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Abstract

This paper deals with computing the coefficients of the trivariate polynomial approximation (TPA) of large

distinct points given on R3. The TPA is formulated as a matrix equation using Kronecker and Khatri-Rao
products of the matrices. The coefficients of the TPA are computed using the generalized inverse of the matrix.
It is seen that the trivariate polynomial approximation can be investigated as the matrix equation and the
coefficients of the TPA can be computed directly from the solution of the matrix equation.
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Uc Degiskenli Polinom Yaklasiminin Katsayilarinin Hesabi Icin Bir
Analitik Yontem

Ozet

Bu makale, R3de verilen ¢ok sayida farkli noktann ii¢ degiskenli polinom yaklagimindaki katsayilarin
hesaplamasi ile ilgilidir. Ug degiskenli polinom yaklasimi, matrislerin Kronecker ve Khatri - Rao garpimlarim
kullanarak bir matris denklemi olarak formiile edilmistir. Bu polinomun katsayilart bir matrisin genellestirilmis
tersi kullanilarak hesaplanmistir. Ug degiskenli polinom yaklasimin bir matris denklemi olarak incelenebilecegi
ve bu polinomun katsayilarinin dogrudan bu matris denkleminin ¢éziimiinden hesaplanabilecegi goriilmiistiir.

Anahtar kelimeler: Polinom yaklasimi, Ug degiskenli polinom, Matrisin genellestirlmis tersi, Matris denklemi.

1.Introduction

One of the most interesting mathematical
studies is that finding the best polynomial
approximation of the given data or the function
[1-11].  Multivariable  approximation  and
interpolation has been an active research area in
applied mathematics for many years, and has had
impact on various engineering and scientific
applications in mathematical modeling, in
computations with large scale data, in signal
analysis and image processing [4, 6, 8, 10-12].

The  polynomial approximation is
investigated using the different forms and
algorithms. Also, it is solvable either numerically
or using a computer algebra package [1, 3, 7].

The polynomial approximations in two or several
variables is the most commonly investigated
problem by researchers [2, 4, 5, 10]. There are
many research for the developments of least
squares polynomial approximations to sets of
data and the polynomial approximations in
several variables have been investigated by the
different methods [1, 8-11, 13, 14].

In this study, we formulate the trivariate
polynomial approximation (TPA) as a matrix
equation using Kronecker and Khatri-Rao
products of the matrices and compute the
coefficients of the trivariate polynomial
approximation using the generalized inverse
matrices. It is seen that the trivariate polynomial
approximation can be investigated as the matrix
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equation and the coefficients of the TPA can be
computed directly from the solution of the
matrix equation.

2.Basic definitions and theorems

In this section, we give some basic
definitions and theorems associated with the
trivariate  polynomial, Kronecker product,
Khatri-Rao product and generalized inverse of a
matrix. Further details and proofs can be found
elsewhere [1-3, 5, 6, 14-19].

Definition 1. Given a hyper surface u=h(x,y,z)
on R* to approximate over a region that is
gridded by (X,¥1,2,), 0<I<s, 0<k<pon
%%, Assumed that uy, =h(x,y,z,) data are
given for the function of three variables at the

(s+1) i(r, +1) distinct points in the
1=0

region on R°, there is a hyper surface on R* of
the form

m n r ik
p(x,y,2)=2% ¥ ¥ ayXx'ylz 1)
i=0j=0k=0
of degree, not exceding m+n+r, namely
xMynz" that passes through each point in the
solid region, where (m+21)(n+1)<(s+1) and
r<min{r} fori=0,12,....,r. We say that
Eq.(1) is a trivariate polynomial approximation
satisfiying  p(x;, y;,z ) =h(x,y;,z,) for all
0<I<s and 0<k <n. It is clear that
h(x,y,z) at any point(X,¥,2), which is not in
solid region on R3, can be estimated by
h(& 9,2)= p(%,9.2) [5-7].
Now we define the trivariate polynomial

approximation for general distinct points. Given
u=f(x,y,z) to approximate over a solid

