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SUMMARY

ON THE DUALS OF SOME GENERALIZED

SETS OF DIFFERENCE SEQUENCES

In this thesis, we �rst mention the de�nitions of some fundamental notions and write

some basic theorems and inequalities. Then we give some sequence sets c0(u;4; p);

c(u;4; p) and `1(u;4; p) which are de�ned by Ç. Asma and R. Çolak [14], and also

describe some properties of these sets. Moreover, we study on �� and �� dual spaces

of these sequence sets and give some theorems related by such dual spaces.

Keywords: Paranormed sequence space, �� and �� dual spaces, di¤erence se-

quence space.
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ÖZET

BAZI GENELERT·IR·ILM·IŞ FARK

D·IZ·I UZAYLARI VE DUALLER·I

Bu tezde, ilkolarak baz¬temel tan¬mlar¬, teoremleri ve eşitsizlikleri verdik. Daha

sonra Ç. Asma ve R. Çolak [14] tara�ndan tan¬mlanan c0(u;4; p), c(u;4; p) ve

`1(u;4; p) dizi uzaylar¬n¬ve bu uzaylar¬n baz¬özelliklerini verdik. Dahas¬bu uza-

ylar¬n �� ve �� duallerini verip bunlarla ilgili teoremler ve ispatlar verdik.

Anahtar kelimeler: Paranormlu dizi uzaylar¬, �� ve �� dual, fark dizi uzaylar¬.
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i.e : It means,

i¤ : If and only if,

� : Zero vector in a linear space,

N : Set of all netural numbers,

R : Set of all real numbers,
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C : Set of all complex numbers,

! : Set of all sequences with complex terms,

`1 : Space of bounded sequences,

c : Space of convergent sequences,

c0 : Space of null sequences,

4 : Di¤erence operator.
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1. INTRODUCTION

1.1 Fundamental De�nitions and Theorems

De�nition 1.1.1: By a vector space (linear space) we mean a non empty set X

with two operations:

(x; y) �! x+ y from X �X into X is said to be addition

(�; x) �! �:x from K �X into X is said to be multiplication scalars

such that the conditions below are satis�ed for every elements x; y and z are in X and

�; � 2 K:

(1) x+ y = y + x,

(2) (x+ y) + z = x+ (y + z),

(3) there exists an element � 2 X, is said to be zero vector such that x+ � = x,

(4) for each x 2 X, there is an element (�x) 2 X is said to be the negative of x,

such that x+ (�x) = �,

(5) �(�x) = (��)x,

(6) (�+ �)x = �x+ �x,

(7) �(x+ y) = �x+ �y,

(8) 1:x = x.

Elements of X are said to be vectors. If K = R, then X is said to be a real linear

space, and if K = C, X is said to be a complex linear space [6; 7].

De�nition 1.1.2: A subset M of a linear space X is said to be linear subspace

in X if �x+ �y 2M for all x; y 2M and �; � are scalars [2].

De�nition 1.1.3: Let X be a non-empty set and d : X � X �! R+ be a

distance function. Then (X; d) is said to be a metric space and d is a metric on X, if

the following conditions are satis�ed for every x; y and z are in X;

(M.1) d(x; y) � 0,

(M.2) d(x; y) = 0 if and only if x = y,

(M.3) d(x; y) = d(y; x) (the symmetry property),

(M.4) d(x; z) � d(x; y)+ d(y; z) (the triangle inequality).

If the conditions (M.1), (M.3) and (M.4) are satis�ed then (X; d) is called a semi-

metric space and d is a semi-metric for X [3,7].
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Remark 1.1.4:

(i) A metric (distance) function is a real valued function de�ned on arbitrary two

elements in X.

(ii) The axioms (M.1), (M.2) and (M.3) for a metric space referred to as the Haus-

dor¤ postulates.

De�nition 1.1.5: Let (X; d) be a metric space. Then d is called a bounded metric

if for every x; y 2 X, there is a constant K > 0 such that d(x; y) � K [2].

De�nition 1.1.6: A sequence (xn) in a metric space (X; d) is a Cauchy sequence

if for every " > 0, there is an N = N(") such that for every m;n � N , d (xn; xm) < "

[2; 4] :

De�nition 1.1.7: Let (xn) be sequence in a metric space (X; d), then (xn) is

called convergent if there exists an x 2 X such that

lim
n�!1

d (xn; x) = 0,

x is said to be the limit of (xn) and we write

lim
n�!1

xn = x

or, simply xn �! x [4].

Theorem 1.1.8: The following statements are hold:

(a) If a sequence (xn) is convergent then it has a unique limit.

(b) If limn�!1 xn = x, then every subsequence of (xn) converges to x.

(c) If a sequence (xn) in a metric space (X; d) is convergent, then it is a Cauchy

sequence. But the converse is not generally true [5].

Theorem 1.1.9 (Bolzano-Weierstrass): Every bounded sequence has a conver-

gent subsequence.

De�nition 1.1.10: A metric space (X; d ) is complete if every Cauchy sequence

in X converges to an element of X [5].

De�nition 1.1.11: Let X be a real or complex linear space and d be a metric

for X. Then (X; d ) is called a linear metric space, if the algebraic operations are

2



continuous on X. A Frechet space is de�ned to be a complete linear metric space

[3; 13].

De�nition 1.1.12: Let X be a linear space over the �eld R or C and k�k : X �!

