergent, then lim, . p, >, ar =0 [16].
k=1 k =n+1

Theorem 3.6: For every sequence p = (py) of strictly positive real numbers, and
for every u € U, then we have

(1) [loo(u, &,p)]" = Ma(p),

(ii) [co(u, &, p)]" = Dalp),

(i) [c(u, &,p)]* =D (p),

where
9] [e%S) k—1 N
Ma(p) = ﬂ{ :Z|akVZN”jwj<OO}a
N=2 k=1 j—l
D.(p) = U {a— ai) € w: Z]aMZN pﬂwj<oo}
N =2 7 =1
and

D(p) = D,(p) ﬂ {a = (a) Ew: Z |ag| ij < oo} [14] .

Proof: (i) Let a = (ax) be an arbitrary sequence in M,(p) and = = (z) be in

|pk

loo(u, A, p). For any N > max{1,sup,, |ur A zx|"*}, clearly

o0
Z lag| Z N wj < oo implies Y |ag| < oo.
=1 Jj=1 k=1
On the other hand if
sup |ug A x| < N,
k

we have
1Az < N w (3.2)
For each = = (), it gives
k=1 k=1
> Az o= ) (x5 — i)
= j=

= (1 —22) + (2 — x3) + ... + (Tp—1 — =)

= I1 — Tk

18



and hence

k=1
ry=x1— y, Ax; for k=12 .. (3.3)

j=1

By using (3.2) and (3.3) in next inequality, we have

[e’) 00 k—1
> lawzi| = 30 |ak | 21— X Ay
k=1 k=1 =1
oo k—1
= > |agx1 —ag Y, Ax,
k=1 =1
oo oo k—1
< 7 agz| + DD ak Y A
k=1 k=1| j=1
0o k—1 00
= D aw|| X2 Axy| + |zi] Yo |axl
k=1 j=1 k=1
00 k—1 1 00
< > akl D N Piwj+ x| Y Jak| < oo. (3.4)
k=1 j=1 k=1

So, we have a € [loo(u, 2\, p)]*. Thus M,(p) C [leo(u, A, p)]*. Conversely suppose
that a ¢ M, (p). Then

o) k—1 1
> lak| 20 N iw; = oo
k=1 j=1

for some N > 1. If we put

k—1 1
rp= > N *rw;, for k=12,
j=1

then x belongs to £ (u, A\, p) and

oo
7 lagxy| = oc.
k=1

This means that a ¢ [(o(u, 2\, p)]*. Hence [loo(u, N, p)]” C My(p) and therefore
[éoo(uv Aap)]a = Ma(p)

(ii) Let @ = (ax) be an arbitrary sequence in D, (p) and = = (xx) be in c¢o(u, A, p).

Then there exists an integer ky such that

Pre 1
sup |up A x| < N
k >ko

where N is the number in D, (p). We here put M , m and L as below

M= max |u, Az, m= min pg L=(M+1)N
1< k < ko 1< k < ko

19



and define

y=(y) = Ilf for k=1,2,...

m

Then it’s clear to see that
sup |up A yp* < 1
k TN
and from (3.4) with N replaced by +, we have

00 1 oo
> lawze| = L™ 37 agye| < oo.
k=1 k=1

Conversely let a does not belong to D,(p). Then, we can choose an increasing

sequence (k(s)) of integers such that k(1) =1, (i.e., k(1) < k(2) < ... < k(s +1) < ..)

and
k(s+1)-1 k-1 )
M(p,s) = Z |ak|Zw]~ (s+1) 7 >1 for s=1,2,...
k =k(s) Jj=1
If we take
s—1 k((41)—1 ) k-1 )
meo= ) >, w (1) 4 D w (C+1) 7,
(=1 k0 J = k()
(k(s) <k < k(s+1)-1 for s=1,2,..)
then
1
lug A | " = P (k(s) < E<Ek(s+1)—1 for s=1,2,..)
s

and hence = € ¢q(u, A\, p). Then we may see that
o o
S Jagxk| > D0 1= 00.
k=1 s =1

This means that a does not belong to [co(u, A\, p)]“. Therefore we obtain the proof.