rectangular region that is gridded by (x;,Yj,z)
on R, 0<i<m, 0<j<nand O<k<r.
Assumed that fy = f(X;,yj,z)data are

given for the function of three variables at
the(m+1)(n+1)(r+1) distinct points in the

solid rectangular region, there is a hyper surface
on R* of the form
P9 _t
p(X, Y, 2) :zzzbijkxiyjzk (2
i=0 j=0 k=0
degree at p+qg+t, namely xPydz! that
deviates as little as possible from f in the solid
rectangular region, where p<m, g<n and

t<r. Also, we say that Eq.(2) is a trivariate
polynomial approximation which satisfies
P(Xi,Yj 2z ) = F (X, yj,2) at minimum error

forall 0<i<p,0<j<qgand 0<k <t [5-7].

Definition 2. Let A=[a;] be an mxn matrix
and B=[b;] be a pxqgmatrix, then the

Kronecker product of A and B, A®B, which
isan mpxnqg matrix is defined by

A®B =[Ab;]. 3)

Let A=[A]
order m; xn; as the (i, j)th block matrix and let

be partinoned with A; of

B =[B,] partinoned with By, of order p, xq;
as the (k,Dthblock matrix where, >m;=m,
>nj=n, Ypy=p and Xq =q. The Khatri—

Rao product of the matrices A and B is defined
as

AxB=[A; ® Byl (4)

where A; ® Bjis order of mp;xn;q; and
AxB of order (Xm; pi)x(anqj) [15, 19, 20].

Definition 3. Let A be an arbitrary mxn

complex matrix. The generalized inverse A" of
A uniquely determined as the nxm matrix,
which is simultaneously satisfied the following
system of four matrix equations:

ATAAT = AT AATA=A,

(AAT) = AAY, (ATA)" = A*A. (5)
If A isareal matrix, A" = AT where A"

denotes the conjugate transpose of A [14, 16-18].
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Theorem 1. A necessary and sufficient condition
for the equation XBY =C to have a solution is
that

XX*CY*Y =C
in which case the general solution is
B=X*CY* +W — X+ XWYY *,

where W is an arbitrary matrix and X* is the
generalized inverse of X [14,18].

3.Trivariate polynomial approximation

In the this section, we first formulate a
matrix equation to calculate the coefficients of
the trivariate polynomial approximation defined
in Egs.(1) and (2) using Kronecker and Khatri-
Rao products, and then investigate the solution
of this matrix equation using the generalized
inverse of a matrix.

Let
_ 2 m
x=[1 x X xM7,
y=[1 y y? y'1, (6)
z=[1 z 2?2 ... 7]
and
T_
A'=[A A Anl. (7
where
o0 @010 --- Aono
p01 11 --- Gomi
Po = : : : :
Aoor Qo1r -~ QAonr
800 110 .-+ 1o
a a ... a
A - .
8ior  Bq1r .- Bqpr
amOO amlO e amnO
amOl amll e amnl
An=| : : |

Qmor mir -~ @mpr

Ay, A Agare(r+1) x (n+1) matrices and A
is the (m+1)(n+1) x(r+1) matrix. Using (6) and

(7), we can state the trivariate polynomial
defined in Eqg.(1) as a matrix equation as
follows:

p(x,y,2) = (y® x)AzT, (8)

where ® is the Kronecker product. Eq.(8) is the
matrix equation form of Eg. (1).

The polynomial approximation in three
variables defined in Eq.(8) can be found such
that the equation must satisfy
pP(Xi, 1,2, ) =h(X, ¥1,2,) forall 0<I<s, and

0<k; <n at minimum error. For this purpose,
we can compute the matrix A from a matrix

equation.
Let
Yo ® X 0 0
0 ® X ... 0
M= : yl: ' : . '
0 0 Ys ® X
2 (9
0 0 z,
(up O 0
Fo| 0 W 01,
10 0 U
where
Y ® X =
Loy oy’ yilI®m X % ... x™]
and
up =[uyg,  Uny Uyyr, ]

for1=0,1,...,s and
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1 1 1

ZI _ Z?I Zi:l-l Z:r| |
r r r
ZOI le ZrI

where M is the (s+1)x(s+1)(m+1)(n+1) matrix
of rank (s+1), Z is the (r+1)(s+1)x >(r +1)
1=0

matrix of rank (s+1)(r+1), F is the

(s+1)x i(n +1) matrix and u; is the 1x(r +1)
i=0

vector.