R+ be a function, then we say that (X; k�k) is a normed linear space and k�k is a norm

on X, if the norm axioms below are satis�ed for every x; y in X and for every scalar

�:

(N.1) kxk � 0,

(N.2) kxk = 0 if and only if x = �,

(N.3) k�xk = j�j : kxk (absolute homogeneity),

(N.4) kx+ yk � kxk+ kyk (triangle inequality).

If X is a real linear space, then � must be a real number [3].

Theorem 1.1.13: Every normed space is a metric space. It can be shown by using

� (x; y) = kx� yk [3] :

De�nition 1.1.14: A Banach space X is de�ned to be a complete normed linear

space [1].

De�nition 1.1.15: Let X be a linear space over the �eld R or C and g from

X into R be a function. Then (X; g) is said to be a paranormed space and g is a

paranorm for X, if the axioms below are satis�ed for every x,y 2 X and for every

scalar �:

(g.1) g(x) = 0 if x = �,

(g.2) g(�x) = g(x),

(g.3) g(x+ y) � g(x)+ g(y),

(g.4) If (�n) is a sequence of scalars with �n coverges to � as (n �!1) and

xn,x 2 X for all n 2 N with xn converges to x then �n:xn converges to �:x as

(n �!1), in the sense that g(�n:xn � �:x) converges to 0 as (n �!1).

A total paranormed space is a paranormed which satis�es this axiom g(x) = 0

=) x = 0 [3; 7].

Theorem 1.1.16:

(a) Every paranormed space is a linear semi metric space.
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(b) Every total paranormed space is a linear metric space [7].

De�nition 1.1.17: Let X be a normed space and (en) be a sequence of elements

of X, then (en) is said to be a Shauder basis for X if for each element x of X there

exists a unique sequence (�n) of scalars such that



x� nP
k=1

�k ek





 �! 0 as n �!1:

The series
1P
k=1

�k ek

which corresponds the sum of x is said to be the expansion of x according to (en),

and we write

x =
1P
k=1

�k ek: [2; 4]:

De�nition 1.1.18: Let X and Y be two normed linear spaces over the same �eld

of scalars, then

(a) A transformation (or map, operator) T : X �! Y is said to be linear if

T (x+ y) = T (x) + T (y) and T (�x) = �T (x)

for all x; y 2 X and for all scalars �.

(b) A linear transformation T : X �! Y is said to be continuous at x 2 X if

xn �! x =) T (xn) �! T (x) as n �!1.

T is said to be continuous if T is continuous at each point of X.

(c) A linear transformation T : X �! Y is said to be bounded if there is a real

number K > 0 such that

kT (x)k � K kxk 8 x 2 X [2].

De�nition 1.1.19: f is a linear functional on X if f : X �! R or C is a linear

operator. In other words a linear functional is a real or complex-valued linear operator

[1].

De�nition 1.1.20: Let X and Y be two normed spaces. The set B(X; Y )

consisting of all bounded linear operators from X into Y is a linear space with respect

4



to the addition and scalar multiplication of operators. If Y = R or C, then B(X; Y )

is called the dual space of X and denoted by X
�
. X

�
forms a normed space with the

norm

kf k = sup
x2X�f�g

�
jf (x)j
kxk

�
= sup

x2X
kxk=1

fjf (x)jg [4; 1]:

De�nition 1.1.21: By !, we de�ne the set of all complex sequences , i.e.,

! = fz = (zk) : zk 2 C , (k 2 N)g :

Each element z = (zk) of ! is a sequence of the form z = (xk + iyk)
1
k =1 , where (xk)

and (yk) are both real sequences and i =
p
�1. It is a simple verication that ! is a

linear space according to the usual co-ordinatewise addition and scalar multiplication

of sequences which are de�ned by

x+ y = (xk) + (yk) = (xk + yk) and �x = � (xk) = (�xk)

respectively; where x = (xk), y = (yk) 2 ! and � 2 C. The popular metric on ! is

de�ned by

d!(x; y) =
1X
n=1

1

2n
jxn � ynj

1 + jxn � ynj
; x = (xk), y = (yk) 2 ! [3]:

De�nition 1.1.22:

(a) The space of all bounded sequences is denoted by `1 and given as :

`1 =

�
x = (xk) 2 ! : sup

k2N
jxkj <1

�
[3].

(b) The space of all convergent sequences is denoted by c and given as :

c =
n
x = (xk) 2 ! : lim

k�!1
jxk � l j = 0 ; for some l 2 C

o
[3].

(c) The space of all null sequences is denoted by c0 and given as :

c0 =
n
x = (xk) 2 ! : lim

k�!1
xk = 0

o
[3].

The natural metric d on �, � 2 f`1, c, c0g is de�ned by

5



d1 (x; y) = sup
n 2N

jxn � ynj

where x = (xn) and y = (yn) are in � [7].

De�nition 1.1.23: The space of all sequences (xk) such that
1P
k=1

jxkjp converges

where 0 < p <1 is denoted by `p and given as :

`p =

�
x = (xk) 2 ! :

1P
k=1

jxkjP converges
�
[3].