(iii) Let a = (ax) be an arbitrary sequence in D(p) and x = (xx) be in c(u, A, p).
Then |up Axp— 0" — 0 (k = 1,2...), for some ¢ € C. We define y = (y) as a

sequence by
k—1
ye =z + L0 > uj_l, for k=1,2,...
j=1

20



Since

lue Ayl = (ye — yrs)|
k—1 1 k 1 o
= |Uug (iCk—i-g Z:luji)—(l']grl—i-g Z:luji)
J= J=

Pk
k

k—1
_ -1 1
= |upxy + up.t 21 U — UpThpr — Up L 231 u;
j= j=

Pk
k-1

k
= UL (.ka — $k+1) + 14 U ( uj_l — Z uj_1>
j=1 i=1

= J

—1|Pk
= ‘ukAa:k—Kuk.uk ‘

= Juy Az —L|" —0 as k— oo,

then y = (yx) belongs to co(u, A, p). Since a belongs to D(p), then by (ii), we have

0o [es) k—1
> lagze| = 3 |ax (yk r o3 U[l)‘
k=1 k=1 j=1

00 k—1 1
= > |apye —Cag Y u;
k=1 j=1

[ee) 0o k—1 1
< >0 lagyl + 1€ 220 lar| | D2 v,
k=1 k=1 j=1
oo k—1 00 0o k—1
< lag] | >0 Ayj| + vl D2 lar] + €] X2 lax] Y2 w; < oo,
k=1 j=1 k=1 k=1 j=1

and therefore a € [c(u, A, p)]”. Now suppose a belongs to [c(u, A\, p)]*. Since [c(u, A, p)]* C
[co(u, AN, p)]* and [co(u, 2\, p)]* = Du(p) by (ii), then a € D, (p). If we here put

k-1
rp= > w; for k=1,2,..,
j=1
then x € c(u, A, p) and thus
00 k—1
o akl D0 w; < oo
k=1 j=1
Therefore a € D(p).

Theorem 3.7: For every sequence p = (py) of strictly positive real numbers, and

for every u € U, then we have
(1) [loolu, &, p)*" = Maa(p),
(11) [CO(ua A,p)]aa = Daa(p)a
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where

M,o(p) = U a = (ar) € w: sup |ag|

k >2

and

k=1 -1
d N rw; | <oop,
j=1

00 k-1
Deoa(p) = ﬂ a=(ay) Ew: zug |a| (ZN
> st

N=2

Proof: (i) Let a = (aj) be an arbitrary sequence

oo (u, NN, p)]* = M, (p). Then we have

-1
-1
& wj> <oop [14].

in Muo(p) and z = () be in

00 00 k—1 1 ! k-1 1
> lawze] = X |axl N 7w, AR
k=2 k=2 J=1 j=1

k>2

k—1 B P
< |suplaf | X0 N Piw;
j=1

o0

k—1

Z]mﬂ ZN éwj < 00

k=2

Jj=1

for some N > 1, by Theorem 3.6 (i). Hence a belongs to [(s(u, A, p)]*“.

Conversely suppose that a does not belong to M,,(p). Then for every integer

N > 1, we have

k >2

k—1 1 !
sup lag| | Do N Piw; = 0.
j=1

Thus we can choose a strictly increasing sequence (k(i )) of integer numbers such

that )
k(G)-1 4 B )
‘ak(z’)‘ 21 N ?iw; > 1 for 1 =1,2,....
J:
It implies
R »
‘ak(i)‘ Zl N Piw; <14 for 1 =1,2,....
J:
We put
—— , k=k(i)
|axci )
Ty =
0 .k # k(7).
Then
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for every N > 1. This produces that = € [((u, A, p)]” and

> lawzr] = 3 1 =00
=1 i=1
s0 a & [loo(u, AN, p)]**. Hence [loo(u, NN, p)]** = Mya(p).