Using (9) and properties of Kronecker
product of matrices, we can formulate the
coefficients of Eq.(1) as the matrix equation for
all 1=0,1, 2, ..., s as follows:

M(A®I,)Z=H, (10)
where |, isthe (s+1) x(s+1) identity matrix.

We can compute the matrix A from Eq.(10)
and we can find Eq.(1) or Eq.(6) using the matrix
A which is approximated with minimum error.
For this purpose, we can solve Eq.(10) using the
generalized inverses of matrices. This solution is
known as the best solution.

Theorem 2. EQ.(10) has a solution and its
general solution is

1

A= (yi' ®XUZ" (Y @ X)W J+W (11
(i yiT)(XiXiT) ( )+

for 1=0,1,2,...,s, where W is an arbitrary
matrix.

Proof. Let A® I, be solution of (10). Since

H=M(A®I,,,)Z
=MM*M(A®]I,,,)ZZ*Z
=MM*HZ*Z,

Eqg.(10) has a solution, where MM™* =1 and

ZZ* =1. Using Theorem 1 and Eq.(11), we
obtain

10

(yiT &® XiT )
(Yivi %)

M+ = Diag{

fori=012,...,s,

|

Z+:Diag{zo+, Zl+7 o Zs+}

and
A®l  =M+HZ* +(1 —M*M)W .

Eq.(11) are the approximate solutions of
(10). In this study, we also compute the best
approximate solution of (10). For this, we can
rewrite Eq.(10), using properties of Kronecker
product, Kahatri-Rao product and generalized
inverse of the matrices, as

(Vys *Vys)A=U, (12)
where
%o | Yo |
UpZo" x y
wZ," ! !
u= 1 ’sz: XZ nys: y2 )
. :
s [ %s ] L Ys
* is Khatri-Rao product, V *V,s is the
(s+)x(Mm+1)(n+1) matrix of rank

(m+D)(n+1), U is the (s+1)x(r+1) matrix,
the rank of Z, for 1=0,1,2,...,s is r+1,

2=,y and 2,2, =1, 4.

Using Theorem 1, we solve the Eq.(12) and
find the unique solution matrix A which is the
best solution of (12). This leads to following
result.

Theorem 3. The best solution of Eq.(12) is
A= [(VysT >i<szT )(Vys >kas)il] (Vys *sz)U : (13)

Proof Let Vs *V,s =V . Since the rank of the
matrix V is (m+D(n+1), VF=V*) VT
and V*V =l ,1y(n+1) - Then we have,
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U=VA=W VA=W "U.

Thus we see that Eq.(12) has a solution. In which
case, we obtain the general solution as

A=A + A,

where A, =V*U and A =W -V'VW =0 are
the particular and homogenous solutions,
respectively and W is an arbitrary matrix. If
A, =A, then Eq.(12) has a unique solution.
Thus the proof is completed.

Also, we can construct the matrix equation
to find the trivariate polynomial for
fix = F (X, ¥j,2¢) data which are given for the
function of three variables at the
(m+)(n+1(r+1) distinct points in the solid
rectangular region.

Let
B=[By B, .. B, (14)
where
oo Proo -+ Ppoo
B - boo B0 -+ bpio
0~ : : :
_boqo blqo bpqo
_bOOl b101 tee prl
B. — bOll blll bpll
1= : : S
_bOC]l blql eoe bpql
[Doot  brot -+ bpor
B. = bose  Brae - bpx
t=| : : ]
_qut blqt e bpqt
x=[1 x x? ... xP],
y=[1 y y* ... yi, (15)
z=[1 z 2?2 ... 1]

and B, isan (q+1)x(p+1) matrix.