The natural metrics dp and
�
dp on `p are given by

dp(x; y) =

� 1P
k=1

jxk � ykjp
� 1

p

, p � 1
�
dp(x; y) =

1P
k=1

jxk � ykjp , 0 < p < 1

where x = (xk) and y = (yk) are in `p. Note that if we take p = 1 then we get `1 [1]:

De�nition 1.1.24: The spaces bs, cs and cs0 of bounded series, convergent series

and the series converging to zero respectively, are de�ned by

bs =

�
x = (xk) 2 ! : sup

n 2N

���� nP
k=0

xk

���� <1� ,
cs =

�
x = (xk) 2 ! : lim

k!1

���� nP
k=0

xk � `
���� = 0 for some ` 2 C

�
,

cs0 =

�
x = (xk) 2 ! : lim

k!1

���� nP
k=0

xk

���� = 0 � [3].

The natural metric on the spaces bs, cs and cs0 is de�ned by

d (x; y) = sup
n 2N

���� nP
k=0

(xk � yk)
���� .
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1.2 Some Inequalities

(i) Triangle inequality: For any a ; b 2 C, then

ja+ bj � jaj+ jbj [1] . (1.1)

(ii) Let a; b 2 C and 0 < p � 1. Then, we have

ja+ bjp � jajp + jbjp [7] . (1.2)

(iv) Minkowski�s inequality: Let 1 � p <1, then

" 1X
i =1

jxi + yijp
# 1
p

�
" 1X
i =1

jxijp
# 1
p

+

" 1X
i =1

jyijp
# 1
p

, (1.3)

where x = (xi), y = ( yi) 2 `p and i = 1; 2; ::: [3].

7



2. SOME SEQUENCE SPACES

Suppose here and after that p = (pk) is a sequence of strictly positive real numbers

and let M = max f1; supk pkg. We also assume that U is the set of all non zero

sequences u = (uk)
1
k=1 with complex terms. We shall use these throughout the next.

De�nition 2.1: The spaces `1(p), c(p) and c0(p) were introduced and investigated

by various authors and de�ned by Maddox [8] (see also [9],[3]) as follows:

`1(p) =

�
x = (xk) 2 ! : sup

k2N
jxkjpk <1

�
,

c(p) =
n
x = (xk) 2 ! : lim

k�!1
jxk � ` jpk = 0, for some ` 2 C

o
,

c0(p) =
n
x = (xk) 2 ! : lim

k�!1
jxkjpk = 0

o
.

It�s easy to see that each of the sets `1(p), c(p) and c0(p) forms a linear space with

respect to the usual co-ordinatewise operations.

Note 2.2: If the terms of (pk) are constants and all equal to p > 0, then we see

that `1(p) = `1, c0(p) = c0, and c(p) = c.

Theorem 2.3: c0(p) is a complete and linear metric space paranormed by

g(x) = sup
k2N

jxkj
pk
M . (2.1)

If inf pk > 0 then `1(p) and c(p) are also complete and linear metric spaces

paranormed by (2.1) [7].

Proof: It�s known that a total paranormed space implies a linear metric space. We

here only consider the proof of the continuity of scalar multiplication on c0(p). Now

let x = (xk) be an arbitrary sequence in c0(p) and � be any scalar in C. Since the

inequality

j�j
pk � max

n
1; j�j

M
o

holds for � 2 C, we have

j�j
pk
M �

h
max

n
1; j�j

M
oi 1

M

= max f1; j�jg . (2.2)

8



Hence

g(�x) � max f1; j�jg g(x).

Thus the function (�; x) �! �x is continuous at � = 0, x = 0 and the function

x �! �x is continuous at x = 0 when � is �xed. Now let x be �xed in c0(p) and

" > 0 then we choose N 2 N such that

sup
k >N

jxkj
pk
M
<
"

2

for � > 0, so that j�j < � gives

sup
k �N

j�xkj
pk
M
<
"

2
.

Thus if j�j < min f1; �g, then

g(�x) = sup
k �N

j�xkj
pk
M
+ sup
k >N

jxkj
pk
M

<
"

2
+
"

2
= ":

Thus the function � �! �x is continuous at � = 0. Hence we get the proof. The

completness of above spaces is known and the reader may see it in [7] for details. To

show that the second part of above theorem is fail only in which continuity of scalar

multiplication but not in special case, we here give an example.

Let (pm) = ( 1m) and (xm) = (1; 1; :::) for every m, then `1(p) contains x. Let � be

such as 0 < � < 1, then j�j
1
m < 1 for all m and j�j

1
m �! 1 as m �!1, so that

g(�x) = sup
m
j�xmj

1
m
= sup

m
j�j

1
m
= 1.

Hence �x 9 0 as � �! 0 and this clari�es that `1(p) is not a linear metric space

in general case.

Note that by De�nition 1.1.11, the space c0(p) forms a Frechet space, the other two

spaces `1(p) and c(p) are also forming Frechet spaces with considering their special

cases.

Lemma 2.4: The following inclusion relations are strictly hold.

(i) c0(p) � c(p),

(ii) c(p) � `1(p).

9



Proof : The proof is trivial, so we omit it.

Note that the inclusions are strict, for instance in the �rst part of above inclusions

if we take pk = 1, xk = 1
k
+ 1 for every k, then c(p) contains xk and limk�!1 jxkj

pk
=

limk�!1
�� 1
k
+ 1
�� = 1, but xk =2 c0(p).

De�nition 2.5: The following sequence sets has been de�ned by Kizmaz [16] as

`1(4) = fx = (xk) : 4x 2 `1g ;

c(4) = fx = (xk) : 4x 2 cg ;

c0(4) = fx = (xk) : 4x 2 c0g ;

where 4x = (4xk) = (xk � xk+1).