(ii) Let us define

1

00 k—1 1
En(p) = {a: (ag) €w: > Jak| DN Prw; < oo}
k=1 j=1
and

-1
k-1 —1
Fn(p) = ¢ a= (ar) € w: sup |ag| <2prwj> < 00
1

k >2
where N = 2,3, ....
By Theorem 3.4 (i), [Ex(p)]” = Fn(p) for each N > 1.

Theorem 3.8: For every sequence p = (p) of strictly positive real numbers, then

we have
(oo, 2,9))" = Doc (),

where

o 00 k—1 1 o0 1

Do (p) = ﬂ acw: Yy, agy, N *w,; converges and Y N rrwy |Ry| < oo

N k=1 j=1 k=1

and
Ry= > a, for k=1,2,.. [14].
v=k+1

Proof: Let a = (ax) be an arbitrary sequence in D, (p) and x = (x) be in

loo(u, A\, p), we write
n n—1 n—1 n
Sagrr=— > Axp R+ R, > A+ 21 Y ap for n=1,2,.... (3.5)
k=1 k=1 k=1 k=1
Clearly a € Dy (p) means that the series
D ak
k=1

is convergent. Since z belongs to (o (u,A,p) we may choose N > max{l, sup,

lug A 2|1, so that
[ee] S 1
Z |Al’k| |Rk| < Z N ey |Rk| < 0.
k=1 k=1
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Thus

00
Al’kRk
k=1

is absolutely convergent. From Lemma 3.5 (ii), the convergence of the series

8

k—1 1
ap Y5 N "iw;
Jj=1

k=1

implies that
k—1 1
Ry, Z N 7 W

J=1

converges to zero as (k — 00), and hence (3.5) produces that
[e.o]
> gy,
k=1

is convergent. Thus a € [(oo(u, 2, p)]°.
Conversely suppose that a € [(o(u, A, p)]” . Since e = {1,1,1,...} € loo(u, A, p),
then we have the series
> a
k=1
is convergent. Define
k—1 1

= (xr) =Y. N %w,
=1

then z € l(u, A, p), and
00 k—1 1
> ap 3o N Piw
k=1 j=1

is convergent. By Lemma 3.5 (ii), we have the series

k—1 1
Ry, Z N 7 w;
1

J

converges to zero as (k — 00). By (3.5) we have that
k=1

converges for all a € loo(u, A\, p). Since © € loo(u, A, p) it (yx) = {ur Az} € o (p),
then (u; " Ry) € [loo (p)]°. By Theorem 3.3 (ii), we have

0 a1
Z N ey, |Rk| < o0
k=1

for every N > 1. Hence a € Dy (p).
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4. CONCLUSION

In this thesis, the main goal is study on Kothe-Toeplitz duals ( a— and f— duals)
of the sequence sets (o (u, A, p), co(u, A, p) and c¢(u, A\, p) and focus on some results
which are concluded from a— and S— duals of these sequence sets. Suppose that A
represents each of the sequence sets which are in the table below, then we see the

concluded results that,

k=1 j=1
(%s) k—1
D.(p) = {a— (ax) € w Zlak|zwi N 7 < oo},
N =2 k=1 j=1
00 k—1
b = D) {a=@ews il Tu <oo).
k=1 7j=1
o0 k—1 ) -1
M, (p) = U a = (ag) € w: sup |a| (ZN ijj> <000y,
N =2 k>2 j=1

00 k—1 1 -1
Daa(p) = ﬂ { - a/k cCw: Sllp |ak’ <ZN F wj) < 00 )
N=2 1

a€w: Z |ag| Z N w; converges and Z N Pkwk |Ri| < oo}
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