Note that by, are the elements of the

(q+)x(p+D)(t+1) matrix B defined in
Eq.(2), where 0<i<p, 0<j<q and
0<k<t. Using (14) and (15), we can state

TPA defined in Eq.(2) as a matrix equation as
follows:

p(x,y,2) = yB(X" ®1,,,)z’ (16)
Also, we can express the coefficients of the

trivariate  plynomial which is the best
approximate as a matrix equation such that

Eq.(2) must satisfy at minimum error
p(Xi, ¥ zk) = f (X, yj.z) inthe solid rectangular
region.
Let
[ X | Yo | kA
X 1 A
V=X, [, Vy=ly, |, V=], 17)
_Xm_ _yn_ _Zr_
and
F=[F, R Fonl, (18)
where
f000 fOOl e fOOr
FO _ f0‘10 f0-11 fo-lr
fOnO 1:Onl fOnr
f100 f101 e f1Or
F,= fl:lo f1:11 " fl:lr e s
L fan f1n1 f1nr
i meO mel o mer
Fm _ fnjlo fn:ll frrzllr
L fmnO fmnl cee fmnr
_ 2 p
Xi=[1 % x° ... %]
_ 2 q
yi=[ yj Y; yi'l,
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z=[1 z z° 7]
and F, isan (n+1)x(r+1) matrix.

Note that f(x,yj,z)="fy are the
elements of the matrix F defined in Eq.(18)
where 0<i<m, 0<j<n and O0O<k<r.

Using (17) and (18), we can formulate the
coefficients of Eq.(2) as follows:

Vy B(VXT *(|t+1 ® erwl))(VzT ® |m+l): F, (19)

where 1..,isthe (m+1) x1vector whose entries

are 1.
We can find the matrix B from Eq.(19).
This leads to following results.

Corollary 1. Let (\/XT*(|M®1}]+1)) be the

matrix defined in Eq.(19). Then its generalized
inverse is

\+

(\/XT * (|t+1 ® ]1-1|-1+1))

) (20)
(Vx *(|t+1®1m+1))((v>;rvx) ® |r+l)

Proof Observing the rank of the

(p+D(+D x(t+1)(m+1) matrix defined in

Eq.(19) is (p+D(t+1), and wusing the

generalized inverse and Khatri-Rao product of
the matrices, we easily prove it.

Theorem 4. Eq.(19) has a unique solution as
follows:

B :Vy+F (\/Z+ ® |m+1)T (Vx * (|t+1 ® 1m+1))[(vxTVx)_1 ® |t+1] (21)

Proof Using Theorem 1, Eq.(19) has a solution.
Since ranks of the matrices V,, V, and V, are

p+1,q+1and t+1 respectively, V, 'V, = 1,4,
V'V, =1lg and V,'V, =1,;. In which case
we obtain the general solution as B = By + B,
where

B

p
T
Vy+F(Vz+ ® Im+1) (Vx *(|t+1 ® 1m+1))[(VxTVx)7l ® |l+l]v

12

B, =

w _Vy+VyW (\/ZT ® Im+1T (VXT *(IHI ® HHl))‘L(VxT *(|I+l ® L;A)XVZT ® |m+1)
=0

W is an arbitrary matrix, and B, and By, are the

particular and homogenous solutions,
respectively. If B, =B, then (19) has a unique

solution. Thus the proof is completed.

Theorem 5. Let B, and F be submatrices

defined in (14) and (18). Then, the solution of
Eq.(19) is

R (IR LI R )

Proof To prove the theorem, we can use
Theorem 4 and the matrices defined in (14) and
(18). Putting (14) and (18) in (21) and using
Kronecker and Khatri-Rao products, then
Eq.(22) is obtained.

4, Conclusions

We consider the trivariate polynomial
approximation (TPA) of given distinct points on

%° and formulate the TPA as a matrix equation
using Kronecker and Khatri-Rao products of the
matrices. We conclude that the coefficients of
the TPA can be computed directly from the
matrix equation by the use of generalized inverse
matrices. It is seen that the TPA can be
investigated as the matrix equation and the
coefficients of it can be computed directly from
this matrix equation.
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