Theorem 2.6: The sequence sets `1(4); c(4) and c0(4) are Banach spaces with

the following norm

kxk = jx1j+ sup
k
jxkj .

Proof : To see the proof entirely refer to [16].

Lemma 2.7: supk j4xkj = supk jxk � xk+1j <1 if and only if

(i) supk k
�1 jxkj <1 and (ii) supk jxk � k(k + 1)�1xk+1j <1 .

De�nition 2.8: The following sequence sets are de�ned as;

`1(u; p) =

�
x = (xk) 2 ! : sup

k
jukxkj

pk <1
�
;

c0(u; p) =
n
x = (xk) 2 ! : lim

k�!1
jukxkj

pk = 0
o
;

c(u; p) =
n
x = (xk) 2 ! : lim

k�!1
jukxk � ` j

pk = 0, for some ` 2 C
o
[18]:

Theorem 2.9: The above sequence sets are paranormed by

g(x) = sup
k
jukxkj

pk
M
[18]:

Proof: The axioms (g.1) and (g.2) are trivial to satisfy so we here consider the

other axioms. Let x = (xk) and y = (yk) 2 c(u; p), then (g.3) follows from (1.2) as

10



below

g(x+ y) = sup
k
juk (xk + yk)j

pk
M

= sup
k
jukxk + ukykj

pk
M

� sup
k
jukxkj

pk
M
+ sup

k
jukykj

pk
M

= g(x) + g(y):

Let � be a scalar in C, then (g.4) is proved as the same manner of the proof of

Theorem 2.3.

De�nition 2.10: The following sequence spaces have been de�ned by Asma and

Çolak [14] as;

`1(u;4; p) = fx = (xk) 2 ! : (uk 4 xk) 2 `1(p) g ;

c(u;4; p) = fx = (xk) 2 ! : (uk 4 xk) 2 c(p) g ;

c0(u;4; p) = fx = (xk) 2 ! : (uk 4 xk) 2 c0(p) g ;

where 40x = (xk) , 4x = (4xk) = (xk � xk+1) for k = 1; 2; ::: and u 2 U .

It�s clear to see that if p = (pk) is a �xed real sequence such that 0 < pk � supk pk <

1 and u is in U , then c0(u;4; p), c(u;4; p) and `1(u;4; p) are linear spaces, with

respect to the usual co-ordinatewise operations

x+ y = (xn + yn) and �x = (�xn)

where � represents an arbitrary number in C. Note that if we here take pk = 1 for all k

in N, we have c0(u;4; p) = c0(u;4) , c(u;4; p) = c(u;4) and `1(u;4; p) = `1(u;4),

where

c0(u;4) = fx = (xk) 2 ! : (uk 4 xk) 2 c0 g ;

c(u;4) = fx = (xk) 2 ! : (uk 4 xk) 2 cg ;

`1(u;4) = fx = (xk) 2 ! : (uk 4 xk) 2 `1g .

Theorem 2.11: Let p = (pk) be a sequence of strictly reals such that 0 < pk �

supk pk <1 and u 2 U: Then c0(u;4; p) forms a paranormed space with the paranorm

below

g(x) = sup
k
juk 4 xkj

pk
M
: (2.3)

11



If infk pk > 0 then the sets `1(u;4; p) and c(u;4; p) form paranormed spaces with

the same paranorm as (2.3) [14].

Proof: To prove the �rst part we follow the paranormed axioms by using the given

information from above. Let u 2 U and p = (pk) be such above with x = (xk) and

y = (yk) be in c0(u;4; p).

(g.1) Now let x = � = (0; 0; :::), then we have

g(x) = sup
k
juk 4 xkj

pk
M
= sup

k
juk:�j

pk
M
= sup

k
j�j

pk
M
= 0:

(g.2)

g(�x) = sup
k
juk 4 (�xk)j

pk
M

= sup
k
j�uk 4 xkj

pk
M

= sup
k
juk 4 xkj

pk
M

= g(x):

(g.3) By (1.2), we have

g(x+ y) = sup
k
juk(4xk +4yk)j

pk
M

= sup
k
juk 4 xk + uk 4 yk)j

pk
M

� sup
k
juk 4 xkj

pk
M
+ sup

k
juk 4 ykj

pk
M

= g(x) + g(y):

(g.4) Let � 2 C be a scalar then by (2.2), we have

g(�x) � max f1; j�jg g(x):

so, (�,x) �! �x is continuous at � = 0, x = 0 and so if � is �xed then x �! �x

is continuous at x = 0. Now suppose x be a �xed in c0(u;4; p) and " > 0 be given,

then we can choose N 2 N such that

sup
k >N

juk 4 xkj
pk
M
<
"

2

12



for � > 0 , so if j�j < � then it gives

sup
k �N

j� uk 4 xkj
pk
M
<
"

2
:

Thus if j�j < min f1; �g, then

g(�x) = sup
k �N

j� uk 4 xkj
pk
M
+ sup
k >N

juk 4 xkj
pk
M

<
"

2
+
"

2
= ":

Therefore � �! �x is continuous at x = 0. So we get the proof.

Note 2.12:

(a) Notice that in general case the second part of above theorem, i.e., `1(u;4; p)

and c(u;4; p) is fail in which continuity of scalar multiplication but not in special case.

To clarify that we here give an example:

Let (xi) = (�2i), (ui) =
�
1
2

�
and (pi) =

�
1
i 2

�
for all i . Let 0 < j�j < 1. Then

j�j
1
i2

< 1 for all i and j�j
1
i2 �! 1 as i �!1, so that

g(�x) = sup
i
j�ui4 xij

pi
M
= sup

i

�����12 (2)
����
1
i2

= 1:

Hence �x 9 0 as � �! 0 and this clari�es that `1(u;4; p) is not a paranormed

space.

(b) Notice that the above paranormed spaces, i.e., `1(u;4; p), c(u;4; p) and

c0(u;4; p), are not total, because in each case of them if

g(x) = sup
i
jui4 xij

pi
M
= �, where � = (0; 0; :::) ,

does not imply x = �: For instance if xi = 1, for every i then xi 2 `1(u;4; p) and

g(x) = sup
i
jui4 xij

pi
M
= sup

i
j�j

pi
M
= �,

but xi 6= �:

(c) It�s known that paranormed spaces imply linear semi metric spaces, hence the

space c0(u;4; p) is a linear semi metric with (2.3) and the other two spaces `1(u;4; p)

and c(u;4; p) are also linear semi metric by (2.3) with considering their special cases.

13



Lemma 2.13: The following inclusion relations are strictly hold.

(i) c0(u;4; p) � c(u;4; p),

(ii) c(u;4; p) � `1(u;4; p).

Proof :

(i) Let x 2 c0(u;4; p), then

lim
k�!1

juk 4 xkj
pk
= 0:

If we take ` = 0, we may write

lim
k�!1

juk 4 xk � 0j
pk
= lim

k�!1
juk 4 xk � `j

pk
= 0:

For arbitrary x = (xk) in c0(u;4; p), we get x 2 c(u;4; p). So c0(u;4; p) �

c(u;4; p).

(ii) Let x 2 c(u;4; p) and ` 2 C with H, M 2 R then by (1.2), we have

sup
k
juk 4 xkj

pk
= sup

k
juk 4 xk � `+ `j

pk

� sup
k
juk 4 xk � `j

pk
+ j`j

pk

= H +M <1.

So, for every x in c(u;4; p); we get x 2 `1(u;4; p). Hence c(u;4; p) � `1(u;4; p):

These complete the proof. Note that the inclusions are strict. For instance in �rst

inclusion if uk = 1, pk = 1
k
and xk = k. Since

lim
k�!1

juk 4 xkj
pk
M
= lim

k�!1
j�1j

1

k
= 1

so, xk 2 c(u;4; p)� c0(u;4; p).

14



3. KOTHE-TOEPLITZ DUALS

In this chapter we study on �� and �� duals of the sequence sets c0(u;4; p),

c(u;4; p) and `1(u;4; p) which are given in the last chapter. Suppose that wk = 1
jukj

where uk 2 U , we use this throughout the next.

De�nition 3.1: For any two sequence spaces � and �, the set S(�; �) is de�ned by

S (�; �) = fz = (zk) 2 ! : xz = (xkzk) 2 � for all x = (xk) 2 �g (3.1)

is said to be multipllier space of � and �. With the above notation (3.1), the �� and

�� duals of a sequence space � which are denoted by ��, �� respectively, are de�ned

as

�� = S (�; `1) and �� = S (�; cs)

that is

�
�

=

�
x = (xk) 2 ! :

1P
k=0

jxkykj <1, for all y = (yk) 2 �
�
,

�� =

�
x = (xk) 2 ! :

1P
k=0

xkyk converges, for all y = (yk) 2 �
�
[3; 14].

Note 3.2: ��, �� are called Köthe-Toeplitz and generalized Köthe-Toeplitz duals

respectively. It�s known that �� � �� and if � � � then �� � �� , where � = � or �.

Furthermore we write �
��

= (��)� and ��� = (��)� [3; 14; 19].

Theorem 3.3: For every sequence p = (pk) of strictly real numbers, we have

(i) [c0(p)]
� =M0(p),

(ii) [`1(p)]
� = M1(p),

(iii) [c(p)]� =M(p),

where

M0(p) =
S
N >1

�
a = (ak) :

1P
k=1

jakjN
� 1
pk <1

�
,

M1(p) =
T
N >1

�
a = (ak) :

1P
k=1

jakjN
1
pk <1

�
,

and

M(p) =M0(p) \
�
a = (ak) :

1P
k=1

jakj <1
�
[19].
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Proof: (i) Let a = (ak) 2M0(p) and x = (xk) 2 c0(p). Then
1P
k=1

jakjN
� 1
pk <1

for some N > 1 and

jxkj
pk
< N

�1
=) jxkj < N � 1

pk

for some large k, where for k it follows that

jakxkj = jakj jxkj � jakjN � 1
pk ,

hence

1P
k=1

jak xkj =
1P
k=1

jakj jxkj

�
1P
k=1

jakjN
� 1
pk <1,

so M0(p) � [c0(p)]�. Since [c0(p)]� � [c0(p)]� then by Theorem 6 in [20] it follows that

[c0(p)]
� =M0(p):

(ii) It�s similar to the above proof of (i), to see more details refer to [15] and [19].

(iii) Let a = (ak) 2M(p) and x = (xk) 2 c(p), jxk � `j
pk �! 0 (k �!1). Then

1P
k=1

jakj <1

and since x 2 c(p) then (xk � `) 2 c0(p) and so
1P
k=1

jak(xk � `)j <1.

Now by the inequality

jakxkj = jakxk � ak `+ ak `j

� jak (xk � `)j+ j` akj ,

we get that
1P
k=1

jak xkj <1.

Thus a 2 [c(p)]�. Since c0(p) � c(p) it drives that [c(p)]� � [c0(p)]�. Let a 2 [c(p)]�,

since e = (1; 1; 1; :::) 2 c(p), it drives that
1P
k=1

jakj <1,
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so that a 2 `1, and hence a 2 [c0(p)]� \ `1 =M(p). So we get the proof.

Theorem 3.4: For every sequence p = (pk) of strictly real numbers, we have

(i) [c0(p)]
�� = E0,

(ii) [`1(p)]
�� = E1,

where

E0 =
T
N >1

�
x = (xk) : sup

k
jxkjN

1
pk <1

�
and

E1 =
S
N >1

�
x = (xk) : sup

k
jxkjN

� 1
pk <1

�
[15; 19]:

Proof: (i) Let a = (ak) 2 E0 and x = (xk) 2 [c0(p)]�. Then for every N > 1,

jakjN
1
pk � K =) jakj � K N

� 1
pk

for all k and some K > 0, and

1P
k=1

jxkjN
� 1
pk <1

for some N > 1. Hence

jak xkj = jakj jxkj � K jxkjN
� 1
pk

then adding this inequality it implies that

1P
k=1

jak xkj �
1P
k=1

K jxkjN
� 1
pk

= K
1P
k=1

jxkjN
� 1
pk <1,

consequently a 2 [c0(p)]��, whence E0 � [c0(p)]��. Since [c0(p)]� = [c0(p)]� by Theorem

3.3 (i), it follows that [c0(p)]
�� � [c0(p)]��. Theorem 2 in [15], shows that

�1 =
T
N >1

�
y = (yk) 2 ! : sup

k
jykjN

rk

<1, rk =
1

pk

�
replacing (yk) by (xk) and �1 by [c0(p)]

��, it gives us [c0(p)]
�� = E0, then [c0(p)]

�� � E0.

So we get [c0(p)]
�� = E0.

(ii) It�s similar to the above proof of (i), so we omit it.

Lemma 3.5: Let (pn) be an increasing monotonic sequence of positive numbers.
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(i) If supn

���� nP
v =1

pv av

���� <1, then supn ����pn 1P
k =n+1

ak

���� <1,
(ii) If

1P
k =1

pkak is convergent, then limn�!1 pn
1P

k =n+1

ak = 0 [16]:

Theorem 3.6: For every sequence p = (pk) of strictly positive real numbers, and

for every u 2 U , then we have

(i) [`1(u;4; p)]� =M�(p),

(ii) [c0(u;4; p)]� = D�(p),

(iii) [c(u;4; p)]� = D (p),

where

M�(p) =

1\
N=2

(
a = (ak) 2 ! :

1X
k =1

jakj
k�1X
j =1

N
1
pj wj <1

)
,

D�(p) =
1[

N =2

(
a = (ak) 2 ! :

1X
k =1

jakj
k�1X
j =1

N
� 1
pj wj <1

)
,

and

D(p) = D�(p)
\(

a = (ak) 2 ! :
1X
k=1

jakj
k�1X
j=1

wj <1
)
[14] :

Proof : (i) Let a = (ak) be an arbitrary sequence in M�(p) and x = (xk) be in

`1(u;4; p). For any N > max f1; supk juk 4 xkj
pkg, clearly

1P
k =1

jakj
k�1P
j =1

N
1
pj wj <1 implies

1P
k =1

jakj <1.

On the other hand if

sup
k
juk 4 xkj

pk
< N ,

we have

j4xkj < N
1
pk
wk. (3.2)

For each x = (xk), it gives

k�1P
j =1

4xj =
k�1P
j =1

(xj � xj+1)

= (x1 � x2) + (x2 � x3) + :::+ (xk�1 � xk)

= x1 � xk
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and hence

xk = x1 �
k�1P
j =1

4xj for k = 1; 2; :::. (3.3)

By using (3.2) and (3.3) in next inequality, we have

1P
k =1

jakxkj =
1P
k =1

�����ak
 
x1 �

k�1P
j =1

4xj

!�����
=

1P
k =1

�����akx1 � ak k�1Pj =14xj
�����

�
1P
k =1

jakx1j+
1P
k =1

�����ak k�1Pj =14xj
�����

=
1P
k=1

jakj
�����k�1Pj =14xj

�����+ jx1j 1P
k =1

jakj

�
1P
k =1

jakj
k�1P
j =1

N
1
pj wj + jx1j

1P
k =1

jakj <1. (3.4)

So, we have a 2 [`1(u;4; p)]�. Thus M�(p) � [`1(u;4; p)]�. Conversely suppose

that a =2M�(p). Then
1P
k=1

jakj
k�1P
j=1

N
1
pj wj =1

for some N > 1. If we put

xk =
k�1P
j=1

N
1
pj wj for k = 1; 2; :::,

then x belongs to `1(u;4; p) and

1P
k=1

jakxkj =1.

This means that a =2 [`1(u;4; p)]�. Hence [`1(u;4; p)]� � M�(p) and therefore

[`1(u;4; p)]� =M�(p).

(ii) Let a = (ak) be an arbitrary sequence in D�(p) and x = (xk) be in c0(u;4; p).

Then there exists an integer k0 such that

sup
k >k0

juk 4 xkj
pk � 1

N
,

where N is the number in D�(p). We here put M , m and L as below

M = max
1< k < k0

juk 4 xkj
pk , m = min

1< k < k0
pk, L = (M + 1)N
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and de�ne

y = (yk) =
xk

L
1
m

for k = 1; 2; :::.

Then it�s clear to see that

sup
k
juk 4 ykjpk �

1

N
,

and from (3:4) with N replaced by 1
N
, we have

1P
k =1

jakxkj = L
1
m

1P
k =1

jakykj <1.

Conversely let a does not belong to D�(p). Then, we can choose an increasing

sequence (k(s)) of integers such that k(1) = 1, (i.e., k(1) < k(2) < ::: < k(s+ 1) < :::)

and

M(p; s) =

k(s+1)�1X
k =k(s)

jakj
k�1X
j =1

wj (s+ 1)
� 1

pj > 1 for s = 1; 2; :::.

If we take

xk =
s �1X
` =1

k (`+1)�1X
j = k(`)

wj (`+ 1)
� 1

pj +
k�1X

j = k(s)

wj (`+ 1)
� 1

pj ,

(k(s) � k � k(s+1)�1 for s = 1;2;:::)

then

juk 4 xkj
pk
=

1

s+ 1
(k(s) � k � k(s+ 1)� 1 for s = 1; 2; :::)

and hence x 2 c0(u;4; p). Then we may see that

1P
k =1

jakxkj �
1P
s =1

1 =1.

This means that a does not belong to [c0(u;4; p)]�. Therefore we obtain the proof.

(iii) Let a = (ak) be an arbitrary sequence in D(p) and x = (xk) be in c(u;4; p).

Then juk 4 xk � ` jpk �! 0 (k = 1; 2:::), for some ` 2 C: We de�ne y = (yk) as a

sequence by

yk = xk + `
k�1P
j=1

u �1j , for k = 1; 2; :::.
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Since

juk 4 ykj
pk

= juk (yk � yk+1)j
pk

=

�����uk
"
(xk + `

k�1P
j=1

u �1j )� (xk+1 + `
kP
j=1

u �1j )

#�����
pk

=

�����ukxk + uk:` k�1Pj=1 u �1j � ukxk+1 � uk:`
kP
j=1

u �1j

�����
pk

=

�����uk (xk � xk+1) + ` uk
 
k�1P
j=1

u �1j �
kP
j=1

u �1j

!�����
pk

=
��uk 4 xk � ` uk:u �1k

��pk
= juk 4 xk � ` j

pk �! 0 as k �!1,

then y = (yk) belongs to c0(u;4; p). Since a belongs to D(p), then by (ii), we have

1P
k=1

jakxkj =
1P
k=1

�����ak
 
yk � `

k�1P
j=1

u �1j

!�����
=

1P
k=1

�����akyk � ` ak k�1Pj=1 u �1j

�����
�

1P
k=1

jakykj+ j`j
1P
k=1

jakj
�����k�1Pj=1 u �1j

�����
�

1P
k=1

jakj
�����k�1Pj=14yj

�����+ jy1j 1Pk=1 jakj+ j`j 1Pk=1 jakj k�1Pj=1wj <1;
and therefore a 2 [c(u;4; p)]�. Now suppose a belongs to [c(u;4; p)]�. Since [c(u;4; p)]� �

[c0(u;4; p)]� and [c0(u;4; p)]� = D�(p) by (ii), then a 2 D�(p). If we here put

xk =
k�1P
j=1

wj for k = 1; 2; :::,

then x 2 c(u;4; p) and thus
1P
k=1

jakj
k�1P
j=1

wj <1.

Therefore a 2 D(p).

Theorem 3.7: For every sequence p = (pk) of strictly positive real numbers, and

for every u 2 U , then we have

(i) [`1(u;4; p)]�� =M��(p),

(ii) [c0(u;4; p)]�� = D��(p),
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where

M��(p) =
1[

N =2

8<:a = (ak) 2 ! : supk �2
jakj

 
k�1X
j=1

N
1
pj wj

!�1
<1

9=; ;
and

D��(p) =
1\
N=2

8<:a = (ak) 2 ! : supk �2
jakj

 
k�1X
j=1

N
�1
pj wj

!�1
<1

9=; [14] :

Proof: (i) Let a = (ak) be an arbitrary sequence in M��(p) and x = (xk) be in

[`1(u;4; p)]� =M�(p). Then we have

1P
k=2

jakxkj =
1P
k=2

jakj
 
k�1P
j=1

N
1
pj wj

!�1
jxkj

k�1X
j=1

N
1
pj wj

�

24sup
k �2

jakj
 
k�1P
j=1

N
1
pj wj

!�135 1X
k=2

jxkj
k�1X
j=1

N
1
pj wj <1

for some N > 1, by Theorem 3.6 (i). Hence a belongs to [`1(u;4; p)]��.

Conversely suppose that a does not belong to M��(p). Then for every integer

N > 1, we have

sup
k �2

jakj
 
k�1P
j=1

N
1
pj wj

!�1
=1.

Thus we can choose a strictly increasing sequence (k(i )) of integer numbers such

that ��ak(i)��
 
k(i )�1P
j=1

N
1
pj wj

!�1
> i

2

for i = 1; 2; :::.

It implies ��ak(i)���1 k(i )�1P
j=1

N
1
pj wj < i

�2
for i = 1; 2; :::.

We put

xk =

8>>><>>>:
1

jak(i )j , k = k(i)

0 , k 6= k(i).

Then
1P
k=1

jxkj
k�1P
j=1

N
1
pj wj =

1P
i =1

1��ak(i)��
k(i )�1P
j =1

N
1
pj wj �

1P
i =1

i
�2
<1
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for every N > 1. This produces that x 2 [`1(u;4; p)]� and
1P
k=1

jakxkj =
1P
i =1

1 =1

so a =2 [`1(u;4; p)]��. Hence [`1(u;4; p)]�� =M��(p).

(ii) Let us de�ne

EN(p) =

(
a = (ak) 2 ! :

1P
k=1

jakj
k�1P
j=1

N
� 1
pj wj <1

)
and

FN(p) =

8<:a = (ak) 2 ! : supk �2
jakj

 
k�1P
j=1

N
�1
pj wj

!�1
<1

9=;
where N = 2; 3; :::.

By Theorem 3.4 (i), [EN(p)]
� = FN(p) for each N > 1.

Theorem 3.8: For every sequence p = (pk) of strictly positive real numbers, then

we have

[`1(u;4; p)]� = D1(p),

where

D1(p) =
1\
N=2

(
a 2 ! :

1P
k=1

ak
k�1P
j=1

N
1
pj wj converges and

1P
k=1

N
1
pkwk jRkj <1

)
and

Rk =
1P

v=k+1

av for k = 1; 2; ::: [14] .

Proof: Let a = (ak) be an arbitrary sequence in D1(p) and x = (xk) be in

`1(u;4; p), we write
nP
k=1

akxk = �
n�1P
k=1

4xkRk +Rn
n�1P
k=1

4xk + x1
nP
k=1

ak for n = 1; 2; :::. (3.5)

Clearly a 2 D1(p) means that the series

1P
k=1

ak

is convergent. Since x belongs to `1(u;4; p) we may choose N > maxf1; supk
juk 4 xkj

pkg, so that
1P
k=1

j4xkj jRkj �
1P
k=1

N
1
pkwk jRkj <1.
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Thus
1P
k=1

4xkRk

is absolutely convergent. From Lemma 3.5 (ii), the convergence of the series

1P
k=1

ak
k�1P
j=1

N
1
pj wj

implies that

Rk
k�1P
j=1

N
1
pj wj

converges to zero as (k �!1), and hence (3.5) produces that

1P
k=1

akxk

is convergent. Thus a 2 [`1(u;4; p)]�.

Conversely suppose that a 2 [`1(u;4; p)]� : Since e = f1; 1; 1; :::g 2 `1(u;4; p),

then we have the series
1P
k=1

ak

is convergent. De�ne

x = (xk) =
k�1P
j=1

N
1
pj wj,

then x 2 `1(u;4; p), and
1P
k=1

ak
k�1P
j=1

N
1
pj wj

is convergent. By Lemma 3.5 (ii), we have the series

Rk
k�1P
j=1

N
1
pj wj

converges to zero as (k �!1). By (3.5) we have that

1P
k=1

4xkRk

converges for all a 2 `1(u;4; p). Since x 2 `1(u;4; p) i¤ (yk) = fuk 4 xkg 2 `1 (p),

then
�
u �1k Rk

�
2 [`1 (p)]�. By Theorem 3.3 (ii), we have

1P
k=1

N
1
pkwk jRkj <1

for every N > 1. Hence a 2 D1(p).
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4. CONCLUSION

In this thesis, the main goal is study on Köthe-Toeplitz duals ( �� and �� duals)

of the sequence sets `1(u;4; p), c0(u;4; p) and c(u;4; p) and focus on some results

which are concluded from �� and �� duals of these sequence sets. Suppose that �

represents each of the sequence sets which are in the table below, then we see the

concluded results that,

� �� ��� ��

`1(u;4; p) M�(p) M��(p) D1(p)

c0(u;4; p) D�(p) D��(p) ........

c(u;4; p) D(p) ........ ........

M�(p) =
1\
N=2

(
a = (ak) 2 ! :

1X
k =1

jakj
k�1X
j =1

N
1
pj wj <1

)
,

D�(p) =
1[

N =2

(
a = (ak) 2 ! :

1X
k =1

jakj
k�1X
j =1

wj N
� 1
pj <1

)
,

D(p) = D�(p)
\ (

a = (ak) 2 ! :
1X
k=1

jakj
k�1X
j=1

wj <1
)
,

M��(p) =
1[

N =2

8<:a = (ak) 2 ! : supk �2
jakj

 
k�1X
j=1

N
1
pj wj

!�1
<1

9=; ,
D��(p) =

1\
N=2

8<:a = (ak) 2 ! : supk �2
jakj

 
k�1X
j=1

N
� 1
pj wj

!�1
<1

9=; ,

D1(p) =

1\
N=2

(
a 2 ! :

1P
k=1

jakj
k�1P
j=1

N
1
pj wj converges and

1P
k=1

N
1
pkwk jRkj <1

)
.
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